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ABSTRACT

MODELING AND CONTROL OF QUADROTOR FORMATIONS
CARRYING A SLUNG LOAD

Ariyibi, Segun

Ph.D., Department of Aerospace Engineering

Supervisor: Prof. Dr. Ozan Tekinalp

June 2019, 140 pages

In this thesis, an algorithm for the autonomous formation flight of quadrotors carry-

ing a slung load is developed. Full nonlinear models for a single quadrotor carrying

a slung load as well as two and three quadrotors carrying a slung load problems are

addressed. For the two and three quadrotor slung load systems, a leader-follower

approach is employed to make the quadrotors fly in a fixed geometrical formation.

The overall control algorithm employs a loop structure with a Lyapunov based for-

mation guidance controller on the outermost loop. In the inner loop, two different

approaches are employed. One approach uses linear quadratic tracking controllers

to track the velocity commands to the quadrotors and the other approach utilizes a

two-loop architecture where a linear quadratic tracking controller outputs a desired

thrust vector direction which is then sent a Lyapunov function based quaternion pa-

rameterized nonlinear attitude controller. Simulations of our proposed algorithms is

then carried out using the MATLAB/SIMULINK platform to test the efficacy of the

control approaches employed.
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ÖZ

KOL UÇUŞUNDA SARKAN YÜK TAŞIYAN DÖRT PERVANELİLERİN
MODELLEMESİ VE KONTROLÜ

Ariyibi, Segun

Doktora, Havacılık ve Uzay Mühendisliği Bölümü

Tez Yöneticisi: Prof. Dr. Ozan Tekinalp

Haziran 2019 , 140 sayfa

Bu tez çalışmasında otonom kol uçuşu yaparak birlikte yük taşıyan dört pervane-

lilerin (quadrotor) için uçuş kontrol algoritmaları geliştirilmiştir. Tek başında, veya

iki üç dört pervanelinin birlikte yük taşımasının doğrusal olmayan modelleri oluştu-

rulmuştur. İkili ve üçlü sarkan yük taşıyan sistemlerin kol uçuşunda lider ve takipçi

yaklaşımı kullanılmıştır. Kontrol algoritması çoklu kapalı döngü kullanmaktadır. En

dış döngüde kol uçuşunun kontrolü için gerekli komutalar Lyapunov fonksiyonu te-

melli bir kontrolcü dört pervanelilere gerekli hız vektörü komutları üretilmektedir. İç

döngüde ise iki farklı yaklaşım kullanılmıştır. Birinci yaklaşımda komut takip eden

doğrusal karesel kontrolcü dış döngüden gelen hız komutları takip etmektedir. İkinci

yaklaşımda ise iç içe iki döngü mevcuttur. Dış döngüde komut takip eden doğrusal

karesel kontrolcü hız komutlarını itki vektörü komutlarına çevirmekte, iç döngüde ise

dörtlük (quaternion) kullanan Lyapunov fonsiyonu temelli doğrusal olmayan yöne-

lim kontrolcüsü kullanılmıştır. Kontrolcülerin etkinliğini ortaya koymak üzere yapı-

lan benzetimler MATLAB/SIMULINK ortamında gerçekleştirilmiştir.
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CHAPTER 1

INTRODUCTION

1.1 Aim of the Thesis

The aim of this thesis is to develop an algorithm for the autonomous formation flight

of quadrotors carrying a slung load (also known as suspended load or sling load). The

presence of the slung load in the system significantly alters the flying characteristics

of the quadrotor, introduces additional degrees of freedom to the entire system and

also complicates the dynamical equations of motion of the system, thereby presenting

a challenge in the controller design. A full nonlinear system for the quadrotor-slung

load system will be modelled and a control system is designed to fly the quadrotors

in formation in spite of the presence of the slung load.

1.2 Literature Survey

A quadrotor is a rotary-wing UAV with hovering and vertical take-off and landing

(VTOL) capabilities. Its dynamics is much simpler than that of a helicopter thereby

enjoying the interest of researchers over many years. Quadrotors are used for various

surveillance missions such as forest fire detection, livestock monitoring, and wildfire

mapping; search and rescue missions and relief missions. They could also be used to

easily take aerial images and videos by reporters and videographers as a result of their

maneuverability and hovering capabilities. Quadrotors are able to easily transport

foods, medicines and materials needed by disaster victims and are therefore being

more and more invaluable in search and rescue missions. They are fast becoming

standard equipment for search and rescue teams [1, 2].
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A flight in which two or more aircrafts fly by maintaining the relative distance among

them is called a formation flight. There are a lot of advantages of such flights [3, 4]:

• Reduction in induced drag of fixed wing aircrafts in a V-formation flight results

in a better fuel consumption rate thereby leading to an increased range.

• Aerial refuelling of the aircrafts in formation.

• Concentration of attack power by warplanes.

• In surveillance and reconnaissance missions, images with higher resolution can

be obtained by overlapping the sensor data of the aircrafts in formation. Also,

larger areas could be monitored more quickly.

• Formation flights in surveillance missions enables the synthesis of antennas

with dimensions far larger than using a single aircraft thereby leading to an

increased sensitivity of the antennas and consequently leading to better infor-

mation gathering.

• Larger loads can be carried by the aircrafts in formation. This is the focus of

this thesis.

Depending on the purpose as well as the numbers of aircrafts in a formation flight,

numerous formation flight geometries exist. For a formation flight of more than two

aircrafts, we have formation flight geometries such as the V-formation geometry, the

finger-four formation geometry, wall formation geometry, ladder formation geometry,

missing man formation geometry and so on. We will be utilizing a V-formation flight

geometry for our three quadrotor slung load model. For a formation flight involving

two aircrafts, formation flight geometries such as the echelon left geometry, echelon

right geometry, line abreast geometry, trail formation geometry exist [5]. In all the

above two-aircraft formation geometries listed, the leader and follower aircrafts are

level with each other during the flight, but they could also be stepped, in which the

leader and follower fly at different altitudes from each other. When the leader flies

above the follower, it is called a stepped up formation geometry, and a stepped down

formation geometry when the leader is below the follower aircraft [5]. We will be

utilizing a line abreast formation flight for our two quadrotor slung load model.
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Figure 1.1: Various Formation Geometries

According to current legislation, a flight permit as well as pilot and aircraft certifi-

cation is required for UAVs of over 4kg [6]. As a result, there is a predominance of

quadrotors under 4 kg. As stated earlier, quadrotors are becoming invaluable in trans-

porting foods, medicines and various supplies in search and rescue missions and thus,

to carry heavier payloads, larger quadrotors will be needed. However, to circumvent

this restriction on UAV flights over 4kg, various UAVs can be flown in formation to

carry heavier loads. This load is usually carried by attaching it via a rope to the UAVs.

Such a load, rope, UAV system is known as a slung load system. In our thesis, we will

propose an algorithm for the autonomous formation flight of a two quadrotor slung

load system and a three quadrotor slung load system as we believe that the quadrotor
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slung load system will be a widespread approach in future search and rescue missions.

There are a number of approaches to formation flight currently existing in literature.

They include [7–11]:

• Leader-follower approach

• Virtual Leader approach

• Virtual Structure approach

• Virtual Reference Point approach

• Behavioral Approach

• Formation Graph Approach

The leader-follower approach is the most wide spread approach because of its ease

of implementation. It is the also the approach used by manned formation flights. In

the leader-follower approach, some of the aircrafts in the formation are designated

as leader and the rest of the aircrafts are treated as followers. The leaders maintain

a prescribed trajectory while the followers track a fixed relative distance from the

neighboring aircraft. Thus, the formation behavior is prescribed by specifying the

relative distances that the followers must maintain. The followers have the formation-

hold autopilot implemented on them. The downside of this approach is that a rear

aircraft usually exhibits a poorer response than its reference due to error propagation

and it is not robust to leader’s failure [7, 8]

The Virtual Leader approach was introduced to counter the problems of the Leader-

Follower approach. In this approach, to create robustness to leader’s failure, all the

aircrafts in the formation receive the trajectory of a virtual leader. This trajectory is

usually an ideal point in the formation that the corresponding aircraft must track. The

downside of this approach is that the individual members of the formation have no

idea about their relative distances to one another and subsequently, collision avoid-

ance might be impossible [7]. In the virtual structure approach, the concept of leaders

and followers is nonexistent. The constituent aircrafts of the formation are treated as

if they were particles of a rigid body. In other words, the entire formation is treated
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like a single rigid body structure, hence the name virtual structure [9, 12]. Due to the

fact that the entire formation moves as a single rigid body and the individual members

of the formation always maintain a fixed geometric relationship with one another, it

is impossible to use this approach for formations that vary with time. Details about

the other approaches can be found in [10, 11] and [13].

After choosing a formation approach, a control scheme is then selected. There are

various nonlinear schemes used since the formation kinematics is nonlinear. Poten-

tial field method [14], constraint forces method [13], higher order sliding modes tech-

nique [15], adaptive output feedback method [16] are all examples of control schemes

used in literature. In our previous work on formation flight, Lyapunov control ap-

proach as well as State-Dependent Ricatti Equations (SDRE) control approach were

used and comparisons were made between them [17]. In this thesis, we will continue

with the use of the Lyapunov control approach to formation flight on a leader-follower

model designed in our previous masters’ thesis work.

Flying a quadrotor with a slung load has not been extensively investigated in the lit-

erature [18]. The slung load dynamics significantly alters the flying characteristics

of the quadrotor, presenting a challenge in controlling the UAV. The additional de-

grees of freedom of the load dynamics also significantly complicate the equations of

motion of the quadrotor-slung load system. In this thesis, the approach presented by

Stoneking for multi-body spacecrafts is employed to obtain the equations of motion

for the modelling of our quadrotor slung load system. The building block equations

are derived by applying Newton’s and Euler’s equations of motion to an "element"

consisting of the number of bodies and number of joints in the system. Straightfor-

ward linear algebra operations are employed to eliminate extraneous constraint equa-

tions, resulting in a minimum-dimension system of equations to solve. This method

thus combines a straightforward, easily-extendable, easily-mechanized formulation

with an efficient computer implementation [19]. Using the Stoneking approach to

modelling a multibody spacecraft, our quadrotor slung load system is modelled and

a formation guidance controller is implemented on the system. After the selection

of the formation guidance scheme, we must then select a control approach to ensure

that our quadrotors track the reference signals coming from the formation guidance

controller. There are a number of published works in literature about the control of
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quadrotors. Some of these control approaches include sliding mode control [20, 21],

backstepping technique [22], PID controllers as well as linear quadratic control tech-

niques [23], adaptive control [24] and fuzzy logic control [25].

In this thesis, two quadrotor control approaches are investigated. The first approach

uses the Linear Quadratic Tracking (LQT) controller and the second approach uses a

two-loop architecture in which a LQT controller in the outer loop tracks the transla-

tional velocities of the quadrotor and outputs a desired thrust vector direction which is

then inputted into a Lyapunov function based quaternion nonlinear attitude controller

in the inner loop. In the first control approach, Euler angle parametrization is uti-

lized, while in the second quadrotor control approach, quaternion parameterization is

employed. There are a number of advantages of using quaternions for attitude propa-

gation such as the avoidance of singularity in the attitude propagation equations and

the evaluation of trigonometric functions is also not required. Using quaternion pa-

rameterization is commonly used in the attitude control of Earth observation satellites

when large slew angle maneuvers are needed [26]. The utilization of quaternions for

quadrotor attitude control is becoming quite popular in literature. There have been a

number of approaches proposed [27–29] and [30]. In [29], Tayebi uses a Lyapunov

function that contained body angular velocities and quaternions. The attitude com-

mand signals in terms of roll, pitch and yaw commands were calculated from a po-

sition control algorithm and then converted to a quaternion command for the attitude

control system. In [28], Reyes et.al, also use quaternions for attitude parameteriza-

tion. A linear gain scheduled controller is then employed. In [27], Euler angles are

used for attitude control and a sliding mode estimator and controller is used for the

translational motion in a body fixed frame coordinate. In [30], the necessary thrust

vector for the position control over a prescribed trajectory is first calculated, and then

converted to an attitude trajectory by solving some nonlinear algebraic equations. At-

titude control is then carried out using this trajectory via a linear controller. To use

this linear controller, a new variable, which is the natural logarithm of the quaternions

was used.
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1.3 Contribution of the Thesis

The following are the contributions of this thesis:

1. A full dynamical nonlinear model of a one quadrotor, two quadrotor and three

quadrotor slung load system is modelled.

2. A previously developed formation guidance algorithm for fixed wing UAVs is

extended to two and three quadrotor slung load systems.

3. A new approach for the nonlinear control of quadrotors employing quaternion

based nonlinear attitude control to generate desired thrust vector is presented.

4. An application of this new nonlinear control approach of quadrotors to a two

quadrotor slung load system.

5. Modelling and simulation of a two quadrotor slung load system with flexible

beams.

1.4 Content of the Thesis

In chapter 1, the definition and uses of quadrotors are discussed. Advantages, def-

inition and the various types of formation flight geometries as well as the various

approaches to tackle the autonomous formation flight of UAVs and the control al-

gorithms used are also discussed. Various control approaches of quadrotors and the

various approaches employed for the attitude of quadrotors using quaternion/Euler

parametrizations are discussed.

In chapter 2, the nonlinear equations of motion of a single quadrotor slung load sys-

tem is derived. The nonlinear model of the quadrotor used as well as its linearization

for the implementation of the LQT controller to be implemented is discussed. The

design of the LQT controller is also given. The performance of this controller on the

nonlinear slung load model is presented.

In chapter 3, the nonlinear equations of motion of a two quadrotor slung load is de-

rived. A Lyapunov based nonlinear formation guidance controller is then designed
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and implemented on the two quadrotor slung load system. The performance of our

control algorithm for the autonomous formation flight of our two quadrotor slung

load system, which features the formation guidance controller on the outer loop and

a LQT controller on the inner loop is presented.

In chapter 4, the nonlinear equations of motion of a three quadrotor slung load is de-

rived. The control algorithm presented in chapter 3 is extended to the three quadrotor

slung load system and its performance is presented.

In chapter 5, a nonlinear quaternion based attitude controller is presented. This con-

troller is then implemented on the two quadrotor slung load system previously de-

signed. The performance of this controller is also presented.

In chapter 6, a robustness analysis for the full nonlinear control scheme developed in

chapter 5 is done. A stability and performance robustness test is done to see the limits

of the control scheme.

chapter 7, the nonlinear control scheme designed in chapter 5 is modified to include

the slung load reaction forces and torques as opposed to treating them as disturbances

to the system as with the previous control designs. Simulations are given and com-

parisons with the previously designed controller are made

In chapter 8, using MSC ADAMS, which is a multibody dynamics simulation soft-

ware, the two quadrotor slung load system is remodelled with flexible beams as op-

posed to the rigid beams used in the previous derivation. Our autonomous control

algorithm is then tested against this model. A performance robustness test is also

done by varying the stiffness of the flexible beams.

Finally, in chapter 9, conclusions are made from the performances of all the control

algorithms developed. Also, recommendations for future works are given.
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CHAPTER 2

ONE QUADROTOR SLUNG LOAD SYSTEM

In this chapter, the mathematical model of a single quadrotor slung load system is

derived. The additional degrees of freedom of the load and cable dynamics signifi-

cantly complicate the equations of motion of the quadrotor-slung load system. The

approach previously proposed for multi-body spacecrafts is employed to model our

quadrotor slung load system [19]. The building block equations are derived by apply-

ing Newton-Euler equations of motion to an "element" consisting of three bodies and

two joints. In this case, the three bodies are the quadrotor, the load and the cable. The

two joints are spherical joints through which the cable connects the quadrotor to the

load. Straightforward linear algebra operations are employed to eliminate extraneous

constraint equations, resulting in a minimum-dimension system of equations to solve.

This method thus combines a straightforward, easily-extendable, easily-mechanized

formulation with an efficient computer implementation.

