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Modeling and Control of Quadrotor Formations Carrying
a Slung Load

Segun Olumide Ariyibi! and Ozan Tekinalp?
Middle East Technical University, Ankara, 06800, Turkey

Equations of motion of a two quadrotor carrying a slung load is developed using a
multibody dynamics approach. Its extension to three quadrotors carrying a slung load is
also presented. The rope attaching the quadrotor to the load is assumed to be rigid. A
Lyapunov function based guidance algorithm is designed to fly the quadrotors in formation.
Linear quadratic tracking controllers are used for the quadrotors. The simulation results
indicate that the controller performs well under the disturbance of the slinging load.

Nomenclature
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§ o, = quadrotor I angular velocity, written in quadrotor 1 fixed frame. 1 =1,2
g o, = angular velocity of the load with respect to the inertial frame.
g @, = angular velocity of the cable I with respect to the inertial frame. 1 =1, 2
z,% T, = torque acting on the quadrotor i . 1=1,2
% TSi = friction and damping torques at the joints. 1 =1,2,3,4
‘% Cy = the direction cosine matrix from the inertial frame to quadrotor I frame.
5 Cy = the direction cosine matrix from the inertial frame to the load frame.
% Cy = the direction cosine matrix from the inertial frame to cable i frame.
m -
S Fo = the reaction force at the spherical joints connecting the quadrotors, cables and Load. 1=1,2,3,4
b ]
2 X . X
< ) = matrix to carry out cross product, @, xI, = @1,
m
E XX - XX
é 10 = matrix to carry out cross product: @, x (a)l X rl) =wr
O
2 fi = Force generated by the ith rotor.
)
g t; = Torqgue generated by the ith rotor.
g d = Level Arm.
Ui = Quadrotor control inputs.

I. Introduction
AVs find thier use in search and rescue missions, disaster relief operations, environmental monitoring, and
surveilance. Such diverse missions place severe demands on the design of control systems that can adapt to
different scenarios and possible changes of vehicle dynamics. Carrying a slung load is one such application
changing the dynamics of the vehicle and making the control difficult’. A quadrotor is a rotary-wing UAV with
hovering and vertical take-off and landing (VTOL) capabilities. Its dynamics is much simpler than that of a
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helicopter enjoying the interest of researchers over many years. Many linear controllers,? adaptive controllers,

backstapping control etc.* have been proposed to control a quadrotor.

The work reported here is on the modeling and control of two and three UAV’s flying in formation and carrying
a slung load (also known as sling load or suspended load) cooperatively. Guidance and control of aircraft flying in
formation has been addressed previously.>®

Flying a quadrotor with a slung load has not been extensively investigated in the literature.* The slung load
dynamics significantly alters the flying characteristics of the quadrotor, presenting a challenge in controlling the
UAV. The additional degrees of freedom of the load dynamics also signaficantly complicate the equations of
motion of the quadrotor-slung load system. In this paper, the approach presented by Stoneking7 for multi-body
spacecrafts is employed to model our two quadrotor slung load system. The building block equations are derived by
applying Newton's and Euler's equations of motion to an "element™ consisting of five bodies and four joints. In this
case, the five bodies are the two quadrotors, the two cables connecting the quadrotor to the load and the load; the
four joints are spherical joints through which the cables connect the quadrotors to the load. Straightforward linear
algebra operations are employed to eliminate extraneous constraint equations, resulting in a minimum-dimension
system of equations to solve. This method thus combines a straightforward, easily-extendable, easily-mechanized
formulation with an efficient computer implementation. The approach is also extended to three quadrotor formation
carrying a slung load case.

In the following, the two quadrotor with a slung load system modeling is given first, followed by a discussion on
its extension to a three quadrotor formation case. The presentation of quadrotor equations of motion and the linear
quadratic tracking control methodology employed is given next. Then the Lyapuinov function based formation
guidance control methodology is presented. Simulation results are given and discussed. Finally conclusions are
given.