2.1 Equation of Motion for the Quadrotor Slung load System

We assume that the cable connecting the quadrotor and load is stiff and with relatively

negligible mass. It is attached to the quadrotor and load via spherical joints. The joint

torques are assumed to be zero. Using the approach of Stoneking [19], the equations

of motion are derived. The rotational equation for the quadrotor in the quadrotor fixed

frame can be written as:

J1ω̇1 = T1 + TS1
− ω×1 J1ω1 + r×1 C

1
NFS1

(21)
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Figure 2.1: One Quadrotor Slung Load System

Similarly, the rotational equations of motion of the load in the load fixed frame as

well as the cable in the cable fixed frame are:

Jc1ω̇c1 = Tc1 − Cc1
1 TS1 − r×c11C

c1
N FS1 + Ts2 + r×c12C

c1
N FS2 − ω×c1Jc1ωc1

JLω̇L = TL − CL
c1
Ts2 − r×LC

L
NFS2 − ω×LJLωL

(22)

The translational equations for the Quadrotor, load and cable are written in the inertial

frame:

m1v̇1 = F1 + FS1

mc1 v̇c1 = Fc1 + Fs2 − FS1

mLv̇L = FL − FS2

(23)
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Table 2.1: Definition of Symbols used in the Derivation of the Equations of Motion

J1, Jc1, JL Quadrotor, Cable and Load Inertias

F1, T1 Quadrotor Force and Torque

Fc1, Tc1 Cable Force and Torque

FL, TL Load Force and Torque

Fs1, Ts1 Force and Torque at the first Spherical Joint connecting the cable to

the Quadrotor

Fs2, Ts2 Force and Torque at the Second Spherical Joint connecting the cable

to the Load

ω1, ωc1, ωL Angular Velocity of Quadrotor, Cable and Load

r1 Distance from quadrotor c.g to location of the spherical joint con-

necting the cable to the Quadrotor

rL Distance from Load c.g to location of the spherical joint connecting

the cable to the Load

rc11 Distance from cable c.g to location of the spherical joint connecting

the cable to the Quadrotor

rc12 Distance from cable c.g to location of the spherical joint connecting

the cable to the Load

C1
N Transformation Matrix from inertial frame to quadrotor frame

Cc1
N Transformation Matrix from inertial frame to cable frame

Cc1
1 Transformation Matrix from quadrotor frame to cable frame

CL
c1 Transformation Matrix from cable frame to Load frame

CL
N Transformation Matrix from inertial frame to Load frame

ω×1 Matrix to carry out cross product. (ω×1 r1 = ω1 × r1)

ω××1 Matrix to carry out cross product. (ω××1 r1 = ω1 × (ω1 × r1))

The constraint equations are obtained by equating the joint accelerations:

vS1 = v1 + ω×1 r1 = vc1 + ω×c1rc11

v̇1 + CN
1 ω̇
×
1 r1 + CN

1 ω
××
1 r1 = v̇c1 + CN

c1
ω̇×c1rc11 + CN

c1
ω××c1 rc11

⇒ v̇c1 − v̇1 = CN
1 ω̇
×
1 r1 + CN

1 ω
××
1 r1 − CN

c1
ω̇×c1rc11 − C

N
c1
ω××c1 rc11

vS2 = vc1 + ω×c1rc12 = vL + ω×L rL

v̇c1 + CN
c1
ω̇×c1rc12 + CN

c1
ω××c1 rc12 = v̇L + CN

L ω̇
×
L rL + CN

L ω
××
L rL

⇒ v̇L − v̇c1 = CN
c1
ω̇×c1rc12 + CN

c1
ω××c1 rc12 − CN

L ω̇
×
L rL − C

N
L ω
××
L rL

(24)

11



In vector-matrix form, all the above equations may be written as:
A 0 R

0 M U

RT UT 0



ẋ

ẏ

f

 =


τ

υ

ϑ

 (25)

where

A =


J1 0 0 0

0 Jc1 0 0

0 0 JL 0

0 0 0 m1I

 , R =


−r×1 C1

N 0

r×c11C
c1
N −r×c12C

c1
N

0 r×LC
L
N

−I 0

 (26)

M =

mc1I 0

0 mLI

 , U =

I −I
0 I

 (27)

τ =


T1 − ω×1 J1ω1 + TS1

Tc1 − ω×c1Jc1ωc1 − C
c1
1 TS1 + Ts2

TL − ω×LJLωL − CL
c1
Ts2 + Ts3

F1


,

υ =

Fc1FL
 , ϑ =

CN
1 ω
××
1 r1 − CN

c1
ω××c1 rc11

CN
c1
ω××c1 rc12 − CN

L ω
××
L rL


(28)

ẋ =


ω̇1

ω̇c1

ω̇L

v̇1


, ẏ =

v̇c1v̇L
 , f =

Fs1Fs2

 (29)

ẋ, ẏ and f can be decoupled in eqn. 25 by introducing unknown coefficient matrices

α and β and performing row operations:(
A+ βRT

)
ẋ+

(
αM + βUT

)
ẏ + (R + αU) f = τ + αυ + βϑ (210)

choose α = -RU−1, β=RU−1MU−T , then,(
A+ βRT

)
ẋ = τ + αυ + βϑ (211)
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Once the above eqn. 211 is solved for ẋ, ẏ and f can then be easily computed from

eqn. 25.

2.2 Quadrotor Modelling

A quadrotor is a rotary-wing UAV with hovering and vertical take-off and landing

(VTOL) capabilities. As the name implies, a quadrotor has four motors. Each mo-

tor is connected to a fixed-pitch propeller. Theses propellers produce thrust forces

independently if we assume that the coupling effects among them is negligible. The

quadrotor is pitched or rolled by the differential thrusts of the propellers. It can also

be yawed by the differential torques of the propellers. These differential thrusts and

torques can be achieved by appropriately changing the angular velocities of the indi-

vidual motors [31].

2.2.1 Control of Quadrotor

As stated earlier, a quadrotor can be controlled by creating differential thrusts and

torques among the rotors. A typical quadrotor has a pair of rotors rotating in a clock-

wise direction, while the other pair rotates in a counterclockwise direction. Figure 2.2

shows the force and torque directions of the quadrotor model used in this thesis. The

force and torque of the individual propellers can be related to its angular velocity

through the following formulas [31]:

Fqi = knω
2
qi (212)

Tqi = kmFqi (213)

In eqn. 212, kn is a constant that relates the thrust generated by the propeller to its

angular velocity. For the quadrotor used in this thesis, kn = 3.43 × 10−7N/rpm2.

Similarly, In eqn. 213, km is a constant that relates the thrust to the torque generated

by the propeller; km = 0.016m.
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Figure 2.2: Quadrotor Rotor Configuration

To control the quadrotor, four control inputs can then be defined using the relations

in equations 212 and 213. Let:

U1 = Fq1 + Fq2 + Fq3 + Fq4 (214)

U2 = Fq4 − Fq2 (215)

U3 = Fq1 − Fq3 (216)

U4 = Tq1 + Tq3 − Tq2 − Tq4 (217)

From eqn. 214 and fig. 2.2, the control input U1 is the total force generated by the

four propellers. This control input is used to change the altitude of the quadrotor, in

other words,move the quadrotor in the zB direction. Also, by changing the orientation

of U1 through rolling or pitching the quadrotor, we can move the quadrotor in the yB

direction or xB direction respectively. From eqn. 215 and fig. 2.2, the control input

U2 is the differential thrust between the left and right rotor. U2 is used to roll the

quadrotor. From eqn. 216, we see that U3 is the differential thrust between the front
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and rear rotor. U3 is used to pitch the quadrotor. U4 from eqn. 217 is the net torque of

the four rotors. U4 is used to change the heading of the quadrotor.

As stated in section 2.2, quadrotors use fixed-pitch propellers. Thus, these control

inputs can only be realized by appropriately adjusting the angular velocities of the

rotors. We must therefore be able to relate these control inputs to the propeller angular

velocities. By combining equations 212 through to 217, the following relation is

obtained:


U1

U2

U3

U4


=


kn kn kn kn

0 −kn 0 kn

kn 0 −kn 0

knkm −knkm knkm −knkm




ω2
q1

ω2
q2

ω2
q3

ω2
q4


(218)

In addition, actuator dynamics for each rotor is modelled as:

20

s+ 20
(219)

2.2.2 Dynamical Model of the Quadrotor

The nonlinear dynamical equations of motion of the quadrotor can be written us-

ing the Newton-Euler equations for translational and rotational motion. Based on

the derivation from [31], the translational equations of motion is first derived in the

quadrotor fixed frame and then converted into the earth fixed frame(Inertial Frame).

The rotational equations are derived in the quadrotor fixed frame. The translational

and rotational equations of motion for the quadrotor can be written in the quadrotor

reference frame as [31]:

∑
Fnet = mv̇B + ω×mvB (220)

∑
Mnet = Jω̇ + ω×Jω (221)

∑
Fnet and

∑
Mnet are the net force and moment acting on the quadrotor expressed

in the quadrotor fixed reference frame. The forces acting on the quadrotor are the

15



gravity, propulsive and aerodynamic forces. Therefore,

∑
Fnet = Fgravity,B + Fprop,B + Faero,B = C1

Nm


0

0

g

−


0

0

U1

−KtvB (222)

likewise, the net moment acting on the quadrotor can be written as:

∑
Mnet = Mprop,B =


U2d

U3d

U4

 (223)

where d is the quadrotor arm length, Kt is the aerodynamic drag coefficient diagonal

matrix and U1, U2, U3, U4 are the quadrotor control inputs defined in section 2.2.1.

Combining equations 220 through to 223 and carrying out the necessary simplifi-

cations as derived in [31], the translational velocity of the quadrotor written in the

inertial reference frame and the rotational equation of motion in the quadrotor fixed

reference frame can be written as:
v̇x

v̇y

v̇z

 =


0

0

g

− CN
1


0

0

U1/m

− (Kt/m)


vx

vy

vz

 (224)


ṗ

q̇

ṙ

 =


(Iy − Iz)qr/Ix
(Iz − Ix)pr/Iy
(Ix − Iy)pq/Iz

+


U2d/Ix

U3d/Iy

U4/Iz

 (225)

The rate of change of euler angles of the quadrotor can be written as follows [32]:
φ̇

θ̇

ψ̇

 =


1 sin(φ) tan(θ) cos(φ) tan(θ)

0 cos(φ) − sin(φ)

0 sin(φ)/ cos(θ) cos(φ)/ cos(θ)



p

q

r

 (226)

Equations 224, 225 and 226 give the nonlinear dynamical equations of motion of a

quadrotor.
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2.3 LQT Controller Design

For the single quadrotor slung load system modelled in this thesis, two LQT con-

trollers were designed. One controller was designed to track the inertial reference

velocities in the x and z direction and the other controller was designed to track both

the heading of the quadrotor and the inertial velocity in the y direction. The dynamics

of the load and rigid cable were not included in the design of the controllers. How-

ever, our controllers were tested against the nonlinear slung load model designed in

section 2.1. In other words, the cable and load dynamics are treated as disturbances

to the control system.

Given the following linear completely controllable and observable system: [33]

ẋ(t) = A(t)x(t) + B(t)u(t)

y(t) = C(t)x(t)
(227)

Find the controller that minimizes the following performance index:

lim
tf→∞

J = lim
tf→∞

1

2

∫ tf

t0

[et(t)Q(t)e(t) + ut(t)R(t)u(t)]dt (228)

where the reference input z(t) and the error e(t) = z(t) − y(t) yield the following

algebraic Ricatti and auxiliary equation to be solved:

−PA−AtP + PBR−1BtP−CtQC = 0 (229)

g(t) = [PE−At]
−1
Wz(t) (230)

where

E = BR−1Bt (231)

W = CtQ (232)

then the optimal control law becomes:

u(t) = −R−1Bt[Px(t)− g(t)] (233)

or

u(t) = Kx(t) + KZz(t) (234)
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where

K = −R−1BtP

KZ = R−1Bt[PE−At]
−1
W

(235)

2.3.1 Linearization of the Nonlinear Quadrotor Model

To design our LQT controllers using the algorithm presented in section 2.3, the non-

linear quadrotor model derived in section 2.2.2 needs to be linearized.

Expanding equations 224 through to 226, we have:

v̇x = −(c(φ)s(θ)c(ψ))
U1

m
− (s(φ)s(ψ))

U1

m
− kx
m
vx = f1 (236)

v̇y = −(c(φ)s(θ)s(ψ))
U1

m
+ (s(φ)s(ψ))

U1

m
− ky
m
vy = f5 (237)

v̇z = g − (c(φ)c(θ))
U1

m
− kz
m
vz = f2 (238)

ṗ =
Iy − Iz
Ix

qr +
d

Ix
U2 = f6 (239)

q̇ =
Iz − Ix
Iy

pr +
d

Iy
U3 = f3 (240)

ṙ =
Ix − Iy
Iz

pq +
1

Iz
U4 = f7 (241)

φ̇ = p+ (s(φ)t(θ))q + (c(φ)t(θ))r = f8 (242)

θ̇ = c(φ)q − s(φ) = f4 (243)

ψ̇ =
s(φ)

c(θ)
q +

c(φ)

c(θ)
r = f9 (244)

The above equations were linearized at the following equilibrium points:
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vxe = vye = vze = 0; pe = qe = re = 0; φe = θe = ψe = 0; U2e , U3e , U4e = 0 and

U1e = mg

By evaluating the matrices below at the given the equilibrium points, the linearized

equations can be obtained in state-space form [34]:

[A] =



∂f1
∂vx

∂f1
∂vz

∂f1
∂q

∂f1
∂θ

∂f1
∂vy

∂f1
∂p

∂f1
∂r

∂f1
∂φ

∂f1
∂ψ

∂f2
∂vx

∂f2
∂vz

∂f2
∂q

∂f2
∂θ

∂f2
∂vy

∂f2
∂p

∂f2
∂r

∂f2
∂φ

∂f2
∂ψ

∂f3
∂vx

∂f3
∂vz

∂f3
∂q

∂f3
∂θ

∂f3
∂vy

∂f3
∂p

∂f3
∂r

∂f3
∂φ

∂f3
∂ψ

∂f4
∂vx

∂f4
∂vz

∂f4
∂q

∂f4
∂θ

∂f4
∂vy

∂f4
∂p

∂f4
∂r

∂f4
∂φ

∂f4
∂ψ

∂f5
∂vx

∂f5
∂vz

∂f5
∂q

∂f5
∂θ

∂f5
∂vy

∂f5
∂p

∂f5
∂r

∂f5
∂φ

∂f5
∂ψ

∂f6
∂vx

∂f6
∂vz

∂f6
∂q

∂f6
∂θ

∂f6
∂vy

∂f6
∂p

∂f6
∂r

∂f6
∂φ

∂f6
∂ψ

∂f7
∂vx

∂f7
∂vz

∂f7
∂q

∂f7
∂θ

∂f7
∂vy

∂f7
∂p

∂f7
∂r

∂f7
∂φ

∂f7
∂ψ

∂f8
∂vx

∂f8
∂vz

∂f8
∂q

∂f8
∂θ

∂f8
∂vy

∂f8
∂p

∂f8
∂r

∂f8
∂φ

∂f8
∂ψ

∂f9
∂vx

∂f9
∂vz

∂f9
∂q

∂f9
∂θ

∂f9
∂vy

∂f9
∂p

∂f9
∂r

∂f9
∂φ

∂f9
∂ψ



(245)

[B] =



∂f1
∂U1

∂f1
∂U2

∂f1
∂U3

∂f1
∂U4

∂f2
∂U1

∂f2
∂U2

∂f2
∂U3

∂f2
∂U4

∂f3
∂U1

∂f3
∂U2

∂f3
∂U3

∂f3
∂U4

∂f4
∂U1

∂f4
∂U2

∂f4
∂U3

∂f4
∂U4

∂f5
∂U1

∂f5
∂U2

∂f5
∂U3

∂f5
∂U4

∂f6
∂U1

∂f6
∂U2

∂f6
∂U3

∂f6
∂U4

∂f7
∂U1

∂f7
∂U2

∂f7
∂U3

∂f7
∂U4

∂f8
∂U1

∂f8
∂U2

∂f8
∂U3

∂f8
∂U4

∂f9
∂U1

∂f9
∂U2

∂f9
∂U3

∂f9
∂U4



(246)

Evaluating the above matrices [A] ,[B] and separating the longitudinal and lateral

states, we obtained the following system matrices:

Along =


−kx
m

0 0 −g
0 −kz

m
0 0

0 0 0 0

0 0 1 0

 , Blong =


0 0

−1
m

0

0 d
Iy

0 0

 , xlong =


vx

vz

q

θ

 ,ulong =

U1

U3


(247)

where Along and Blong are the longitudinal system matrices, xlong contain the longitu-
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dinal states and ulong contain the longitudinal control inputs.

Alate =



−ky
m

0 0 g 0

0 0 0 0 0

0 0 0 0 0

0 1 0 0 0

0 0 1 0 0


, Blate =



0 0

d
Ix

0

0 1
Iz

0 0

0 0


, xlate =



vy

p

r

φ

ψ


,ulate =

U2

U4



(248)

where Alate and Blate are the lateral system matrices, xlate contain the lateral states

and ulate contain the lateral control inputs.

Table 2.2: Properties of the Quadrotor, Load and Stiff Cable

Quadrotor Mass, m 0.65 kg

Load Mass, mL 0.2 kg

Cable mass, mc1 0.01 kg

Cable Length, rc11 + rc12 1 m

Load Radius, rL 0.5 m

Quadrotor Arm length, d 0.23 m

Quadrotor Inertia Matrix, J1


7.5× 10−3 0 0

0 7.5× 10−3 0

0 0 1.3× 10−2



Load Inertia Matrix, JL


2.0× 10−2 0 0

0 2.0× 10−2 0

0 0 2.0× 10−2



Cable Inertia Matrix, Jc1


8.3× 10−4 0 0

0 8.3× 10−4 0

0 0 1.0× 10−7



Drag Coefficient Matrix, Kt


0.1 0 0

0 0.1 0

0 0 0.1

 N/(m/s)
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2.3.2 Velocity_x and Velocity_z LQT Controller Design

As stated earlier in section 2.3, one controller was designed to track the quadrotor

inertial velocities in the x and z direction. To design this controller, the linearized

longitudinal system matrices obtained in eqn. 247 was used. The controller gains

were obtained using the algorithm detailed in section 2.3. Using the values from

table 2.2, the longitudinal system matrices are:

Along =


−0.15 0 0 −9.81

0 −0.15 0 0

0 0 0 0

0 0 1 0

 , Blong =


0 0

−1.54 0

0 30.67

0 0

 (249)

Figure 2.3: Velocity_x,Velocity_z control system schematic

Table 2.3: LQT Gains for the Velocity_x and Velocity_z Controller

K2 Kz2 0 49.90 0 0

0.96 0 −0.43 −2.86

  0 −50

−1 0



The real part of all the eigenvalues in table 2.4 are all negative. Thus, we have an

asymptotically stable system. This controller will then be tested against the nonlinear

one quadrotor slung load model.
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Table 2.4: Eigenvalues of the Velocity_x and Velocity_z Controller

Eigenvalues

-6.70

-3.35+5.80i

-3.35+5.80i

-76.92

2.3.3 Velocity_y and Heading LQT Controller Design

As stated earlier in section 2.3 as well, a second LQT controller is also designed to

track the inertial velocity in the y direction as well as the heading of the quadrotor. To

design this controller, the linearized lateral system matrices obtained in eqn. 248 was

used. The controller gains were obtained using the algorithm detailed in section 2.3.

Using the values from table 2.2, the lateral system matrices are:

Alate



−0.15 0 0 9.81 0

0 0 0 0 0

0 0 0 0 0

0 1 0 0 0

0 0 1 0 0


, Blate =



0 0

30.67 0

0 76.92

0 0

0 0


(250)

Figure 2.4: Velocity_y and Heading control system schematic

The real part of all the eigenvalues in table 2.6 are all negative. Thus, we have an
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Table 2.5: LQT Gains for the Velocity_x and Heading Controller

K1 Kz1−0.96 −0.43 0 −2.86 0

0 0 −0.16 0 −1

 1 0

0 1



Table 2.6: Eigenvalues of the Velocity_y and Heading Controller

Eigenvalues

-6.70

-3.35+5.80i

-3.35+5.80i

-6.20+6.20i

-6.20-6.20i

asymptotically stable system. This controller will also be tested against the nonlinear

one quadrotor slung load model. We will test to see their performances in spite of the

disturbance from the slung load.

2.4 One Quadrotor Slung Load System Results and Discussion

Using the equations of motion derived in section 2.1, a nonlinear model of the single

quadrotor slung load system is developed on the MATLAB/SIMULINK platform.

The two linear controllers developed in section 2.3.2 and section 2.3.3, that is, the

Velocity_x and Velocitty_z LQT controller as well as the Velocity_y and Heading

LQT controller are then tested against the nonlinear model. To test our one quadrotor

slung load system, velocity commands are sent to the quadrotor. We then check to

see if our quadrotor can track these commands in spite of the dynamics of the slung

load.

From fig. 2.5, the quadrotor is able to track the reference velocities quite closely. The

disturbance from the slung load can also be observed from these plots in terms of

the oscillatory responses. Figure 2.6 shows the quadrotor and load positions in three
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dimensions. The trajectory can be broken into three phases, with the first phase in-

volves a climb, followed by a period a straight level flight and finally the introduction

of a side velocity, that is velocity in y direction. Figure 2.7 shows the load rock,

swing and heading angles. The load rock angle is the left to right swinging motion of

the slung load. The load swing angle is the forward to back swinging motion of the

slung load. From fig. 2.7, we see that from 40 secs onwards, after the introduction

of the side velocity vy, the load starts swinging from left to right 12 to -5 degrees

between finally settling down around 0 degrees as the simulation progresses. Also

from the same figure, we see oscillations in the load swing angle. That is, the load

swings forward and backwards between +50 and -50 degrees as the quadrotor moves

forward, but later settles to around 0 degrees later on as the simulation progressed.

Finally, fig. 2.8 shows the propeller speeds of the four rotors of the quadrotor. We see

no saturation in the speeds and therefore these speeds are realizable by the electric

motors of the quadrotor. From all these results, we can conclude that the quadrotor

is able to track the desired reference velocities in spite of the disturbances from the

slung load. However, this is done at cost of swinging and rocking motion of the load.

To reduce the swinging and rocking motion of the load, additional constraints would

have to be added to the system. This can be achieved by introducing another quadrotor

and cable into the system to limit the motion of the load. Thus, the modelling of a

two quadrotor slung load system will be discussed in the next chapter.
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Figure 2.5: Quadrotor Velocity in x, y and z directions respectively (One Quadrotor)

−100

0

100

200

300

−50

0

50

100

150

200

250
5

10

15

20

25

30

35

 

x(m)

Quadrotor/load Position

y(m)
 

z(
m

)

quadrotor
load

Figure 2.6: Quadrotor and Load Position (One Quadrotor)

25



0 10 20 30 40 50 60 70 80 90
−5

0

5

10

15
Load rock Angle

time (s)

Lo
ad

 r
oc

k,
 φ

L (
de

g)

0 10 20 30 40 50 60 70 80 90
−50

0

50
Load swing Angle

time (s)

Lo
ad

 s
w

in
g,

 θ
L (

de
g)

0 10 20 30 40 50 60 70 80 90
−2

0

2

4

6
Load Heading Angle

time (s)

Lo
ad

 H
ea

di
ng

, ψ
L (

de
g)

)

Figure 2.7: Swing, Rock and Heading Angles of the Load (One Quadrotor)

0 10 20 30 40 50 60 70 80 90
0

2000

4000

time (s)

ro
to

r 
1 

R
P

M

0 10 20 30 40 50 60 70 80 90
0

2000

4000

time (s)

ro
to

r 
2 

R
P

M

0 10 20 30 40 50 60 70 80 90
0

2000

4000

time (s)

ro
to

r 
3 

R
P

M

0 10 20 30 40 50 60 70 80 90
0

2000

4000

time (s)

ro
to

r 
4 

R
P

M

Figure 2.8: Propeller Speeds of the Quadrotor (One Quadrotor)
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CHAPTER 3

TWO QUADROTOR SLUNG LOAD SYSTEM

In this chapter, the equations of motion for a two-quadrotor slung load system is

derived. Using these equations of motion, a nonlinear two quadrotor slung load model

is designed. A Lyapunov based formation guidance controller is then designed and

implemented on the two quadrotors to make them fly in a fixed formation geometry.

LQT controllers are implemented on the quadrotors to track the reference signals from

the formation guidance controller. The simulation results are presented and discussed

as well.

From the results presented in section 2.4 for the single quadrotor case, we see that

the quadrotor is able to track the desired reference velocity signals, albeit with some

swinging and rocking motion of the load. To reduce these load swing and rock angles,

the load needs to be further constrained. By introducing a second quadrotor and cable

into the system as well as constraining the quadrotors to fly in a formation, we expect

to significantly reduce to swinging and rocking motion of the load.

3.1 Equation of Motion for the Two Quadrotor Slung Load System

In this section, the derivation of the equations of motion for the two quadrotor slung

load system is presented. The same approach used in deriving the equations for the

single quadrotor case is also employed here. In this model, we have five bodies and

four spherical joints. The five bodies are the two quadrotors, the two cables and the

load. The first spherical joint connects the first cable at one end to the first quadrotor,

and at the other end of the cable, the second spherical joint connects it to the load.

The third spherical joint connects the second cable at one end to the second quadrotor,
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and at the other end of the cable, the forth spherical joint connects it to the load. In

deriving the equations of motion, we assume that the cables are stiff and that the joint

torques are zero.

Figure 3.1: Two Quadrotor Slung Load System

The rotational equations for the two quadrotor in their own respective quadrotor fixed

reference frame can be written as:

J1ω̇1 = T1 + TS1
− ω×1 J1ω1 + r×1 C

1
NFS1

J2ω̇2 = T2 − C2
c2
TS4
− r×2 C2

NFS4
− ω×2 J2ω2

(31)

Similarly, the rotational equations of motion of the load and cables in their own re-

spective load and cable fixed frame of reference can be written as:

Jc1ω̇c1 =Tc1 − Cc1
1 TS1 − r×c11C

c1
N FS1 + Ts2 + r×c12C

c1
N FS2 − ω×c1Jc1ωc1

JLω̇L =TL − CL
c1
Ts2 − r×L1

CL
NFS2 + Ts3 + r×L2

CL
NFS3 − ω×LJLωL

Jc2ω̇c2 =Tc2 − Cc2
L TS3 − r×c21C

c2
N FS3 + Ts4 + r×c22C

c2
N FS4 − ω×c2Jc2ωc2

(32)
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The translational equations written in the inertial frame of reference are:

m1v̇1 = F1 + FS1

mc1 v̇c1 = Fc1 + Fs2 − FS1

mLv̇L = FL + FS3 − FS2

mc2 v̇c2 = Fc2 + FS4 − FS3

m2v̇2 = F2 − FS4

(33)

The constraint equations can then be obtained by equating the joint accelerations:

vS1 = v1 + ω×1 r1 = vc1 + ω×c1rc11

v̇1 + CN
1 ω̇
×
1 r1 + CN

1 ω
××
1 r1 = v̇c1 + CN

c1
ω̇×c1rc11 + CN

c1
ω××c1 rc11

⇒ v̇c1 − v̇1 = CN
1 ω̇
×
1 r1 + CN

1 ω
××
1 r1 − CN

c1
ω̇×c1rc11 − C

N
c1
ω××c1 rc11

vS2 = vc1 + ω×c1rc12 = vL + ω×L rL1

v̇c1 + CN
c1
ω̇×c1rc12 + CN

c1
ω××c1 rc12 = v̇L + CN

L ω̇
×
L rL1 + CN

L ω
××
L rL1

⇒ v̇L − v̇c1 = CN
c1
ω̇×c1rc12 + CN

c1
ω××c1 rc12 − CN

L ω̇
×
L rL1 − CN

L ω
××
L rL1

vS3 = vL + ω×L rL2 = vc2 + ω×c2rc21

v̇L + CN
L ω̇
×
L rL2 + CN

L ω
××
L rL2 = v̇c2 + CN

c2
ω̇×c2rc21 + CN

c2
ω××c2 rc21

⇒ v̇c2 − v̇L = CN
L ω̇
×
L rL2 + CN

L ω
××
L rL2 − CN

c2
ω̇×c2rc21 − C

N
c2
ω××c2 rc21

vS4 = vc2 + ω×c2rc22 = v2 + ω×2 r2

v̇c2 + CN
c2
ω̇×c2rc22 + CN

c2
ω××c2 rc22 = v̇2 + CN

2 ω̇
×
2 r2 + CN

2 ω
××
2 r2

⇒ v̇2 − v̇c2 = CN
c2
ω̇×c2rc22 + CN

c2
ω××c2 rc22 − CN

2 ω̇
×
2 r2 − CN

2 ω
××
2 r2

(34)

In vector-matrix form, all the above equations may be written as:


A 0 R

0 M U

RT UT 0



ẋ

ẏ

f

 =


τ

υ

ϑ

 (35)
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where

A =



J1 0 0 0 0 0

0 Jc1 0 0 0 0

0 0 JL 0 0 0

0 0 0 Jc2 0 0

0 0 0 0 J2 0

0 0 0 0 0 m1I


, R =



−r×1 C1
N 0 0 0

r×c11C
c1
N −r×c12C

c1
N 0 0

0 r×L1
CL
N −r×L2

CL
N 0

0 0 r×c21C
c2
N r×c22C

c2
N

0 0 0 r×2 C
2
N

−I 0 0 0


(36)

M =


mc1I 0 0 0

0 mLI 0 0

0 0 mc2I 0

0 0 0 m2I

 , U =


I −I 0 0

0 I −I 0

0 0 I −I
0 0 0 I

 (37)

τ =



T1 − ω×1 J1ω1 + TS1

Tc1 − ω×c1Jc1ωc1 − C
c1
1 TS1 + Ts2

TL − ω×LJLωL − CL
c1
Ts2 + Ts3

Tc2 − ω×c2Jc2ωc2 − C
c2
L TS3 + Ts4

T2 − ω×2 J2ω2 − C2
c2
TS4

F1


,

υ =


Fc1

FL

Fc2

F2


, ϑ =


CN

1 ω
××
1 r1 − CN

c1
ω××c1 rc11

CN
c1
ω××c1 rc12 − CN

L ω
××
L rL1

CN
L ω
××
L rL2 − CN

c2
ω××c2 rc21

CN
c2
ω××c2 rc22 − CN

2 ω
××
2 r2



(38)

ẋ =



ω̇1

ω̇c1

ω̇L

ω̇c2

ω̇2

v̇1


, ẏ =


v̇c1

v̇L

v̇c2

v̇2


, f =


FS1

Fs2

FS3

FS4


(39)
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ẋ, ẏ and f can be decoupled in eqn. 35 by introducing unknown coefficient matrices

α and β and performing row operations:

(
A+ βRT

)
ẋ+

(
αM + βUT

)
ẏ + (R + αU) f = τ + αυ + βϑ (310)

choose α = -RU−1, β=RU−1MU−T , then,

(
A+ βRT

)
ẋ = τ + αυ + βϑ (311)

Once the above eqn. 311 is solved for ẋ, ẏ and f can then be easily computed from

eqn. 35. Refer to table 2.1 for the definition of the terms used in the derivation of the

above equations.

For the two quadrotor slung load system, the load rock, swing and heading an-

gles, (φL, θL, ψL), are defined as shown in the figures below:

Figure 3.2: Two Quadrotor Slung Load System Rock Angle

Figure 3.2 shows the load rock angle. It is the angle deflection of the load as it

swings from side to side, or as result of a difference in the relative z-positions of

the leader and follower quadrotor. Figure 3.3 shows the load swing and heading

angles. The load swing is the angle deflection of the load as it swings forwards and

backwards. The change in heading angle occurs as a result of a difference in the

relative x-positions of the leader and follower quadrotor.
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Figure 3.3: Two Quadrotor Slung Load system Swing Angle (Left) and Heading

Angle (Right)

3.2 Formation-Hold Control System Approach

The leader follower approach is used to tackle the formation flight problem in this

thesis. As stated in section 1.2, in the leader follower approach, some of the aircrafts

in the formation are designated as leader and the rest of the aircrafts are treated as

followers. The leaders maintain a prescribed trajectory while the followers track a

fixed relative distance from the neighboring aircraft. Thus, the formation behavior

is prescribed by specifying the relative distances that the followers must maintain.

Since we have only two aircrafts, one of the quadrotors will be designated as the

leader and will receive the reference velocity commands. The other quadrotor will be

the follower. The follower quadrotor will try to maintain its relative distance to the

leader in spite of the motion of the leader through the help of the formation guidance

controller.

The formation hold control system designed in this thesis employs a two-loop archi-

tecture. This control system is implemented on the follower quadrotor. The outer

loop contains a Lyapunov function based formation guidance system which takes in

the leader and follower quadrotor positions, the desired relative position the follower

quadrotor must maintain as well as the leader quadrotor velocities and outputs the
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Figure 3.4: Formation-Hold Control System Schematic

velocities that the follower quadrotor must track to maintain the formation geome-

try. The inner loop contains LQT controllers to track the velocities coming from the

outer loop formation guidance controller. The details for the outer loop Lyapunov

function based formation guidance controller will be discussed in the next section.

The details for the LQT controller design has already been discussed in section 2.3,

the exact LQT controllers designed in that section will be employed in our two-loop

formation-hold control system.

3.2.1 Lyapunov function based Formation Guidance Controller

The Lyapunov stability theorem states that: Let x = 0 be an equilibrium point of a

nonlinear system ẋ = f(x). Let V : D → R be a continuously differentiable function

in the neighborhood D of x = 0, such thatV (0) = 0 and V (x) > 0 in D − {0}. If

V̇ (x) ≤ 0, then x = 0 is stable. Moreover, if V̇ (x) < 0 in D − {0} , then x = 0 is

asymptotically stable [35].

The Lyapunov stability theorem approach may be used to design stabilizing con-

trollers for nonlinear systems [35]. Our formation guidance controller is thus de-

signed using the Lyapunov stability theorem. We used this approach to design a con-

troller that guides our follower quadrotor to match the heading of the leader quadrotor,
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as well as maintain a desired relative distance with the leader quadrotor.