Il. Equation of motion for the quadrotor-suspended load system

A. Two Quadrotors With a Suspended Load

We assume that the cables connecting the quadrotors to the load are stiff, and with relatively negligible masses.
They are attached to the quadrotors and load with a spherical joint. The joint torques, may be assumed zero. Using
the approach of Stoneking,” the equations of motion are derived. The rotational eugations for the two quadrotors in
their quadrotor fixed frame:

Jo =T, +Ts -0, + r'Cy =

- 2 X2 X
J,0, =T, _Ccsz4 -1, Cy F54 —,J,0,

M

Similarly, the rotational equations of motion of the load in its own frame as well as the cables in their reference
frames are:

S =T _CoT —r*CY XCUE _ 5
Joa, =T, —C'Ty -1, CoFs +T, +1. CyFs —w,J, o

G G
L L x~L x~L X
Joo =T -CT, - CyF +T, +1  CyFs —o/J o (2)
. C. X C X C. X
Jo, @, =T, —C’Tg —1; CiFs +T, +1; CoF —aw, J. o,

The translational equations are written in the inertial frame:
my, = F +Fg

myv, =F +F —F
myv, =F + Fs3 - Fs2 3
m;, ch = Fcz + I:S4 - FS3

m,v, = F, - F54
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The constraint equations are obtained by equating the joint accelerations,
Vs =V + @ =V, +a@. T,

. N - x N _
v, +C o +C o1, =V +an)cqu +Cq% o

. . N - _
:>Vcl—V1—Cla’1r1+C1w r an)clrol Ccla)clrcl

Vg, =V, + @[T, =V + ol

. N - x N  _xx
v +Ccl%rcl +Clar =V +Clar +Clo’T,

GG G

=V, =Clayr_ +Clar Ca)L Ca)fx1

G TG G G G Cp
Vo, =V +@T, =V, +ay T,

. N - x N xx —\7 N - x N xx
v, +C/ af, +C o r, =V, +CC ot +Cc o T,

=V, -V, =Cl'ayr, +Clar, -Cla;r, —ClayT,

C Cx

Vs, =V, @l =V, + T,

. N -x N  _xx N\ N -+ x N  _xx
v, +Coapr, +Coao 't =V, +C, a1, +C, a,'T,

, « _ N -x N _xx ><><
=>V,-v, =C a1, +C a1 ~-C)agr, - C) wy’r,

In vector-matrix form, these equations may be written as:

A 0 R|[X T
0 M U]|{y;p=s0v
RT U" Of|f 9
where
(J, 0 0 0 0 O] -IC,, 0 0
o J, 0 0 0 O .Cy -1 Cy 0
A 0O 0 J 0 0 O . 0 nCy  -1.Cy
o 0o o0 J, 0 0f 0 0 r* Co
0o 0 0 0 J, O 0 0 0
0 0 0 0 0 ml —1 0 0
'm0 0 0 | I I 0 O
0 ml oI -1 0
M: ,U:
0 0 ml 0 o 0 I -l
(0 0 0 m,l] 00 0 |
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T, -0 do +Ts,
Cl XX XX
T coclJ (@~ C, TSl +TSz FC1 C T, Ccl w, T,
L XX ><><
_ T —od o _CclTsz +Ts3 _ F _ Cq @, rcl -C/ Lo Ty
T= « c ] L= L] ‘9 - ><>< XX (8)
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X 2 XX ><><
T, —w,J,0, _Ccsz4 F, Cc2 T, _Cz @, T,
R
@
3 F
a)cl VCl s,
o, v K
X=1 Tt y=q e, =17 ©)
O, Ve, F53
o, v, Fs4
A

X,y and f can be decoupled in equation (5) by introducing unknown coefficient matrices o and £ and
performing row operations:

(A+BRT)x+(aM +pUT )y +(R+aU) f =z +av+ I (10)

Choose, @ = —RU 7, f=RU MU, then,
(A+BR")x=7+av+ B3 11)

Once the above equation (11) is solved for X then ¥ and f can be easily computed from Equation (5).

B. Three Quadrotors with a Suspended Load

The same assumptions and approach used for the two quadrotor case is also used in modelling the three quadrotor
with a suspended load case. Newton-Euler equations are written for 7 bodies, made of three quadrotors, a suspended
load and three rigid cables (Figure 2). Constraint equations are written for the 6 spherical joints connecting the rigid
cables to each of the quadrotors to the load.

Quadrotor Modeling and LQT Controller Design

A. Quadrotor Model

The general equations of motion of the first quadrotor are written using the newton-euler equationsg.
Z F quadl quadl + @, quadl mquad 1unad1
(12)
z M quadl quadl T @ quadl ‘Jquadla)quadl
4
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0 0

z I:ext = I:gravity + I:prop + I:aero = Cl{lm 0 - 0 - Ktvquadl (13)
9] LU,
U,d
ZMext =| U,d (14)
U4

Using Equations (12)-(14), and carrying out necessary simplicationsg, we obtain the following translation and
rotation equations for the quadrotor. The translational velocities in Eq. (15) and (17) are written in the inertial
frame.®

A 0 0 vV,

v, [=|0|-C'| 0 [—(K/m)|v,

V.| (9 U, /m, v,

pl [, —-1)ar/1 ] [u,d/l,

q|=| (I,-1)pr/1, [+|Ud/I, (15)
rl o (=1)pall, u,/l,

#| [1 sin(g)tan(d) cos(g)tan(d) || p

0|=0 cos(¢) —sin(¢) q

_1/)_ |0 sin(¢)/cos(@) cos(g)/cos(0)

U=f+f,+f+1,

U —f 1 k, 0 0
204 K.=| 0 Kk, (16)
U,=f,—f, o o «
U,=t +t,—t, -t, ‘

These equations are linearized to be used in linear tracking controller as follows:
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-k, /'m, 0 0 —-g 0 0 v,
0 —k/m 0 O ~1/m, 0 v, {ul}
Aong = » Biong = 1 Nong = » Upong =
0 0 0 0 0 d/l, q U,
0 0 1 0 0 0 Z
_ _ _ o a7
—&,/m 0 0 g 0 0 0 v,
0 0000 d/1, 0 P 5
Aw=| 0 00 0 0|,Bu=| 0 1/1,|, %=t ,U.ate{uz}
0 1000 0 0 é !
0 0100 0 0 2

Same approach is used in modelling the second quadrotor as well. The simulations where the controllers are tested
are based on the nonlinear equations. Those linearized equations presented in this section are used to design the
LQT controller to be tested against the nonlinear model in section II.

B. LQT Controller Design
Given the following linear completely controllable and observable systemg,

X(t) = A(t) X(t) + B(t)u(t) (18)
y(t) =C(t)x(t) (19)

Find the controller that minimizes the following performance index:
lim J = lim % j; [e' ()Q(t)e(t) + u' (H)R(t)u(t)]dt (20)

Where, the desired output z(t), the error, e(t) = z(t) —y(t), yield the following algebraic Ricatti equation, and
the auxiliary eqution to be solved.

-PA-A'P+PBR'B'P-C'QC=0 (21)
g(t) =[PE- AT Wz(t) (22)
where,
E=BR'B' (23)
W=C'Q (24)
Then the optimal control law becomes:
u(t) =-R™B'[Px(t) -g(t)] (25)
or,
u(t) = Kx(t) + K, z(t) (26)
where
K=-R'B'
-1 t1-1 (27)
K, =R B[PE-A'T"W
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K and K, are the controller gains for a linear quadratic optimal tracking controller. The linear model in equation
(17) is used in designing our LQT controller.