Consider the following Lyapunov function [36]:

V =
1

2

{
∆x ∆y ∆z ∆ψ

}
Q


∆x

∆y

∆z

∆ψ


(312)

where,

∆x = xL + a− xF

∆y = yL + b− yF

∆z = zL + c− zF

∆ψ = ψL − ψF

(313)

(xL, yL, zL) and (xF , yF , zF ) are the positions of the leader and the follower quadro-

tors with respect to the inertial frame. (a, b, c) is the desired relative position of the

follower with respect to the leader quadrotor. Q is a positive definite matrix. ψL, ψF

are the leader and follower headings. The derivative of the Lyapunov function gives:

V̇ = (∆x ∆y ∆z ∆ψ)Q


∆ẋ

∆ẏ

∆ż

∆ψ̇


(314)

To ensure that eqn. 314 is negative definite, we make it equal to:

−(∆x ∆y ∆z ∆ψ)R


∆x

∆y

∆z

∆ψ


(315)

where R is a positive definite matrix. Thus we have:

V̇ = (∆x ∆y ∆z ∆ψ)Q


∆ẋ

∆ẏ

∆ż

∆ψ̇


= −(∆x ∆y ∆z ∆ψ)R


∆x

∆y

∆z

∆ψ


(316)
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simplifying eqn. 316 and multiplying both sides of the equation by Q−1 gives:
∆ẋ

∆ẏ

∆ż

∆ψ̇


= −Q−1R


∆x

∆y

∆z

∆ψ


(317)

Differentiating eqn. 313 and substituting the result into eqn. 317, the reference sig-

nal going from the Lyapunov based formation guidance controller to the follower

quadrotor can be obtained:
VxF

VyF

VzF

ψ̇F


ref

=


VxL

VyL

VzL

ψ̇L


+Q−1R


∆x

∆y

∆z

∆ψ


+


ȧ

ḃ

ċ

0


(318)

Our formation guidance scheme works for both fixed and time varying formation

geometries. It is also worth mentioning that although heading command is not neces-

sary to track the formation geometry, it is included in the guidance algorithm to avoid

twisting of the cables attached to the load. Thus, holding the heading in place while

tracking the formation geometry helps to reduce the chances of cable entanglement.

Holding the heading also introduces additional constraints to limit the swinging and

rocking of the slung load.

3.3 Two Quadrotor Slung Load System Results and Discussion

The two quadrotor slung load system is simulated using the equations of motion de-

rived in section 3.1 on the SIMULİNK/MATLAB platform. Reference velocity sig-

nals are sent to the leader quadrotor. The leader quadrotor tracks these velocities

using the LQT velocity and heading controllers developed in section 2.3.2 and sec-

tion 2.3.3. The formation-hold control system which consists of a Lyapunov function

based formation guidance controller on the outer loop and LQT velocity and heading

controller on the inner loop is then implemented on the follower quadrotor. The de-

sired reference relative distance the follower quadrotor must maintain with the leader
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quadrotor is sent to the formation guidance controller. The velocities that the follower

quadrotor must track to maintain the formation geometry is then sent into the inner

loop controllers from the outer loop controller. Refer to table 2.2 for the quadrotor,

cable and load properties. Our control system is then tested to see if our quadrotors

can track the reference trajectory and fly in formation in spite of the dynamics of the

slung load. We also test the see if the overall swing and rock angles of the load is

reduced.

To test our overall control system, it is desired that initial separation distances of

the leader and follower quadrotor be maintained in spite of the motion of the leader

quadrotor. In other words, the leader and follower quadrotor should fly at the same

altitude, maintain a distance of 1 m between each other in the y-direction and a rela-

tive distance of 0 m in the x-direction. Thus the reference relative distance sent to the

formation guidance loop is: (xF − xL, yF − yL, zF − zL) = (0, 1, 0).

From fig. 3.5, we see that the leader quadrotor is able to closely track the desired

reference velocities in spite of the slung load. It also tracks it relatively smoothly.

Figures 3.6 and 3.7 show the two quadrotor and load positions. We see from those

figures that the follower quadrotor is able to keep up with the leader quadrotor.

Figure 3.8 shows the time history of the relative positions of the leader and follower

quadrotor. The follower quadrotor is able to maintain the desired formation geometry

in spite of the motion of the leader quadrotor. from the relative x-direction, we see an

initial lag as the leader quadrotor begins its forward motion, the follower quadrotor

quickly catches up to the leader quadrotor to maintain the desired relative distance

in the x-direction. From the same figure, in the y-direction, the follower is able to

maintain its relative position with the leader quadrotor. However, 45 secs to 50 secs,

we see some lag as the leader quadrotor begins to track the side velocity vy. The

follower quadrotor is able to recover quickly however. Figure 3.9 shows the load rock,

swing and heading angles. We see that these angles are greatly reduced as compared

to the one quadrotor case. The two quadrotors are able to carry the load in a smooth

fashion. We see a deflection in the load rock angle from -10 degrees to 10 degrees in

the first 10 secs. This is as a result of the configuration of the two quadrotor slung load

system. The load rotated around its x-axis as the leader quadrotor initially climbed,
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but as the follower quadrotor moved to maintain the formation geometry, the load

rock angle quickly returns to 0 degrees. We also see an initial heading change of the

load as the leader quadrotor started its forward motion. This also quickly returns to 0

degrees as the follower quadrotor starts moving to maintain the formation geometry.

Figures 3.10 and 3.11 shows the propeller speeds of the two quadrotors. There are no

saturations in the speeds of the rotors.

We expect that these load rock and heading angles could still be reduced if we intro-

duce even more constaints on the load by having a three quadrotor slung model. The

results of the three quadrotor slung load model will be presented in the next chapter.
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Figure 3.5: Leader Quadrotor Velocity in x, y and z directions respectively (Two

Quadrotor)
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Figure 3.6: Leader and Follower Quadrotor position and Load Position (Two Quadro-
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Figure 3.7: Leader and Follower Quadrotor position and Load Position (Two Quadro-

tor, 40 secs simulation)
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Figure 3.8: Leader and Follower Quadrotor relative positions (Two Quadrotor)
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Figure 3.9: Swing, Rock and Heading Angles of the Load (Two Quadrotor)
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Figure 3.10: Propeller Speeds of the Leader Quadrotor (Two Quadrotor)
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Figure 3.11: Propeller Speeds of the Follower Quadrotor (Two Quadrotor)
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CHAPTER 4

THREE QUADROTOR SLUNG LOAD SYSTEM

In this chapter, the equations of motion of a three quadrotor slung load model is

presented. These equations are then used to model this nonlinear system on the

MATLAB/SIMULİNK platform. The formation-hold control system designed in sec-

tion 3.2.1 is implemented on two of the quadrotors designated as the follower quadro-

tors. The results of the simulation is the presented and discussed. Refer to table 2.1

for the definition of terms used in the derivation of the equations of motion, and to

table 2.2 for the quadrotor, cable and load properties used in the simulation.

4.1 Equation of Motion for the Three Quadrotor Slung Load System

The same assumptions and approach used for the two quadrotor case in section 3.1

is also used in modelling the three quadrotor slung load case. The joint torques are

assumed to be zero and the cables are assumed to bo stiff rigid bars. Newton-Euler

equations are written for 7 bodies, made of three quadrotors, a suspended load and

three rigid cables. Constraint equations are written for the 6 spherical joints connect-

ing the three rigid cables to each of the quadrotors and the load.

After deriving the rotational and translational equations of motion for each of the

quadrotors, cables and load as well as establishing the joint constraint equations, the

obtained equations can then be written in a vector-matrix form.
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Figure 4.1: Three Quadrotor Slung Load System

In vector-matrix form, the equation may be written as:


A 0 R

0 M U

RT UT 0



ẋ

ẏ

f

 =


τ

υ

ϑ

 (41)

where

A =



J1 0 0 0 0 0 0 0

0 Jc1 0 0 0 0 0 0

0 0 JL 0 0 0 0 0

0 0 0 Jc2 0 0 0 0

0 0 0 0 J2 0 0 0

0 0 0 0 0 Jc3 0 0

0 0 0 0 0 0 J3 0

0 0 0 0 0 0 0 m1I


(42)
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R =



−r×1 C1
N 0 0 0 0 0

r×c11C
c1
N −r×c12C

c1
N 0 0 0 0

0 r×L1
CL
N −r×L2

CL
N 0 −r×L3

CL
N 0

0 0 r×c21C
c2
N −r×c22C

c2
N 0 0

0 0 0 r×2 C
2
N 0 0

0 0 0 0 r×c31C
c3
N r×c32C

c3
N

0 0 0 0 0 r×3 C
3
N

−I 0 0 0 0 0


(43)

M =



mc1I 0 0 0 0 0

0 mLI 0 0 0 0

0 0 mc2I 0 0 0

0 0 0 m2I 0 0

0 0 0 0 mc3I 0

0 0 0 0 0 m3I



U =



I −I 0 0 0 0

0 I −I 0 −I 0

0 0 I −I 0 0

0 0 0 I 0 0

0 0 0 0 I −I
0 0 0 0 0 I



(44)
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τ =



T1 − ω×1 J1ω1 + TS1

Tc1 − ω×c1Jc1ωc1 − C
c1
1 TS1 + Ts2

TL − ω×LJLωL − CL
c1
Ts2 + Ts3 + Ts5

Tc2 − ω×c2Jc2ωc2 − C
c2
L TS3 + Ts4

T2 − ω×2 J2ω2 − C2
c2
TS4

Tc3 − ω×c3Jc3ωc3 − C
c3
L TS5 + Ts6

T3 − ω×3 J3ω3 − C3
c3
TS6

F1



,

υ =



Fc1

FL

Fc2

F2

Fc3

F3


, ϑ =



CN
1 ω
××
1 r1 − CN

c1
ω××c1 rc11

CN
c1
ω××c1 rc12 − CN

L ω
××
L rL1

CN
L ω
××
L rL2 − CN

c2
ω××c2 rc21

CN
c2
ω××c2 rc22 − CN

2 ω
××
2 r2

CN
L ω
××
L rL3 − CN

c3
ω××c3 rc31

CN
c3
ω××c3 rc32 − CN

3 ω
××
3 r3



(45)

ẋ =



ω̇1

ω̇c1

ω̇L

ω̇c2

ω̇2

ω̇c3

ω̇3

v̇1



, ẏ =



v̇c1

v̇L

v̇c2

v̇2

v̇c3

v̇3


, f =



FS1

Fs2

FS3

FS4

FS5

FS6


(46)

ẋ, ẏ and f can be decoupled in eqn. 41 by introducing unknown coefficient matrices

α and β and performing row operations:(
A+ βRT

)
ẋ+

(
αM + βUT

)
ẏ + (R + αU) f = τ + αυ + βϑ (47)

choose α = -RU−1, β=RU−1MU−T , then,(
A+ βRT

)
ẋ = τ + αυ + βϑ (48)

Once the above eqn. 48 is solved for ẋ, ẏ and f can then be easily computed from

eqn. 41.
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4.2 Three Quadrotor Slung Load System Result and Discussion

The three quadrotor slung system is modelled using the equations of motion derived

in section 4.1 on the SIMULİNK/MATLAB platform. One quadrotor is designated as

the leader, while the other two quadrotors are the followers. The two followers have to

maintain a fixed reelative distance to the leader quadrotor. The formation-hold control

system developed in section 3.2.1 is implemented on the two quadrotors. The leader

control receives the desired reference velocities and the follower quadrotors have to

maintain the formation geometry in spite of the motion of the leader quadrotor.

To test the model, the three quadrotors are initially aligned in a v-formation geometry,

with the leader quadrotor 0.5 m ahead of the two followers, and the two followers 1

m apart. The two follower quadrotors are to also fly at the same altitude as the leader

quadrotor.

Figure 4.2: Three quadrotor formation geometry

Hence the desired formation geometry reference sent to the formation-hold control

system is thus (xF1−xL, yF1−yL, zF1−zL) = (−0.5,−0.5, 0) and (xF2−xL, yF2−
yL, zF2 − zL) = (−0.5, 0.5, 0). The same velocity reference as the one and two

quadrotor slung load case is also used here for the leader quadrotor. We then test

to see if the formation geometry is maintained in spite of the motion of the leader

quadrotor and the dynamics of the slung load. We also check the deflection of the
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load angles.

Figure 4.3 shows that the leader quadrotor is able to smoothly track the reference

velocities in spite of the slung load. Figures 4.4 and 4.5 show the time history of

quadrotors and load positions. From these figures, we see that the formation geometry

is being maintained and the follower quadrotors, that is, quadrotor-1 and quadrotor-3

are keeping up with the leader quadrotor. Figures 4.6 and 4.7 show the time history

of the relative distances between the leader quadrotor and the follower quadrotors.

We see a little big of lag in the x-direction of their relative distances as the leader

initially begins its forward motion but the follower quadrotors quickly recover. There

is also a bit of lag in the y-direction of the relative distances in the 45 to 50 secs

time frame as the leader quadrotor begins to track the side velocity, vy. However,

the follower quadrotors recover nicely. Figure 4.8 shows the time history of the load

swing, rock and heading angles. The three quadrotor slung load system carries the

load quite smoothly for the entire duration of the simulation. The minimal change

in the heading angle, and the load rock and swing angles are close to zero for the

entire simulation except for the initial jump in swing angle at the beginning of the

simulation. Figures 4.9 to 4.11 show the propeller speeds of the three quadrotors.

There are no saturations in the speeds of the rotors.
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Figure 4.3: Leader Quadrotor Velocity in x, y and z directions respectively (Three

Quadrotor)
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Figure 4.5: Leader and Follower Quadrotor position and Load Position (Three

Quadrotor, 40 secs simulation)

0 10 20 30 40 50 60 70 80 90
−1.5

−1

−0.5

0

time (s)

x 
re

la
tiv

e 
po

si
tio

n 
(m

)

 

 

x
F1

−x
L
 ref

x
F1

−x
L

0 10 20 30 40 50 60 70 80 90
−0.8

−0.7

−0.6

−0.5

−0.4

time (s)

y 
re

la
tiv

e 
po

si
tio

n 
(m

)

 

 

y
F1

−y
L
 ref

y
F1

−y
L

0 10 20 30 40 50 60 70 80 90
−0.2

−0.1

0

0.1

0.2

time (s)

z 
re

la
tiv

e 
po

si
tio

n 
(m

)

 

 

z
F1

−z
L
 ref

z
F1

−z
L

Figure 4.6: Leader and 1st Follower Quadrotor relative positions (Three Quadrotor)
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Figure 4.7: Leader and 2nd Follower Quadrotor relative positions (Three Quadrotor)
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Figure 4.8: Swing, Rock and Heading Angles of the Load (Three Quadrotor)
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Figure 4.9: Propeller Speeds of the Leader Quadrotor (Three Quadrotor)
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Figure 4.10: Propeller Speeds of the 1st Follower Quadrotor (Three Quadrotor)
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Figure 4.11: Propeller Speeds of the 2nd Follower Quadrotor (Three Quadrotor)
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CHAPTER 5

TWO QUADROTOR SLUNG LOAD SYSTEM: QUATERNION BASED

ATTITUDE CONTROL APPROACH

In the previous chapters, the control scheme implemented for the slung load systems

involved a two-loop architecture, in which we had a Lyapunov function based forma-

tion guidance controller on the outer loop and two LQT controllers in the inner loop.

In this chapter, we will be replacing the inner loop LQT controllers with a quaternion

based nonlinear attitude controller. Thus our overall control approach will be more

nonlinear than the approach presented in the previous chapters.

The overall control algorithm for the formation flight of the two quadrotor slung load

system presented in this chapter employs a three-loop architecture. The outermost

loop implements the Lyapunov function based formation guidance controller. This

controller receives the desired relative distance of the quadrotors in the formation and

outputs the control velocity to track this relative distance. Details of its design has

already been given in section 3.2.1. The middle loop contains a LQT controller which

tracks the velocity commands from the outermost loop by generating a control force

command that our quadrotor must track to achieve the desired velocity command.

This generated control force is then sent into the innermost loop of the control sys-

tem. Through the pitching and rolling motion of the quadrotor, the innermost loop

orients the total force acting on the quadrotor to match the control force command

coming from the middle loop. The innermost loop controller is designed using to-go

quaternion as well as a Lyapunov function and is thus nonlinear. In summary, the

translational control of the quadrotor takes place in the middle loop and the attitude

control of the quadrotor takes place in the innermost loop. The details for the design

of the middle and innermost loops will be presented in the coming sections.
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Figure 5.1: Two quadrotor slung load control system schematic: new approach

5.1 Problem Formulation and Implementation

5.1.1 Definition of the to-go quaternion

A quaternion is parameter that can be used represent the orientation or attitude of a

body. It consists of a vectorial part q and a scalar part q4. Thus, a quaternion, q can

be written as q = q+q4. Given two attitudes of a body, q and d, where q is the current

attitude of the body and d is the desired attitude of that body. A third quaternion, t,

called the to-go quaternion can be defined to rotate the current quaternion, q of the

body into the desired quaternion, d of that body. The desired quaternion, d, may be

written using quaternion multiplication as [37]:

d = q ⊗ t (51)

multiplying both sides of eqn. 51 by the inverse quaternion, q−1, the to-go quaternion

can be obtained in terms of the current and desired attitude quaternion as:

t = q−1 ⊗ d (52)

Applying the quaternion multiplication rule, the to-go quaternion becomes:

t = (−q + q4)⊗ (d + d4)

= −q× d− d4q + q4d + q · d + d4q4
(53)
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where the cross product of the vectorial part of quaternion q and d is q × d and the

dot product of the vectorial part of the quaternion q and d is q · d.

The derivative of the to-go quaternion may be found as [37]:

ṫ = −1

2
ω×t− 1

2
ωt4

ṫ4 =
1

2
ωT t

(54)

where ω×t is the cross product of the angular velocity of the body fixed frame with

respect to the inertial frame and the vectorial part of the to-go quaternion.

5.1.2 Mechanization of the Attitude Control

As stated earlier, the attitude of the quadrotor is controlled by orienting the overall

thrust vector of the quadrotor with the control force vector from the LQT velocity

controller. To carry out this control, we must first realize that the quadrotor has all

its propellers generating the thrust perpendicular to the quadrotor plane. Thus, in the

body fixed coordinates of the quadrotor, the thrust vector direction is:

γB = −k (55)

In the navigation frame, the desired thrust vector direction, dictated by the LQT ve-

locity control system is given as:

λN =
FN
xCI + FN

yCJ + FN
zCK

Ftotal
(56)

where

Ftotal =
√

(FN
xC)

2
+ (FN

yC)
2

+ (FN
zC)

2 (57)

The desired thrust vector direction can then be transformed to the body fixed frame

using quaternion multiplication or DCM from either quaternion or Euler angles:

λB = q−1 ⊗ λN ⊗ q = CB
Nλ

N (58)

Since we must rotate the current thrust vector direction to the desired thrust vector

direction, we need to obtain the rotation axis and angle. The rotation axis ηB around

which the quadrotor is rotated as well as the rotation angle β can be found thus:

γB × λB = −k× λB = ηB sin(β) (59)
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Figure 5.2: Current Thrust Vector, γB, Desired Thrust Vector, λB, Rotation Axis, ηB,

Rotation Angle, β

and

γB · λB = −λBz = cos(β) (510)

Then the to-go quaternion can now be obtained as follows:

s4 = cos(β/2) =

√
1− λBz

2
(511)

s = ηB sin(β/2) =
−k× λB

2s4
=
λBy i− λBx j

2s4
(512)

We must also include another quaternion to properly orient the quadrotor in the yaw

direction. The desired thrust vector direction coming from the LQT controller will

not properly orient our quadrotor in yaw as this is not needed to track the velocity

commands.However, holding the heading also introduces additional constraints to

limit the swinging and rocking of the slung load. This quaternion can be written as:

y = k sin(∆ψ/2)

y4 = cos(∆ψ/2)
(513)

where ∆ψ = ψcommanded − ψ

The total to-go quaternion can then be obtained by multiplying the quaternion asso-

ciated with thrust vector direction with the quaternion associated with yaw rotation:

t = s⊗ y (514)
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5.1.3 LQT Velocity Controller Design (Middle Loop)

The LQT optimal control law is gotten by minimizing over a performance index

through solving the algebraic Ricatti equation. Details about this has already been

presented before in section 2.3. As pertaining to our problem, our LQT velocity con-

troller should receive velocity commands and output the required thrust vector direc-

tion to track the velocity commands. To do this, the newton equation for translation

of the quadrotor written in the inertial frame is:

v̇x =
−kx
m

vx +
1

m
Fx

v̇y =
−ky
m

vy +
1

m
Fy

v̇z =
−kz
m

vz +
1

m
Fz + g

(515)

Equation 515 can then be written in state-space form as:
v̇x

v̇y

v̇z

 =


−kx
m

0 0

0 −ky
m

0

0 0 −kz
m



vx

vy

vz

+


1
m

0 0

0 1
m

0

0 0 1
m



Fx

Fy

Fz

+


0

0

g

 (516)

From eqn. 516, we see a constant input vector term


0

0

g

. Due to this constant input

vector term, a new gain in addition to the ones obtained in section 2.3 needs to be

obtained. From reference [33], this gain term is:

Kf = −R−1Bt[PE−At]
−1
P (517)

thus the optimal control law is:

u(t) = Kx(t) + KZz(t) + Kf f(t) (518)

where the gains K and KZ have been obtained in section 2.3 in eqn. 235.

Using equations 516, 517 and 235, our LQT controller is then designed.

All the eigenvalues in table 5.2 are all negative. Thus, we have an asymptotically

stable system.
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Figure 5.3: LQT Velocity Control System with Thrust vector output

Table 5.1: LQT Gains for the Velocity Controller with Thrust vector output

K


−1.32 0 0

0 −1.32 0

0 0 −19.90



Kz


1.41 0 0

0 1.41 0

0 0 19.99



Kf


−0.60 0 0

0 −0.60 0

0 0 −0.65



Table 5.2: Eigenvalues of the Velocity_x and Velocity_z Controller

Eigenvalues Settling Time

-2.18 1.47 Sec

-30.77 0.10 Sec

-2.18 1.47 Sec
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5.1.4 Quaternion based Attitude Controller Design (Innermost Loop)

The rotational equations of the quadrotor as obtained in eqn. 225 can be rewritten as:


ṗ

q̇

ṙ

 =


(Iy − Iz)qr/Ix
(Iz − Ix)pr/Iy
(Ix − Iy)pq/Iz

+


d/Ix 0 0

0 d/Iy 0

0 0 1/Iz



U2

U3

U4

 (519)

The quadrotor attitude will be controlled by a Lyupunov function based nonlinear

controller. As stated earlier, the attitude control of the quadrotor will be implemented

by rotating the total thrust vector of the quadrotor to align with the desired thrust vec-

tor direction obtained from the middle loop LQT controller designed in section 5.1.3.

The quadrotor will be rotated using the to-go quaternion obtained in eqn. 514.

Let S =


(Ix − Iz)qr/Ix
(Iz − Ix)pr/Iy
(Ix − Iy)pq/Iz

, G =


d/Ix 0 0

0 d/Iy 0

0 0 1/Iz

 and U =


U2

U3

U4


Also, consider the following Lyapunov function [38]:

V =
1

2
ωTM−1Jω + 2(1− t4) (520)

It is assumed that a positive definite M−1 exists and M−1J is also a positive definite

symmetric matrix. Then the derivative of the Lyapunov function becomes:

V̇ = ωTM−1Jω̇ − ωT t (521)

To ensure that eqn. 521 is negative definite, we make it equal to:

−ωTM−1Nω (522)

where M−1N is a positive definite matrix. Thus we have :

V̇ = ωTM−1Jω̇ − ωT t = −ωTM−1Nω (523)

simplifying the above equation and multiplying both sides by M , we obtain:

Jω̇ −M t = −Nω (524)

substituting eqn. 519 into eqn. 524, we have:

J(S +GU)−Mt = −Nω (525)
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solving eqn. 525 for U , the control law for the attitude control of the quadrotor can

then be obtained as:

U = G−1[J−1(M t−Nω)− S] (526)

Using the control law obtained in eqn. 526 withU =


U2

U3

U4

 and makingU1 = Ftotal =

√
(FN

xC)
2

+ (FN
yC)

2
+ (FN

zC)
2 where Ftotal is the magnitude of the thrust vector ob-

tained from the LQT velocity controller in section 5.1.3, the rotor speeds to control

the translational and rotational motion of the quadrotor can be obtained.

In the design of the overall control system,the three controllers in the three-loop ar-

chitecture were tuned to the settling times in table 5.3

Table 5.3: Controller Settling Times

Lyapunov Formation

Guidance controller

(Outermost Loop)

LQT Velocity

Controller (Middle

Loop)

Quaternion based

Attitude Controller

(Innermost Loop)

2 Sec 1.47 Sec 0.38 Sec

2 Sec 0.10 Sec

1 Sec 1.47 Sec

5.2 Two Quadrotor Slung Load System Result and Discussion (New Approach)

The new control system designed in this chapter is tested against the nonlinear two

quadrotor slung load model already designed in chapter 3. To test the control sys-

tem, the same formation flight scenario employed in section 3.3 is used. The leader

quadrotor is sent desired velocity commands, and a desired relative distance com-

mand is sent to the formation guidance controller to enable the follower quadrotor

maintain that distance. It is desired that the initial formation geometry be maintained

in spite of the leader quadrotor motion. The reference relative distance sent to the

formation guidance controller is: (xF − xL, yF − yL, zF − zL) = (0, 1, 0).
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From fig. 5.4, we see that the leader quadrotor is able to closely follow the desired

velocity commands in spite of the slung load. Figures 5.5 and 5.6 show the two

quadrotor and load positions. The follower quadrotor is able to keep up with the

leader quadrotor. Figure 5.7 shows the time history of the relative position of the

follower quadrotor to the leader quadrotor. We see that the desired relative distance

is being tracked albeit a really small steady state error. In the first 8 secs, we see

the follower quadrotor oscillating between lagging behind and overtaking the leader

quadrotor, the amplitude of the oscillation progressively reduces until the follower

quadrotor settles at the desired relative distance with the leader quadrotor in the x-

direction. Between 45 secs and 50 secs, we see some lag as the leader quadrotor

begins to track the side velocity vy. The follower quadrotor is able to recover quickly

however. Figure 5.8 shows the load rock, swing and heading angles. The two quadro-

tors are able to carry the load in a smooth fashion. We see a deflection in the load

rock angle from -10 degrees to 20 degrees in the first 10 secs. This is as a result of

the configuration of the two quadrotor slung load system. The load rotated around its

x-axis as the leader quadrotor initially climbed, but as the follower quadrotor moved

to maintain the formation geometry, the load rock angle quickly returns to 0 degrees.

We see an oscillation in the heading angle of the load between -50 degrees to 50 de-

grees in the first 10 seconds of the simulation. The amplitude of this oscillation also

progressively reduces to zero as well. This heading angle oscillation is as a result of

the follower quadrotor oscillating between lagging behind and overtaking the leader

quadrotor in the first 10 seconds of the simulation. Figures 5.9 and 5.10 shows the

propeller speeds of the two quadrotors. There are no saturations in the speeds of the

rotors.
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Figure 5.4: Leader Quadrotor Velocity in x, y and z directions respectively (Two

Quadrotor, New Approach)
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tor, New Approach)
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Figure 5.6: Leader and Follower Quadrotor position and Load Position (Two Quadro-

tor, New Approach, 40 secs Simulation)
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Figure 5.8: Swing, Rock and Heading Angles of the Load (Two Quadrotor, New

Approach)
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Figure 5.9: Propeller Speeds of the Leader Quadrotor (Two Quadrotor, New Ap-

proach)

64



0 10 20 30 40 50 60 70 80 90
1000

2000

3000

time (s)

ro
to

r 
1 

R
P

M

0 10 20 30 40 50 60 70 80 90
1000

2000

3000

time (s)

ro
to

r 
2 

R
P

M

0 10 20 30 40 50 60 70 80 90
0

2000

4000

time (s)

ro
to

r 
3 

R
P

M

0 10 20 30 40 50 60 70 80 90
1000

2000

3000

time (s)

ro
to

r 
4 

R
P

M

Figure 5.10: Propeller Speeds of the Follower Quadrotor (Two Quadrotor, New Ap-

proach)
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5.3 Alternative Approach: Full Nonlinear Control Algorithm for a Two Quadro-

tor Slung Load System

In the previous section (section 5.1), a three loop control architecture is used on the

follower quadrotor to fly the formation together with the slung load. It featured a non-

linear formation guidance loop in its outermost loop, a LQT controller in the middle

loop where the desired thrust vector direction to properly orient the quadrotor is ob-

tained, and finally, a nonlinear attitude controller in its innermost loop. Although, the

control algorithm performs brilliantly, as seen in section 5.2, it is not fully nonlinear.

In this section, a full nonlinear control algorithm is presented. It features a two-loop

architecture as opposed to the three-loop architecture presented in section 5.1.

5.3.1 Alternative Approach: Full Nonlinear Control Algorithm Problem For-

mulation and Implementation

In this section, new fully nonlinear controllers are developed. The Outer and mid-

dle loop are combined into a single loop. The inner loop algorithm is the same as

presented in section 5.1. The new two loop structure is shown in fig. 5.11.

Figure 5.11: Follower quadrotor guidance and control using a two loop approach
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5.3.2 Guidance and Control Loop

The outer loop is based on a Lyapunov function as follows:

L =
1

2
∆V TmF∆V +

1

2
∆rTR∆r (527)

where

∆r =


xL + a− xF
yL + b− yF
zL + c− zF

 ,∆V =


vxL
− vxF

vy
L
− vy

F

vzL − vzF

 (528)

(xL, yL, zL) and (xF , yF , zF ) are the positions of the leader and the follower quadro-

tors with respect to the inertial frame. (a, b, c) is the desired relative position of the

follower with respect to the leader quadrotor. (vxL
, vy

L
, vzL) and (vxF

, vy
F
, vzF ) are

the velocities of the leader and follower quadrotors with respect to the inertial frame.

R is a positive definite matrix and mF is the mass of the follower quadrotor. As-

suming a fixed formation geometry, i.e, (ȧ, ḃ, ċ) = 0, the derivative of the Lyapunov

function gives:

L̇ = ∆V TmF∆V̇ + ∆V TR∆r (529)

To ensure that eqn. 529 is negative definite, it is equated to a negative definite func-

tion:

−∆V TS∆V (530)

where S is a positive definite matrix. Thus we have:

L̇ = ∆V TmF∆V̇ + ∆V TR∆r = −∆V TS∆V (531)

Simplifying eqn. 531 and solving for the follower acceleration, we have:

mF v̇F = mF v̇L +R∆r + S∆V (532)

Using the Newton’s equation for translation, mF v̇F is written in the inertial frame as:

mF v̇F = −


k̃x 0 0

0 k̃y 0

0 0 k̃z



v2
xF

v2
y
F

v2
zF

+


Fx

Fy

Fz

+


0

0

mFg

 (533)
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Substituting eqn. 533 into eqn. 532 and solving for the thrust vector direction, we

obtain:
Fx

Fy

Fz

 =


k̃x 0 0

0 k̃y 0

0 0 k̃z



v2
xF

v2
y
F

v2
zF

−


0

0

mFg

+mF v̇L +R∆r + S∆V (534)

The control law obtained in eqn. 534 above, helps the follower quadrotor maintain

the prescribed formation geometry. It is also the thrust vector that will be sent to the

inner controller. This inner loop is the same as presented in section 5.1.4.

The two controllers are tuned to the settling times in table 5.4. Similar settling times

with the three loop controllers designed in section 5.1 is used to enable comparison

between the three loop and two loop control algorithms designed.

Table 5.4: Controller Settling Times (Full Nonlinear)

Lyapunov Formation

Guidance/Thrust

Vector controller

(Outer Loop)

Quaternion based

Attitude Controller

(Inner Loop)

2 Sec 0.38 Sec

2 Sec 0.38 Sec

1 Sec 0.38 Sec

5.3.3 Result and Discussion

To test the performance of the new two loop guidance control system, two flight

scenarios are employed. The first scenario is the same formation flight scenario em-

ployed for the three loop case in section 5.2 and in the second scenario, a circular

flight trajectory is employed. The desired velocity commands are sent to the leader

quadrotor, and a desired relative distance command is sent to the follower quadrotor.

The leader and follower quadrotor are carrying a slung load as before. It is desired

that the initial formation geometry be maintained in spite of the leader quadrotor

motion. The reference relative distance sent to the formation guidance controller is:
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(xF − xL, yF − yL, zF − zL) = (0, 1, 0). The simulation results for the first flight

scenario are presented in figures 5.12 - 5.18.

Figure 5.12 presents the leader quadrotor response to the velocity commands. From

the figure, it may be observed that the leader quadrotor closely follows the desired

velocity commands in spite of the slung load. Figure 5.13 and 5.14 show the time

history of the formation. The follower quadrotor is able to keep up with the leader

quadrotor for the duration of the flight. Figure 5.15 shows the time history of the

relative position of the follower quadrotor to the leader quadrotor. From the figure,

it may be observed that the desired relative distance is closely tracked. Comparing

figures 5.7 and 5.15, it may be concluded that the full nonlinear two loop controller

outperforms the controller designed in section 5.1. Thus, the two loop controller is

more responsive in tracking the formation geometry in spite of the leader quadrotor

manoeuvre. Figures 5.16 shows the load rock, swing and heading angles. The two

quadrotors are able to carry the load in a smooth fashion. We see a deflection in the

load rock angle from approximately 4 degrees to 10 degrees in the first 10 secs and

then settles to about 5 degrees for the remaining duration of the flight. The load rock

angle is more oscillatory in the first 10 secs than the load rock angle of the controller

designed in section 5.1 (fig. 5.8), however, its amplitude is much smaller. The swing

angle of the load oscillates between -4 degrees and 4 degrees in the first 10 secs of

simulation and then settles at 2 degrees. The heading angle oscillates between -20

degs and 30 degs in the first 10 secs. Comparing this with the results of the controller

in section 5.1 (fig. 5.8), it is initially more oscillatory but with a smaller amplitude.