IV. Lyapunov Function based Formation Guidance Controller

The Lyapunov stability theorem states that: Let X = 0 be an equilibrium point of a nonlinear system x = f (x) . Let
V:D—R be a continuously differentiable function in the neighborhood D of x=0, such that v (0)=0and
V(x)>0inp_{o}. If V(x) <0, then x=0 is stable. Moreover, if V (x) <0in D-{0}. then x=01is asymptotically
stable.*®

The Lyapunov stability theorem approach may be used to design stabilizing controllers for nonlinear systems.'® It
may also be used to develop a guidance scheme. Here, we employ the approach to guide the follower quadrotor.
It is desired that the two quadrotors match their headings and fly at a desired relative distance from each other. Of
the two quadrotors, one is designated as leader flown on the desired trajectory using an LQT controller. The other
quadrotor is designated as follower, and the Lyapunov based formation controller is implemented to enable the
follower track the desired reference relative position to the leader quadrotor. Consider the following Lyapunov
function:

AX
1 Ay
V=—JAX Ay Az A 28
A y viQy (28)
Ay
Where,
AX=X_+a—X:
Ay=y, +b-
Y=Y Ye 29)
A7=17 +C—-1,
Ay =y —y;

(X, Y.,z )and (Xg,Ye,zg) are the positions of the leader and the follower quadrotors with respect to the
inertial frame. (&,b,C)is the desired relative position of the follower with respect to the leader quadrotor.
W, are the leader and follower headings. The derivative of the Lyapunov function gives,

AX AX
. Ay A
V =(AX Ay Az Ay)Q y =—(AX Ay Az Ay)R y (30)
Az Az
Ay Ay
=
AX AX
Ay an ) AY
=-0'R 31
Az Q Az (31
Ay Ay

From equation (31), the reference signal going from the Lyapunov based formation guidance controller to the
follower quadrotor is then:
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VxF VxL AX a
Ay b
Ye s -1
= +QR + 32
v [ TR A e (32)
W F ) ref l// L A l// O

Although for quadrotors, heading control is not necessary, here it is implemented to prevent cable entanglement.

V. Results and Discussion

A. Two Quadrotors With a Suspended Load

A nonlinear simulation code based on the equations presented above is developed. The properties of the identical
quadrotors are presented in Table 1. The nonlinear quadrotor equations of motion are linearized and a LQT
controller is designed to track velocity commands in the 3-directions as well as a heading command. This
controller is then tested against the nonlinear two quadrotor-slung load model coupled with the Lyapunov based
formation controller is used to guide the follower quadrotor. It is desired that the follower flies at the same altitude

as the leader but one meter to the left of the follower (Xc— X, , Y=Y, ,Zr—2,) =(0,1,0) . The controller gains

used in the simulation are listed in Table 2.

As shown in Figure 3, a reference velocity given to the leader quadrotor and the response of the leader quadrotor
are presented. From the figure, it may be observed that the quadrotor follows the reference commands quite closely.
The disturbance from the slung load is also observable in the plots. Figure 4 gives the position of the two quadrotors
and the load in three dimensions. The errors associated with the leader trajectory and the follower quadrotor
trajectory are presented in Figure 5. It may be observed from this figure that the follower tracks the leader quite
closely. Maximum position errors in the the x, y, and z directions are less then 0.5m, 0.05m and 0.02 m
respectively. The load is also following the quadrotors with swinging, rocking and yawing motion (Figure 6). This
rocking and swinging motion is more pronounced at the beginning when there is a sudden jerk applied by the
quadrotors. The control commands, namely the propeller speeds of the leader and follower quadrotors are presented
in Figure 7, and 8. From the figures, it may be observed that there is no saturation in the speeds and the speeds are
realizable by the electric motors of the quadrotors. Finally the leader quadrotor velocities in three directions are
given in Figure 9. From this figure it may be observed that the leader quadrotor tracks the velocity commands quite
closely.