Figures 5.17 and 5.18 show the propeller speeds of the two quadrotors. There are

no saturations in the speeds of the rotors. In addition, the propeller speed history of

the follower quadrotor is similar to those presented in fig. 5.10. Overall, it may be

concluded that the two loop nonlinear architecture gives better results.
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Figure 5.12: Leader Quadrotor Velocity in x, y and z directions respectively (Two

Quadrotor, Alternative Approach)
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Figure 5.13: Leader and Follower Quadrotor position and Load Position (Two

Quadrotor, Alternative Approach)
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Figure 5.14: Leader and Follower Quadrotor position and Load Position (Two

Quadrotor, Alternative Approach, 40 secs simulation)
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Figure 5.15: Leader and Follower Quadrotor relative positions (Two Quadrotor, Al-

ternative Approach)
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Figure 5.16: Swing, Rock and Heading Angles of the Load (Two Quadrotor, Alterna-

tive Approach)
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Figure 5.17: Propeller Speeds of the Leader Quadrotor (Two Quadrotor, Alternative

Approach)
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Figure 5.18: Propeller Speeds of the Follower Quadrotor (Two Quadrotor, Alternative

Approach)
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The simulation results of the circular flight trajectory for the second flight scenario

of the leader quadrotor are presented below. The follower quadrotor is required to

maintain the same formation geometry (xF − xL, yF − yL, zF − zL) = (0, 1, 0), as

with the first flight scenario, in spite of the circular trajectory of the leader quadrotor.

The leader quadrotor would be flying at a tangential velocity of 3 m/s on a circular

trajectory of radius 10m.

Figure 5.19 presents the leader quadrotor response to the velocity commands. From

the figure, it may be observed that the leader quadrotor closely follows the desired

velocity commands in spite of the slung load. Figures 5.20 shows the time history of

the formation. The follower quadrotor is able to keep up with the leader quadrotor for

the duration of the flight. Figure 5.21 shows the time history of the relative position

of the follower quadrotor to the leader quadrotor. From the figure, it may be observed

that the desired relative distance is closely tracked. Figure 5.22 shows the load rock,

swing and heading angles. The two quadrotors are able to carry the load in a smooth

fashion with negligible deflection of the load. The load rock angle has a maximum

deflection of 6 degrees and settles at 2 degrees for the entire duration of the flight.

There is almost no deflection in the swing angle of the load. The load heading angle

oscillates between -4 degrees and 2 degrees. Figures 5.23 and 5.24 show the propeller

speeds of the two quadrotors. There are no saturations in the speeds of the rotors.
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Figure 5.19: Leader Quadrotor Velocity in x, y and z directions respectively (circular

trajectory, Alternative Approach)
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trajectory, Alternative Approach)
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Figure 5.21: Leader and Follower Quadrotor relative positions (circular trajectory,

Alternative Approach)

0 10 20 30 40 50 60 70 80 90
0

2

4

6

8
Load rock Angle

time (s)

Lo
ad

 r
oc

k,
 φ

L (
de

g)

0 10 20 30 40 50 60 70 80 90
−1

0

1

2
Load swing Angle

time (s)

Lo
ad

 s
w

in
g,

 θ
L (

de
g)

0 10 20 30 40 50 60 70 80 90
−5

0

5

Load heading Angle

time (s)

Lo
ad

 h
ea

di
ng

, ψ
L (

de
g)

Figure 5.22: Swing, Rock and Heading Angles of the Load (circular trajectory, Alter-

native Approach)
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Figure 5.23: Propeller Speeds of the Leader Quadrotor (circular trajectory, Alterna-

tive Approach)
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Figure 5.24: Propeller Speeds of the Follower Quadrotor (circular trajectory, Alter-

native Approach)
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CHAPTER 6

ROBUSTNESS TEST FOR THE FULL NONLINEAR CONTROL

ALGORITHM DESIGNED IN SECTION 5.3

In this chapter, a stability and performance robustness tests would be performed on

the fully nonlinear controller implemented on the follower quadrotor in section 5.3.

It is assumed that the leader quadrotor is able to fly without any problems, and we

test to see the stability and performance limits of the nonlinear control algorithm

implemented on the follower quadrotor in the presence of wind disturbances, sensor

noise, varying weights of the load being carried and unmodeled dynamics of the slung

load. The simulation results are then analysed and discussed.

6.1 Stability Robustness Test of the Nonlinear Controller

As previously stated in section 5.3, the nonlinear controller has a two loop architec-

ture. The outer and inner loops were designed using Lyapunov functions. In both

loops, the dynamical effects of the slung load on the quadrotor were not modelled

into the controller design. According to the Lyapunov stability theorem, to guaran-

tee stability, the derivative of the Lyapunov function should be less than zero [35].

Thus, for the stability robustness test we would be investigating the derivative of the

Lyapunov functions of the inner and outer loop control architecture designed.
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6.1.1 Stability Robustness of the Inner Loop Attitude Controller

The design details of this controller has been given previously in section 5.1.4. In that

derivation process, the derivative of the Lyapunov function was obtained as:

V̇ = ω2
TM−1Jω̇2 − ω2

T t (61)

and from the slung load equations obtained in section 3.1, we have:

ω̇2 = J2
−1T2 − J2−1r×2 C2

NFS4
− J2−1ω×2 J2ω2 (62)

A control law to ensure that V̇ is negative was then obtained as:

U = G−1[J−1(M t−Nω)− S] (63)

To obtain this control law, ω̇2 was substituted into V̇ in equation 61. However, during

the substitution process, the slung lung component −J2−1r×2 C2
NFS4

was not substi-

tuted into the V̇ equation. In others words, the torque effect of the slung load on the

quadrotor is unmodeled in the controller design. Thus, V̇ can now be written as:

V̇ = ω2
TM−1J(S +GU)− ω2

T t (64)

where S = −J2−1ω×2 J2ω2 and GU = J2
−1T2.

To carry out the stability robustness test, we included the torque effect of the slung

load into the derivative of our Lyapunov function:

V̇slung = ω2
TM−1J(S +GU − J2−1r×2 C2

NFS4
)− ω2

T t (65)

and checked to see whether our control law U that neglects the torque effect of the

slung load on the quadrotor still makes V̇slung < 0.

Figure 6.1 shows the original derivative of the Lyapunov function, V̇ . From the figure,

we see that our chosen control law ensures that it is less than zero. Figure 6.2 shows

the derivative of the Lyapunov function, V̇slung that was modified to include the torque

effect of the slung load. From that figure, we see that with our control law, there are

intervals where V̇slung is very slightly greater than zero as the follower quadrotor

tries to catch up to the leader quadrotor to maintain formation. However, this does
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not cause instability in the quadrotor slug load system. Figure 6.3 shows V̇slung after

increasing the gain the innerloop controller. Although, the new control law is obtained

with the slung load torque on the quadrotor still being unmodeled in its design, V̇slung

becomes less than zero. Thus, we are able to guarantee the stability of our control

design.
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Figure 6.1: Innerloop Lyapunov function derivative without slung load torque effect
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Figure 6.2: Innerloop Lyapunov function derivative with slung load torque effect

81



0 10 20 30 40 50 60 70 80 90
−12

−10

−8

−6

−4

−2

0

2
x 10

−3

time (s)

V̇
sl
u
n
g

 

 

V̇slung

Figure 6.3: Retuned Innerloop Lyapunov function derivative with slung load torque

effect

6.1.2 Stability Robustness of the Outer Loop Formation Guidance Controller

The same idea with the inner loop case is employed here as well since the outer loop

controller also employs a Lyapunov function. We have a control law that is obtained

by ignoring the force effect of the slung load on the quadrotor. We then check to see

if this control law makes the derivative of the Lyapunov function that is modified to

include the slung load force less than zero.

The details of the outer loop controller design was discussed in section 5.3.2. From

that section, the derivative of the Lyapunov function was obtained as:

L̇ = ∆V TmF∆V̇ + ∆V TR∆r (66)

and from the slung load translational equations in section 3.1, we have:

mF v̇F = −


k̃x 0 0

0 k̃y 0

0 0 k̃z



v2xF

v2yF

v2zF

+


Fx

Fy

Fz

+


0

0

mFg

− Fs4 (67)
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The control law to ensure that L̇ is negative definite is then obtained as:
Fx

Fy

Fz

 =


k̃x 0 0

0 k̃y 0

0 0 k̃z



v2
xF

v2
y
F

v2
zF

−


0

0

mFg

+mF v̇L +R∆r + S∆V (68)

As seen from the control law, the slung load force effect, Fs4, on the quadrotor, was

unmodeled in its derivation process. Substituting this control law and eqn. 67 back

into 66, the derivative of the Lyapunov function can be written as:

L̇ = ∆V T [mF v̇L+


k̃x 0 0

0 k̃y 0

0 0 k̃z



v2xF

v2yF

v2zF

−

Fx

Fy

Fz

−


0

0

mFg

] + ∆V TR∆r (69)

To carry out the stability robustness test, the force effect of the slung load on the

quadrotor is included in L̇ above to obtain a new derivative Lyapunov function L̇slung

and then we check to see if our control law that ignores the slung load force effect

still makes L̇slung < 0.

L̇slung = ∆V T [mF v̇L+


k̃x 0 0

0 k̃y 0

0 0 k̃z



v2xF

v2yF

v2zF

−

Fx

Fy

Fz

−


0

0

mFg

+Fs4]+∆V TR∆r

(610)

Figure 6.4 shows the original derivative of the Lyapunov function, L̇. From the figure,

we see that our chosen control law ensures that it is less than zero. Figure 6.5 shows

the derivative of the Lyapunov function, L̇slung that was modified to include the force

effect of the slung load. From that figure, we see that with our control law, in the first

10 secs L̇slung goes greater than zero as the follower quadrotor initially accelerates to

catch up to the leader quadrotor to maintain formation. However, this does not cause

instability in the quadrotor slug load system. Figure 6.6 shows L̇slung after increasing

the gain of the outerloop controller. Although, the new control law is obtained with

the slung load torque on the quadrotor still being unmodeled in its design, L̇slung

comes really close to zero. There is a limit to how high we can increase the gain

of the outer loop because we have a hierarchical two loop control structure, and its
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recommended to have the innerloop much faster than the outer loop. Even though

L̇slung is not strictly less than zero, we do not have instability in our quadrotor slung

load system.
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Figure 6.4: Outerloop Lyapunov function derivative without slung load force effect

0 10 20 30 40 50 60 70 80 90
−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

time (s)

L̇
sl
u
n
g

 

 
L̇slung

Figure 6.5: Outerloop Lyapunov function derivative with slung load force effect
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Figure 6.6: Retuned Outerloop Lyapunov function derivative with slung load force

effect

6.1.3 Derivative of the Innerloop and Outerloop Lyapunov functions for a range

of reaction force and torque

The reaction force and torque used to obtain the plots of the derivative of the Lya-

punov functions in fig.6.1 through to fig.6.6 was for a load mass of 0.2 kg. To have

a more detailed stability test, different ranges of values for the unmodeled reaction

force and torque in the outer loop and inner loop controllers respectively are tested.

The reaction force, Fs4 and the reaction torque, r×2 C
2
NFS4

are altered by changing

the mass of load, as the load mass is proportional to the reaction force. The same

stability analysis is then performed for the different reaction forces and torques. The

time history of the reaction force and torque for load masses of 0.2 kg, 0.6 kg, 1.0 kg,

1.4 kg, 1.8 kg are gotten through simulation and then used to obtain L̇slung and V̇slung

in fig.6.7 and fig.6.8 below. Figure6.7 shows the time history of the derivative of the

outer loop Lyapunov function, L̇slung. As the mass of the load increased, we had a

higher magnitude of deflection from zero. This is expected because a higher load

mass means a higher unmodeled reaction force. However, in all the cases tested,

L̇slung settles to zero as the simulation progressed. Although we had intervals where

L̇slung > 0, it did not cause instability in our quadrotor slung load system. Figure 6.8
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shows the time history of the derivative of the inner loop Lyapunov function. In all

the load mass cases considered, the derivative remained negative, thus guaranteeing

stability.
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Figure 6.7: Retuned Outerloop Lyapunov function derivative with increasing slung

load force effect
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Figure 6.8: Retuned Innerloop Lyapunov function derivative with increasing slung

load torque effect
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6.2 Performance Robustness Test of the Nonlinear Controller

For the performance robustness test of our controller, two scenarios were considered.

For the first scenario, we introduced sensor noise into both the outer loop formation

guidance controller and the inner loop attitude controller. We also introduced wind

disturbance in the form of wind shear and wind gust into the system to create an

atmospheric environment. It is assumed that the leader quadrotor is able to freely fly.

Thus, it would not be subjected to the additional drag effects of the wind environment

unlike the follower quadrotor and load. Simulations are then carried out to see how

the sensor noise and wind disturbance affect the performance of our controllers.

For the second scenario, the weight of the load being carried is varied, we then check

to see how the weight change affected the performance of the control system.

6.2.1 Effects of Sensor Noise and Atmospheric Disturbances

The outer loop formation controller receives leader and follower quadrotor velocity

and position information, and generates a thrust vector that the follower quadrotor

must track to attain a desired reference relative position. Thus, a Gaussian white noise

was added into the velocity and position sensor information going to this controller.

To model this noise, the datasheet of the LIS302SG 3-axis MEMS accelerometer [39]

was employed. From the datasheet, the sensor has a noise density of 200 µg/
√
hz.

This noise is modeled using the simulink band-limited white noise generation block.

The inner loop attitude controller that receives a to-go quaternion generated from the

outer loop thrust vector and angular velocity to rotate our quadrotor into the desired

attitude. For this attitude controller, noise is added to the angular velocity sensor. The

datasheet of the L3GD20H 3-axis MEMS gyroscope is used [40]. This gyroscope

has a rate noise density of 0.011 dps/
√
hz with a selectable output noise frequency

of 100 Hz and low pass cut-off frequency of 12.5 Hz.

For the wind disturbance, the wind shear and wind gust simulink model blocks are

used. The implementation of the simulink wind shear model block is based on the

mathematical representation in the Military Specification MIL-F-8785C [41]. The

magnitude of the wind shear is given by the following equation for the mean wind
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profile as a function of altitude and the measured wind speed at 20 feet (6 m) above

the ground:

uw = W20

ln
(
h
z0

)
ln
(

20
z0

) , 3ft < h < 1000ft (611)

where uw is the mean wind speed, W20 is the measured wind speed at altitude of

20 ft, h is the altitude and z0 is a constant equal to 0.15 ft. Using this block, wind

shear in the direction of 30 degrees clockwise from north to our quadrotor and W20

of 3 m/s is modelled. The implementation of the wind gust simulink model uses

the standard "1-cosine" shape. The mathematical representation of the gust is given

as [42]:

Vwind =


0 x < 0

Vm
2

(
1− cos

(
πx
dm

))
0 ≤ x ≤ dm

Vm x ≥ dm

(612)

where Vm is the gust amplitude, dm is the gust length, x is the distance travelled and

Vwind is the resultant wind velocity in the body axis frame. using this block, a gust

of -5 m/s at different time intervals in the x,y and z direction and lasting for about 5

secs is modelled.

Figure 6.9 shows the wind shear profile used for the performance robustness test. We

have about 3 m/s of wind blowing against the quadrotor in the x-direction, -2 m/s of

wind blowing against the quadrotor in the y-direction and finally, about 2m/s of wind

initially pushing down on the quadrotor which then settles to about 0.5 m/s. Figure

6.10 shows the wind gust profile in the 3-directions. We have 5 m/s of gust blowing

against the quadrotor for about 5seconds at different time intervals. Figure 6.11 shows

the wind environment through which our quadrotor flies. This wind profile is used to

calculate the additional drag that the follower quadrotor would experience as it flies

through that environment.

To carry out the performance robustness test, the same flight scenario used in sec-

tion 5.2 is used. The leader quadrotor is sent desired velocity commands, and a de-

sired relative distance command is sent to the formation guidance controller to enable

the follower quadrotor maintain that distance. It is desired that the initial formation

geometry be maintained in spite of the leader quadrotor motion. The reference rela-

tive distance sent to the formation guidance controller is: (xF−xL, yF−yL, zF−zL) =
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Figure 6.9: Wind shear velocity profile in the 3-directions
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Figure 6.10: Wind Gust velocity profile in the 3-directions

(0, 1, 0). We test to see if the follower can still maintain this formation in the presence

of sensor noise and wind disturbances.
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Figure 6.11: Combined Wind Shear and Gust velocity profile in the 3-directions

Figure 6.12 presents the leader quadrotor response to the velocity commands. From

the figure, it may be observed that the leader quadrotor closely follows the desired

velocity commands in spite of the slung load as expected from previous simulations.

Figures 6.13 shows the time history of the formation flight. The follower quadrotor

is able to keep up with the leader quadrotor for the duration of the flight. Figure 6.14

shows the time history of the relative position of the follower quadrotor to the leader

quadrotor. From the figure, it may be observed that the desired relative distance

is closely tracked albeit some slight steady state error. We have a constant wind

resistance pushing against the follower quadrotor in all three directions as it tries to

maintain its relative position. The effect of the gust can also be seen in these plots. In

the relative x-position between 20 and 30 second mark, we see the follower slightly

lag behind and swiftly recovers as soon as the gust passed. The effect of the gust

on the relative y and z positions can be seen between the 65-75 and 75-80 second

mark respectively. Figure 6.15 shows the load rock, swing and heading angles. The

two quadrotors are able to carry the load in a smooth fashion. The load rock angle

has a maximum deflection of about 12 degrees and settles at 5 degrees for the entire

duration of the flight. The load swing angle has a maximum deflection of about -5
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degrees and settles at 1 degree for the entire duration of the flight. The load heading

angle oscillates between -10 degrees and 30 degrees in the first 10 seconds as a result

of the different in x-positions of the leader and follower quadrotors, but settles at 10

degrees as a result of the slight steady state error in relative x-positions of the two

quadrotors. Figures 6.16 and 6.17 show the propeller speeds of the two quadrotors.

There are no saturations in the speeds of the rotors.
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Figure 6.12: Leader Quadrotor Velocity in x, y and z directions respectively (Sensor

noise, wind disturbance)
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Figure 6.15: Swing, Rock and Heading Angles of the Load (Sensor noise, wind dis-

turbance)
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Figure 6.16: Propeller Speeds of the Leader Quadrotor (Sensor noise, wind distur-

bance)
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Figure 6.17: Propeller Speeds of the Follower Quadrotor (Sensor noise, wind distur-

bance)
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6.2.2 Effects of Varying Load Weight

In this section, for the performance robustness test, the weight of the load being car-

ried is changed. We then checked to see how robust our control system is to the weight

change. Three different weights were considered. The 0.2 kg load that was used for

all the previous simulations, a 0.6kg and a 1kg load. The same flight scenario used in

the previous section is employed for the simulation. Results are presented below.

Figure 6.18 presents the leader quadrotor response to the velocity commands for all

the three different load weights. In all three cases, the leader quadrotor closely fol-

lowed the desired commands. However, as the load weight increased, we have a little

bit of steady state error. For the 0.6kg case, there is steady state error 0f 0.15 m/s

and a steady state error of 0.2 m/s. Figure 6.19 shows the time history of the relative

position of the follower quadrotor to the leader quadrotor for all three load weights.

The follower is able track the formation geometry in all three cases. However, we

have higher overshoots as the weight increased and slightly more sluggish responses.

The steady state error in the formation tracking performance increased as the weight

increased. The steady state error in the relative y-direction is 3 %, 8 % and 15 % for

the 0.2 kg, 0.6 kg, 1.0 kg weights respectively. However, in the relative z-direction,

there is a sizeable increase in steady state error as the weight of the load increased.

Figure 6.20 shows the load rock, swing and heading angles. The two quadrotors are

able to carry the load in a smooth fashion in all three cases. However, the bigger the

load, the larger the deflection angle. The oscillation of the angle deflections of the

load also reduced as the weight of the load increased. The larger loads also have a

higher settling load rock angle because of the increase in the higher relative altitude

difference between the leader and follower quadrotor due to the increased steady state

error. Figures 6.21 and 6.22 show the propeller speeds of the two quadrotors. There

are no saturations in the speeds of the rotors.

The increase in load weight affected the formation tracking performance. Thus, the

formation-hold outer loop controller can be retuned for better load weight variation

performance. Figures6.23 and 6.24 show the simulation results when the formation-

hold controller is retuned. With this new tuning, the maximum weight we could carry

was 1.8 kg without saturating the propellers at 4500 rpm. For the 1.8 kg load, there
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is a steady state error of 0.04 m, 0.07 m and 0.15 m is the tracked relative positive of

the follower quadrotor to the leader quadrotor.
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Figure 6.18: Leader Quadrotor Velocity in x, y and z directions respectively (Varying

load)
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Figure 6.19: Leader and Follower Quadrotor relative positions (Varying load)
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Figure 6.20: Swing, Rock and Heading Angles of the Load (Varying load)
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Figure 6.21: Propeller Speeds of the Leader Quadrotor (Varying load)
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Figure 6.22: Propeller Speeds of the Follower Quadrotor (Varying load)

0 10 20 30 40 50 60 70 80 90
−1

−0.5

0

0.5

time (s)

x 
re

la
tiv

e 
po

si
tio

n 
(m

)

 

 

x
F
−x

L
 ref

x
F
−x

L
 0.2kg

x
F
−x

L
 0.6kg

x
F
−x

L
 1.0kg

0 10 20 30 40 50 60 70 80 90
0.6

0.8

1

1.2

1.4

time (s)

y 
re

la
tiv

e 
po

si
tio

n 
(m

)

 

 

y
F
−y

L
 ref

y
F
−y

L
 0.2kg

y
F
−y

L
 0.6kg

y
F
−y

L
 1.0kg

0 10 20 30 40 50 60 70 80 90
0

0.2

0.4

0.6

0.8

time (s)

z 
re

la
tiv

e 
po

si
tio

n 
(m

)

 

 z
F
−z

L
 ref

z
F
−z

L
 0.2kg

z
F
−z

L
 0.6kg

z
F
−z

L
 1.0kg

Figure 6.23: Leader and Follower Quadrotor relative positions (Varying load, Re-

tuned)
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Figure 6.24: Swing, Rock and Heading Angles of the Load (Varying load, Retuned)
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CHAPTER 7

FULL NONLINEAR CONTROL ALGORITHM FOR A TWO QUADROTOR

SLUNG LOAD SYSTEM WITH SLUNG DYNAMICS DISTURBANCE

CANCELLATION

In the previous sections, the quadrotor control algorithms implemented did not in-

clude the slung load dynamical effects on the quadrotor in the design process. In

other words, the additional force and torque acting on the quadrotor as a result of the

slung load were treated as disturbances to the control system. In this chapter, the pre-

viously designed outer loop formation guidance algorithm designed in section 5.3.2

and the innerloop quaternion based attitude controller designed in section 5.1.4 will

both be modified to include the slung load dynamics in obtaining their respective con-

trol laws. These modified controllers are then implemented on the follower quadrotor

and the simulation results are presented and discussed. A disturbance cancellation

scheme was not implemented on the leader quadrotor because the slung load forces

acting on the leader quadrotor are not time invariant and the leader quadrotor has a

LQT velocity controller implemented in its outerloop. Although, the leader quadrotor

has a nonlinear innerloop controller, introducing a disturbance cancellation scheme

in its inner loop without balancing out the disturbance in its outer loop led to an over

compensation in the controller performance of the leader quadrotor.

7.1 Outer loop Formation Guidance Algorithm with Disturance Cancellation

Details of the design of this controller have been given in section 5.3.2 albeit some

modifications that would be done in this section. Referring to section 5.3.2, the
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derivative of the negative definite Lyapunov function was given as:

L̇ = ∆V TmF∆V̇ + ∆V TR∆r = −∆V TS∆V (71)

simplifying the above equation and solving for the follower quadrotor acceleration,

we have:

mF v̇F = mF v̇L +R∆r + S∆V (72)

Using the Newton’s equation for translation and including the slung load force on the

quadrotor, mF v̇F is written in the inertial frame as:

mF v̇F = −


k̃x 0 0

0 k̃y 0

0 0 k̃z



v2xF

v2yF

v2zF

+


Fx

Fy

Fz

+


0

0

mFg

− Fs4 (73)

Substituting eqn. 73 into eqn. 72 and solving for the thrust vector direction, we obtain:


Fx

Fy

Fz

 =


k̃x 0 0

0 k̃y 0

0 0 k̃z



v2
xF

v2
y
F

v2
zF

−


0

0

mFg

+mF v̇L +R∆r+ S∆V + Fs4 (74)

The control law obtained in eqn. 74 above, helps the follower quadrotor maintain the

prescribed formation geometry and also negate the additional acting force of the slung

load on the quadrotor.

7.2 Inner loop Attitude Control Algorithm with Disturbance Cancellation

Details of this controller design have also been given in section 5.1.4. In this section,

this previously designed controller would be modified to include the additional torque

effect of the slung load on the quadrotor. Referring to section 5.1.4, the derivative of

the negative definite Lyapunov function for attitude control was given as:

V̇ = ωTM−1Jω̇ − ωT t = −ωTM−1Nω (75)

simplifying the above equation gives:

Jω̇ −M t = −Nω (76)
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from the derived slung load equations of motion for the angular acceleration of the

follower quadrotor, we have:

ω̇2 = J2
−1T2 − J2−1r×2 C2

NFS4
− J2−1ω×2 J2ω2 (77)

let S = −J2−1ω×2 J2ω2 andGU = J2
−1T2 in eqn. 77. Substituting eqn. 77 into eqn. 76

and solving for the control law U , we obtain the control law for attitude control as:

U = G−1[J−12 (M t−Nω + J2
−1r×2 C

2
NFS4

)− S] (78)

This control law also helps negate the additional acting torque of the slung load on

the quadrotor.

7.3 Performance Comparison of the Control System with and without Distur-

bance Cancellation

The same flight scenario in section 5.2 is used to test the performance of our control

system with disturbance cancellation. The results are then compared with the previ-

ously designed control system without disturbance cancellation. For both cases, the

settling times of the controllers are kept the same as in table 5.4. The leader quadrotor

is sent desired velocity commands, and a desired relative distance command is sent

to the formation guidance controller to enable the follower quadrotor maintain that

distance. It is desired that the initial formation geometry be maintained in spite of

the leader quadrotor motion. The reference relative distance sent to the formation

guidance controller is: (xF − xL, yF − yL, zF − zL) = (0, 1, 0).

Figure 7.1 presents the leader quadrotor response to the velocity commands for the

two cases. In both cases, the leader quadrotor closely followed the desired commands

as expected. Their responses are identical since we do not have disturbance cancella-

tion implemented on the leader quadrotor for both cases. Figure 7.2 shows the time

history of the relative position of the follower quadrotor to the leader quadrotor. For

the control system without disturbance cancellation, there is a steady state error of

about 3% in the relative y-position. However, this error is gotten rid off in the dis-

turbance cancellation case. Also, in the relative z-position of the quadrotors, there

is an offset of 0.08m for the no disturbance cancellation case. This offset is also
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gotten rid off in the disturbance cancellation case. Figure 7.3 shows the load rock,

swing and heading angles. The two quadrotors are able to carry the load in a smooth

fashion in both cases. They both have the very similar load heading angle deflection.

The load swing angle of the disturbance cancellation case is less oscillatory and with

lower magnitude of angle deflection. The load rock angle with disturbance cancel-

lation also has a smaller magnitude of deflection when compared to the other case.

Figures 7.4 and 7.5 show the propeller speeds of the two quadrotors. There are no

saturations in the speeds of the rotors.

Overall, countering the additional force and torque effect of the slung load on the fol-

lower lead to an improved formation tracking performance and the follower quadrotor

becomes more agile.
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Figure 7.1: Leader Quadrotor Velocity in x, y and z directions respectively (Distur-

bance Cancellation)
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Figure 7.2: Leader and Follower Quadrotor relative positions (Disturbance Cancella-

tion)
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Figure 7.3: Swing, Rock and Heading Angles of the Load (Disturbance Cancellation)
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Figure 7.4: Propeller Speeds of the Leader Quadrotor (Disturbance Cancellation)
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Figure 7.5: Propeller Speeds of the Follower Quadrotor (Disturbance Cancellation)
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CHAPTER 8

MODELLING OF A TWO QUADROTOR SLUNG SYSTEM WITH

FLEXIBLE BARS USING THE MSC ADAMS SOFTWARE

In the previous chapters, the quadrotor slung load systems were modelled using rigid

bars to attach the load to the quadrotors. In this chapter, the rigid bars will be replaced

with flexible bars. A two quadrotor slung load system with two flexible bars will be

modelled. Two previously designed control systems would then be implemented on

this flexible model. The first control system implemented is the control algorithm

designed in chapter 3, which featured a two-loop architecture whereby a Lyapunov

function based formation guidance loop is on the outer loop and two LQT velocity

controllers are in the inner loop. The second control system implemented is the full

nonlinear two loop controller designed in section 5.3 that featured a Lyapunov func-

tion based scheme both in the outer and inner loops. Simulation results for both cases

will be presented and discussed. The results for the first and second control system

are presented in section 8.2 and section 8.3 respectively. A performance robustness

test for the full nonlinear two loop controller designed in section 5.3 will be done in

section 8.4 by changing the stiffness of the flexible bar.

8.1 Two Quadrotor SLung Load System with Flexible Bar with MSC ADAMS

MSC ADAMS is a multibody dynamics simulation software equipped with Fortran

and C++ numerical solvers [43]. Using the MSC ADAMS software, Engineers can

evaluate and manage the complex interactions between disciplines including motion,

structures, actuation, and controls. [43]

The entire two quadrotor slung load system with flexible bar was modelled using
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the MSC ADAMS software. The modelled system was then imported to the MAT-

LAB/SIMULINK platform where our control system is tested against this model. The

material chosen for the modelling of the flexible bars in the MSC ADAMS software

was aluminium. The same model properties used in table 2.2 is used to model our

slung load system in the MSC ADAMS platform. However, the modelled aluminium

bar has a thickness of 0.4 cm and a mass of 0.034 kg.

Figure 8.1: Two Quadrotor Slung Load System with Flexible Bar ADAMS Model

Figure 8.2: Two Quadrotor Slung Load System with Flexible Bar ADAMS to

SIMULINK Model
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8.2 Two Quadrotor Slung Load System with Flexible Bar: Result and Discus-

sion For the Control System designed in chapter 3

The same formation flight scenario employed in all the previous works presented in

this thesis is also employed in testing the flexible model. We tested to see how robust

our control system is in handling a two quadrotor slung load system with flexible

beams. The leader quadrotor is sent desired velocity commands, and a desired relative

distance command is sent to the formation guidance controller to enable the follower

quadrotor maintain that distance. It is desired that the initial formation geometry be

maintained in spite of the leader quadrotor motion. The reference relative distance

sent to the formation guidance controller is: (xF − xL, yF − yL, zF − zL) = (0, 1, 0).

From fig. 8.3, we see that the leader quadrotor is able to closely follow the desired

velocity reference. Figures 8.4 and 8.5 show the trajectory of the two quadrotors

and load. Figure 8.6 shows the time history of the relative position of the follower

quadrotor to the leader quadrotor. The desired relative distances are being tracked.

Figures 8.7 and 8.8 shows the rock, swing and heading angles of the load with the

flexible bar and rigid bar respectively. The plot of fig. 8.8 was obtained from the

simulations in section 3.3. Comparing these two figures, We see considerably higher

angle deflections in the rock and swing angles of the load in the flexible bar case as

compared with the rigid bar case for the same control approach. From these figures,

we see the load rock angle settling at around 17 degrees and being oscillatory for

the flexible bar case, while the load rock angle returns to 0 degrees in the rigid bar

case. The load swing angle initially oscillates between -25 and -2 degrees with the

angles through which it oscillates gradually reducing as the simulation progressed in

the flexible bar case. However, for the rigid bar, we see a much smoother swing angle

with no oscillations. Figures 8.9 and 8.10 show the propeller speeds of the quadrotors.

Overall, we have more oscillations and bigger load angle deflections in the flexible

case. However, the formation tracking performances are identical.

107



0 10 20 30 40 50 60 70 80 90
0

2

4

6

time (s)

Q
ua

d 
V

el
. i

n 
x−

di
r.

, (
m

/s
)

 

 
v

xref

v
x

0 10 20 30 40 50 60 70 80 90
−2

0

2

4

6

time (s)

Q
ua

d 
V

el
. i

n 
y−

di
r.

, (
m

/s
)

 

 

v
yref

v
y

0 10 20 30 40 50 60 70 80 90
−6

−4

−2

0

2

time (s)

Q
ua

d 
V

el
. i

n 
z−

di
r.

, (
m

/s
)

 

 

v
zref

v
z

Figure 8.3: Leader Quadrotor Velocity in x, y and z directions respectively (Two

Quadrotor, Flexible Bar)
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Figure 8.7: Swing, Rock and Heading Angles of the Load (Two Quadrotor, Flexible
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Figure 8.9: Propeller Speeds of the Leader Quadrotor (Two Quadrotor, Flexible Bar)
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Figure 8.10: Propeller Speeds of the Follower Quadrotor (Two Quadrotor, Flexible

Bar)
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8.3 Two Quadrotor Slung Load System with Flexible Bar: Result and Discus-

sion For the Control System designed in section 5.3

The same formation flight scenario as with section 8.2 is also employed in testing the

flexible model against the full nonlinear controller designed in section 5.3. However,

this controller is retuned to have a faster outer loop as compared to the rigid bar case

in table 5.4. The new controller settling times are given in the table below:

Table 8.1: Controller Settling Times (Full Nonlinear, Flexible Bar)

Lyapunov Formation

Guidance/Thrust

Vector controller

(Outer Loop)

Quaternion based

Attitude Controller

(Inner Loop)

1.38 Sec 0.38 Sec

0.69 Sec 0.38 Sec

0.69 Sec 0.38 Sec

The leader quadrotor is sent desired velocity commands, and a desired relative dis-

tance command is sent to the formation guidance controller to enable the follower

quadrotor maintain that distance. It is desired that the initial formation geometry be

maintained in spite of the leader quadrotor motion. The reference relative distance

sent to the formation guidance controller is: (xF − xL, yF − yL, zF − zL) = (0, 1, 0).