B. Three Quadrotors With a Suspended Load

To test the performance of our three-quadrotor slung load system, the same trajectory as before is commanded to
the leader in the formation. It is desired that the initial formation geometry be maintained in spite of the leader
quadrotor maneuver. To achieve this, the following relative distances are sent to the guidance algorithms:

(XFl_XL’ yFl_yUZFl_ZL) = (—0.5, —0.5, 0) , and (XFZ_XU Ye2= Yo ZFZ_ZL) = (_0-51 0.5, 0) :

Figure 10 gives the positions of all quadrotors and the load in three dimensions. The error in the tracked
formation geometry are presented in Figure 11 and 12 for each of the follower quadrotors. From these figures it
may be observed that small along track position error is rapidly recovered and errors in lateral and vertical directions
on the other are quite small. The load attitude is presented in Figure 13. Comparing this figure with the previous
case, one may conclude that, inspite of the larger initial swing in the three quadrotor case, the load flies much more
smoothly than the two quadrotor case. Thus, the load rock and heading angles are almost zero and the load swing
angle quickly returns to zero after an initial jump to 80 degrees as a result of the climbing motion of the leader
quadrotor. The control commands, namely the propeller speeds of the leader and follower quadrotors are presented
in Figure 14-16. From these figures, it may be observed that there is no saturation in the propeller speeds and these
speeds should be realizable by the electric motors of the quadrotors.

V1. Conclusion

A nonlinear simulation model for two quadrotors carrying a slung load is developed. The quadrotor flight
controls is realized by a linear quadratic type controller. A Lyupunov function based formation controller is
developed to track relative distances between the quadrotors. The simulation results show that the quadrotors are
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not destabilized under the disturbance of the slung load. The quadrotors are also able to fly in the desired formation
in spite of the slung load. The load follows the quadrotors with some swinging and rocking in the two quadrotor
case. However, the load rock and heading angles are reduced in the three quadrotor case due to addition contraints
introduced into the system as a result of the additional cable attached to the load.

Table 1. Properties of the quadrotors, cables and load used.

Quadotor mass, m,, m,, m, 0.65 Kg
Load mass, m, 0.2Kg
Cable mass, m,,m_,,m 0.01 Kg
Cable length, L 1m
Load Radius, RL 0.5m

Thrust Coefficient, of the propellers k,

3.43x107" N/ (rpm)?

Distance of the propellers from the center of 0.016 m
mass, k;
7.5x107° 0 0
Inertia Matrices of Quadrotors, J,, J,, J, 0 7 5x10°° 0
0 0 1.3x107
2.0x1072 0 0
Inertia Matrix of the Load, J, 0 2 0x10°2 0
0 0 2.0x107?
Innertia Matrix of Cables, J_,,J.,,J., 8.3x10™ 0 0
0 8.3x10™* 0
0 0 1.0x1077
Drag coefficient where the drag force is taken 0.1 N/(m/s)

proportional to the quadrotor speed

Table 2. Controller gains used.

v, v, Controller v, , heading Controller
K. — 0  49.9001 0 0 K. < —-0.9551 -0.4320 0 -2.8618 0
'10.9551 0 -04320 -28618|| | O 0 -01612 0 -1
0 —49.9999 10
Kz, = Kz, =
-1 0 01

9
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Quadrotor 1 Quadrotor 2

Cable 1

1.\
Ci2 \

Figure 1. Two quadrotors with a slung load

Quadrotor 2
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Figure 2. Three quadrotors with a slung load
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Figure 3. Leader quadrotor velocities in three directions (2 quadrotors case)
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Quadrotor/load Position
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quadrotor-F
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y(m) . x(m)
Figure 4. Quadrotor and slung load positions (2 quadrotor case)
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Figure 5. Leader and follower quadrotor relative positions (2 quadrotor case)
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Load rock Angle
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Figure 7. Propeller speeds of Leader Quadrotor (2 quadrotor case)
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Figure 8. Propeller speeds of Follower Quadrotor (2 quadrotor case)
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Figure 9. Leader Quadrotor velocities in three directions (2 quadrotor case)
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Figure 10. Quadrotor and load positions (3 quadrotor case)
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Figure 11. Leader and 1% follower quadrotor relative positions (3 quadrotor case)
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Figure 13. Swing, rock and heading angles of the load (3 quadrotor case)
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Figure 14. Propeller speeds of the leader quadrotor (3 quadrotor case)
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Figure 15. Propeller speeds of the 1% follower quadrotor (3 quadrotor case)
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Figure 16. Propeller speeds of 2" follower quadrotor (3 quadrotor case)
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