From fig. 8.11, we see that the leader quadrotor is able to closely follow the desired

velocity references. Figures 8.12 and 8.13 show the time history of the formation

flight. The follower quadrotor is able to keep up with the leader quadrotor for the

duration of the flight. Figure 8.14 shows the time history of the relative position of the

follower quadrotor to the leader quadrotor. The desired relative distances are closely

tracked. Figure 8.15 shows the rock, swing and heading angles of the load with the

flexible bar. The two quadrotors are able to carry the load in a smooth fashion. From

these figures, we see oscillations in the load angles for the first 10 secs of simulation,

and the load angles then settle to about 4 degrees, 2 degrees and 0 degrees for the

rock, swing and heading angles respectively afterwards. Figures 8.16 and 8.17 show
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the propeller speeds of the quadrotors. There are no saturations in the speeds of the

rotors.

Comparing the two control approaches implemented for the flexible bar case in this

chapter, the full nonlinear approach has a faster formation geometry tracking perfor-

mance but at the cost of more oscillations in the load angle deflections, albeit with

smaller angular magnitude.
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Figure 8.11: Leader Quadrotor Velocity in x, y and z directions respectively (Flexible

Bar, Alternative Approach)
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Figure 8.13: Leader and Follower Quadrotor position and Load Position (Flexible

Bar, Alternative Approach, 40 secs simulation)
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Figure 8.14: Leader and Follower Quadrotor relative positions (Flexible Bar, Alter-

native Approach)
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Figure 8.15: Swing, Rock and Heading Angles of the Load (Flexible Bar, Alternative

Approach)
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Figure 8.16: Propeller Speeds of the Leader Quadrotor (Flexible Bar, Alternative

Approach)
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Figure 8.17: Propeller Speeds of the Follower Quadrotor (Flexible Bar, Alternative

Approach)
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8.4 Performance Effects of Different Beam Stiffness on the Control System in

section 8.3

In this section, a performance robustness test was done by changing the stiffness of

the aluminium beam to see how the flexibility of the beam affects the control system.

This was done through the MSC ADAMS software by changing the thickness of the

aluminium beam, as thickness is inversely proportional to flexibility, and importing

the model to the MATLAB/SIMULİNK environment. Three aluminium beams of

thickness 0.4cm, 0.6cm and 0.8cm were used. The properties of the aluminium beam

are presented in the table below.

Table 8.2: Aluminium Beam Properties

Aluminium Beam

Thickness
Density Weight

0.4 cm 2.7 g/cm3 0.034 kg

0.6 cm 2.7 g/cm3 0.076 kg

0.8 cm 2.7 g/cm3 0.136 kg

8.4.1 Results and Discussion For Varying Beam Stiffness

The simulation results for a beam with 0.4cm thickness as been presented in sec-

tion 8.3. The results would be compared with simulation results for 0.6 cm and

0.8 cm aluminium beams. Thus, the same flight scenario as used in section 8.3 is

used for all three cases.

Figure 8.18 presents the leader quadrotor response to the velocity commands for the

three beams. The leader is able to closely follow the desired command in all three

cases. 8.19 shows the time history of the relative position of the follower quadrotor

to the leader quadrotor. In all three cases, the desired formation geometry is tracked.

However, there is a slight increase in steady state error as the beam becomes less

flexible. There is a steady state error of 1% in the relative y position of the two

quadrotors, and an offset of 0.02 m in the relative z direction for the 0.4 cm beam.
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The steady state error in relative y-direction increased to 1.5% for the 0.6 cm and

2% for the 0.8 cm beam. The offset in relative z-direction also increased to 0.03m

and 0.04m for the 0.6 cm and 0.8 cm beams respectively. Figure 8.20 shows the

load rock, swing and heading angles for the three beams. They have similar angle

deflection range in the three cases. However, we have more oscillations but smaller

angle deflection as the beam gets more flexible.

Overall, the more flexible the beam, the faster the formation tracking performance,

leading to smaller angle deflections of the load angles but at the cost of more oscilla-

tions in the load angles.
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Figure 8.18: Leader Quadrotor Velocity in x, y and z directions respectively (Flexible

Bar, Stiffness Variation)
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Figure 8.21: Propeller Speeds of the Leader Quadrotor (Flexible Bar, Stiffness Vari-

ation)
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Figure 8.22: Propeller Speeds of the Follower Quadrotor (Flexible Bar, Stiffness Vari-

ation)
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CHAPTER 9

SUMMARY AND CONCLUSIONS

9.1 Conclusion

In this thesis, the modelling and control of quadrotor slung load systems is investi-

gated. Full nonlinear dynamical models of a single quadrotor slung load system, a

two quadrotor slung load system and a three quadrotor slung load system is designed

and modelled on the MATLAB/SIMULINK platform. For the two and three quadro-

tor case, the leader-follower control approach to formation flight was employed to

enable the quadrotors fly in a fixed geometrical formation. In the Leader-follower

approach to formation flight, the leader maintains a prescribed trajectory while the

followers track a fixed relative distance from the neighboring aircraft. A two quadro-

tor slung load model with flexible bars was also modelled using the MSC ADAMS

software.

To control the single quadrotor slung load system, two LQT controllers were designed

on the quadrotor to track velocities in all three directions as well as the heading.

The dynamics of the rigid bar and load were not included in the controller design.

However, the LQT controller was robust enough to accommodate the disturbance

from the bar and load when implemented on the nonlinear one quadrotor slung load

model. However, there were considerably deflections in the load rock and swing

angles as the quadrotor flew.

For the two quadrotor case, it is desired that the quadrotors fly in the prescribed

formation as they carried the load. To achieve this, four control system algorithms

were investigated:
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• The first control system employed a two-loop architecture in which the two

LQT controllers designed for the single quadrotor case was implemented in its

inner loop. The outer loop contained a Lyapunov function based nonlinear for-

mation guidance controller. This formation guidance controller used the leader

quadrotor velocity and position, follower quadrotor position and the relative

distance that the follower and leader quadrotor must maintain, to determine the

velocities that follower quadrotor must track to maintain the formation geom-

etry. These determined velocities are then sent to the innerloop. This control

system worked quite nicely to fly the quarotors in a formation in spite of the

slung load dynamics. The rock and swing angles of the load were considerably

reduced when compared to the single quadrotor case.

• The second control approach involved a hierarchical three-loop architecture.

The same Lyapunov function based formation guidance controller in the first

approach is used in the outermost loop of this control system. The middle loop

contained a LQT controller that uses the velocity commands coming from the

outermost loop to generate a thrust vector direction. This thrust vector direction

is then sent to the innermost loop which contained another Lyapunov function

and quaternion based nonlinear attitude controller. This nonlinear attitude con-

troller uses the thrust vector direction from the middle loop as well as a to-go

quaternion to match the quadrotor’s thrust vector with the thrust vector direc-

tion from the middle loop. This control system also worked nicely to fly the

quarotors in a formation in spite of the slung load dynamics. The rock and

swing angles of the load were also considerably reduced when compared to the

single quadrotor case.

• The third control approach is fully nonlinear with a two loop control architec-

ture. It features a Lyapunov function based algorithm in both its outer and inner

loops. The inner loop is exactly the same with the inner loop of the second con-

trol approach, where attitude control is achieved through a to-go quaternion and

thrust vector direction. Formation guidance and thrust vector command gener-

ation is achieved in the outer loop. This control system flies the quadrotors

nicely as well in spite of the slung load.

• The fourth control approach is a modification of the previously designed con-
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trol scheme developed in the third approach.In this approach, the additional

force and torques of the slung load acting on the quadrotor are factored into the

controller design as opposed to treating the slung dynamics as disturbances to

the system. This scheme gave the smallest deflections in the load swing and

rock angles.

The control approaches with the hierarchical two-loop architecture were more respon-

sive than the control approach with a hierarchical three loop architecture.

For the three quadrotor case, the first control approach used for the two quadrotor

case is implemented here. This control system also worked nicely to fly the quarotors

in a formation in spite of the slung load dynamics. The three quadrotors carried the

load with the least amount of deflection in the rock and swing angles. We can thus

conclude that each additional quadrotor in the slung load system introduces additional

constraints on the load thereby limiting the rock and swing angles of the load.

The two controllers with the two-loop control architecture were also implemented

on a two quadrotor slung load system with flexible bars. Our control systems were

robust enough to fly the quadrotor slung load system in the desired trajectory and

formation. However, they were considerably larger deflections in the load rock and

swing angles as well as oscillations in the responses of the quadrotor slung load model

when compared to the rigid bar case.

9.2 Future Work

The dynamics of the slung load load were included in the nolinear controller imple-

mented on the follower quadrotor for the fourth control approach. However, they

were not included in the controller implemented on the leader quadrotor. This is be-

cause the leader quadrotor controller had a linear outer loop. A future work could

be to make the leader quadrotor controller fully nonlinear and also include the slung

load dynamics in its design.

An obstacle avoidance scheme could also be added to the control system to enable

the quadrotors avoid obstacles in their flight path as they carry the load.
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Due to the fact that the leader-follower approach to formation control is not robust

to leader failure and that the likelihood of higher error propagation increases with

an increasing number of aircrafts in the formation, a different formation control ap-

proach may be investigated for cases with more than three quadrotors in the slung

load system.

All the tests carried out were all software based. In the future, this algorithm may be

implemented on actual quadrotor slung load systems to experimentally validate the

efficacy of the control system.
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APPENDIX A

PERFORMANCE COMPARISON BETWEEN THE MSC ADAMS MODEL

AND THE SIMULINK MODEL DESIGNED USING EQUATIONS OF

MOTION

Comparison of the simulation codes developed in simulink using rigid bar slung load

model obtained using the equations of motion derived in section 3.1 and a rigid bar

slung load model using the ADAMS software is presented in this appendix to give

some level of verification to the simulation codes developed. The full nonlinear con-

troller developed in section 5.3 is used in both simulation models. The results are

presented in figures A.1-A.3. The leader quadrotor is commanded to follow a pre-

scribed velocity vector. The results given in fig. A.1 shows that the simulated leaders

follow the command closely in both simulations. Their responses are also quite close

to each other.

Follower velocities are presented in fig. A.2. It may be observed that the follower

velocities obtained from both codes are also close to each other. The load angle

deflections obtained from these two simulations are also presented in fig A.3. This

figure also demonstrates that the simulation codes are giving similar results. It may

be concluded that the ADAMS code embedded simulation is giving similar results to

that of the simulation based on the equations presented in section 3.1.
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Figure A.1: Comparison between leader quadrotor velocities
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Figure A.2: Comparison between follower quadrotor velocities
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APPENDIX B

TWO QUADROTOR SLUNG LOAD SYSTEM EQUATION OF MOTION

DERIVATION

A more detailed derivation process of the equation of motion of a two quadrotor slung

load system is given in this appendix.

The two quadrotor slung load system is a multi-body system consisting of two quadro-

tors, two rigid bars and a load (5 Bodies). Consider the free body diagram of the

5-body system given below:

Figure B.1: Two Quadrotor Slung Load System Free Body Diagram

135



Figure B.2: Free body Diagram of the Individual dynamic entities

LetB1, B2, Bc1, Bc2 and BL be the body fixed reference frames on quadrotor 1, quadro-

tor 2, cable 1, cable 2 and the load respectively. Let the inertial frame be denoted as

N . Then, all the vectors in the free body diagram expressed in their respective refer-

ence frames is given in table B.1 .

Table B.1: Reference frames for the expression of components of dynamic entities

Items expressed in B1 T1, Ts1, ω1, ω̇1, r1

Items expressed in B2 T2, ω2, ω̇2, r2

Items expressed in Bc1 Tc1, Ts2, ωc1, ω̇c1, rc11, rc12

Items expressed in Bc2 Tc2, Ts4, ωc1, ω̇c1, rc21, rc22

Items expressed in BL TL, Ts3, ωL, ω̇L, rL1, rL2

Items expressed in N F1, F2, Fc1, Fc2, FL, Fs1, Fs2

Fs3, Fs4, v̇1, v̇2, v̇c1, v̇c2, v̇L

The Newton-Euler equations can now be written for each body in the slung load sys-

tem. The rotational equations of motion written in reference frame B1 for quadrotor

1 is:

J1ω̇1 = T1 + TS1
− ω×1 J1ω1 + r×1 C

1
NFS1

(B1)
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For cable 1 in reference frameBc1:

Jc1ω̇c1 = Tc1 − Cc1
1 TS1 − r×c11C

c1
N FS1 + Ts2 + r×c12C

c1
N FS2 − ω×c1Jc1ωc1 (B2)

For the load in reference frame BL:

JLω̇L = TL − CL
c1
Ts2 − r×L1

CL
NFS2 + Ts3 + r×L2

CL
NFS3 − ω×LJLωL (B3)

For cable 2 in reference frame Bc2:

Jc2ω̇c2 = Tc2 − Cc2
L TS3 − r×c21C

c2
N FS3 + Ts4 + r×c22C

c2
N FS4 − ω×c2Jc2ωc2 (B4)

and finally for quadrotor 2 in reference frame B2:

J2ω̇2 = T2 − C2
c2
TS4
− r×2 C2

NFS4
− ω×2 J2ω2 (B5)

The translational equations of motion for the bodies in the slung load system written

in reference frame N are:

m1v̇1 = F1 + FS1

mc1 v̇c1 = Fc1 + Fs2 − FS1

mLv̇L = FL + FS3 − FS2

mc2 v̇c2 = Fc2 + FS4 − FS3

m2v̇2 = F2 − FS4

(B6)

The constraint equations for the slung load systems can be obtained by equating the

joint accelerations of the connecting bodies at joints s1, s2, s3, s4.

At these connection points, we have:

vS1 = v1 + ω×1 r1 = vc1 + ω×c1rc11

vS2 = vc1 + ω×c1rc12 = vL + ω×L rL1

vS3 = vL + ω×L rL2 = vc2 + ω×c2rc21

vS4 = vc2 + ω×c2rc22 = v2 + ω×2 r2

Differentiating these four velocities give the joint accelerations.

At joint s1, we have:
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v̇1 + CN
1 ω̇
×
1 r1 + CN

1 ω
××
1 r1 = v̇c1 + CN

c1
ω̇×c1rc11 + CN

c1
ω××c1 rc11 .

Then the relative acceleration of cable 1 to quadrotor 1 is:

v̇c1 − v̇1 = CN
1 ω̇
×
1 r1 + CN

1 ω
××
1 r1 − CN

c1
ω̇×c1rc11 − C

N
c1
ω××c1 rc11 (B7)

At joint s2, we have:

v̇c1 + CN
c1
ω̇×c1rc12 + CN

c1
ω××c1 rc12 = v̇L + CN

L ω̇
×
L rL1 + CN

L ω
××
L rL1

Then the relative acceleration of the load to cable 1 is:

v̇L − v̇c1 = CN
c1
ω̇×c1rc12 + CN

c1
ω××c1 rc12 − CN

L ω̇
×
L rL1 − CN

L ω
××
L rL1 (B8)

At joint s3, we have:

v̇L + CN
L ω̇
×
L rL2 + CN

L ω
××
L rL2 = v̇c2 + CN

c2
ω̇×c2rc21 + CN

c2
ω××c2 rc21

Then the relative acceleration of cable 2 to the load is:

v̇c2 − v̇L = CN
L ω̇
×
L rL2 + CN

L ω
××
L rL2 − CN

c2
ω̇×c2rc21 − C

N
c2
ω××c2 rc21 (B9)

At joint s4, we have:

v̇c2 + CN
c2
ω̇×c2rc22 + CN

c2
ω××c2 rc22 = v̇2 + CN

2 ω̇
×
2 r2 + CN

2 ω
××
2 r2

Then the relative acceleration of cable 2 to the load is:

v̇2 − v̇c2 = CN
c2
ω̇×c2rc22 + CN

c2
ω××c2 rc22 − CN

2 ω̇
×
2 r2 − CN

2 ω
××
2 r2 (B10)

Equations B1 to B10 give the equations of motion for a two quadrotor slung load

system. These equations can be put in a vector-matrix form and further simplified

for faster computation in the MATLAB/SIMULINK Environment. Refer to sec. sec-

tion 3.1 for the details.
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