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ABSTRACT
This paper studies the numerical solution of fractional stochastic
delay differential equations driven by Brownian motion. The pro-
posed algorithm is based on linear B-spline interpolation. The con-
vergence and the numerical performance of the method are
analyzed. The technique is adopted for determining the statistical
indicators of stochastic responses of fractional Langevin and Mackey-
Glass models with stochastic excitations.
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1. Introduction

Many experiments and observations in real phenomena reveal stochastic effects. One
well-known example is the Brownian motion exhibited by pollen when submerged in a
fluid and subject to collisions with the fluid molecules [1]. Stochastic behavior can be
also observed in population dynamics [2], epidemics [3, 4], motions of ions in crystals
[5], thermal noise [6], stock indices [7], option pricing [8, 9], and optimal pricing in
economics [10]. The study of stochasticity was first investigated by Einstein [11],
Smoluchowski [12] and Langevin [13], and later extended by Ornstein and Uhlenbeck
[14]. Concurrently with the development of the concepts and applications of stochastic
calculus, we witness the expanding application of fractional calculus, due to the nonlocal
properties of fractional operators [15–22]. The fractional-order operators have been
employed for designing high-performance controllers for dynamical systems [23, 24],
modeling viscoelastic materials [25, 26], realistic impact phenomena [27], etc.
Many problems in physics, chemistry, biology, finance, and engineering have been mod-

eled as fractional stochastic differential or integral equations [28–31]. Numerical methods
for simulating models based on fractional and stochastic calculus are important for under-
standing and unveiling the properties of many phenomena. In the same line of thought were
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developed numerical approaches for some classes of stochastic differential equations (SDEs)
driven by Brownian motion process, namely methods such as Monte Carlo, for stochastic
evolution equations with Riesz-fractional spatial derivative [32], meshfree, based on radial
basis functions, and Gauss-Legendre quadrature rule [33], and shifted Legendre spectral col-
location, to solve fractional stochastic integro-differential equations [34]. Moreover, explicit
discrete schemes based on the Simpson’s quadrature formula, to simulate the response of
fractional dynamic systems in noisy environments [35]. There are various approaches for
evaluating the approximate solution of SDE driven by a fractional Brownian motion process,
and we can mention methods such as mean-square dissipative [36], cardinal wavelets [37],
collocation via the hat functions [38, 39], and Euler polynomials [40].
The existence and uniqueness of solutions of fractional stochastic delay differential

equation (FSDDE) has already been tackled [41–45], but to the best authors’ knowledge
there is no research on numerical methods for their solution.
Hereafter we consider the FSDDE as

C
0D

.
t u tð Þ ¼ f t; u tð Þ; u t�dð Þ� �

þ g t; u tð Þð Þ dx tð Þ
dt

; t 2 0;Tf
� �

u tð Þ ¼ w tð Þ; t 2 �d; 0½ �
;

8<
: (1)

where 1
2 < .< 1; f : ½0;Tf � � R� R ! R and g : ½0;Tf � � R ! R are measurable

functions, d represents the delay time, wðtÞ is the history function defined on the inter-
val t 2 ½�d; 0�; and xðtÞ denotes a Wiener process. The solutions of stochastic delay dif-
ferential equations do not follow the Markov property, and their representations are
more complex than those of stochastic differential equations. In addition, we cannot
obtain the exact analytical solution of a given FSDDE (1) and, therefore, in order to pre-
dict the behavior of sample trajectories of solutions, we need to investigate the confidence
interval (CI) of the exact solutions by means of numerical approximations [46].
This work is organized as follows. Section 2 describes the main definitions that will be

used through this study. Section 3 presents an explicit method based on linear B-spline
interpolation for discretizing a class of FSDDEs driven by Brownian motion. Section 4 dis-
cusses the convergence of the proposed algorithm for approximating the solution of (1).
Section 5 examines the performance of the novel approach for two models, namely the
Langevin and the Mackey-Glass models. Finally, section 6 draws the conclusions.

2. Preliminaries

In this paper, we assume that L2ðX;F t;PÞ is a probability space of all F t-measurable,
mean square integrable functions u : X ! R with

jjujjms :¼ E jjujj2
� �1

2;

where jj � jj is the standard Euclidean norm. The probability space L2ðX;F t;PÞ is generated by
a one-dimensional standardWiener processxðtÞ : Rþ ! R;with the following properties [47]

1. xð0Þ ¼ 0;
2. xðtÞ has independent increment;
3. For every t> s � 0;xðtÞ�xðsÞ follows a normal distribution with zero-mean

and ðt�sÞ-variance.
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Definition 1 ([48]). A Gaussian white noise, gðtÞ, is the derivative of the Wiener pro-
cess, as follows

g tð Þ ¼ r
dx tð Þ
dt

; (2)

with zero expectation, EðgðtÞÞ ¼ 0, and finite variance r2, that is, VarðgðtÞÞ ¼ r2:

Definition 2 ([49]). The stochastic integral
Ð t
0 rðfÞdxðfÞ with Itô’s isometry, is defined as

E

ðt
0
r fð Þdx fð Þ

 !2
2
4

3
5 ¼ E

ðt
0
r2 fð Þdf

" #
; (3)

where r : R� R ! Ris a measurable function.

Definition 3 ([50]). The left-sided Riemann-Liouville fractional integral of order ., for
a function u(t) is defined as

0J .
t u tð Þ ¼ 1

C .ð Þ

ðt
0
u fð Þ t�fð Þ.�1df; (4)

where t, ., and f 2 R
þ and Cð�Þ denotes the Gamma function.

Definition 4 ([50]). The left-sided Caputo fractional-order derivative of order . 2 R
þ,

is defined as

C
0D

.
t u tð Þ ¼ 1

C 1� .ð Þ
ðt
0

u0 fð Þ
t�fð Þ. df; 0< . � 1: (5)

3. Proposed numerical algorithm

In this section, we propose a new numerical technique for solving the FSDDE (1) under
the following hypothesis:
(H1) The function f ðt; �; �Þ satisfies the Lipschitz condition in its second and third

variables

k f t; u1; û1ð Þ�f t; u2; û2ð Þ k� L k u1�u2 k þR k û1�û2 k; (6)

and the function gðt; �Þ satisfies the Lipschitz condition in its second variable:

k g t; u1ð Þ�g t; u2ð Þ k� L̂ k u1�u2 k; (7)

where L, R, and L̂ are positive real constants.
(H2) The function f ð�; �; 0Þ is L2 integrable, i.e.ð1

0
jjf f; f�d; 0ð Þjjdf<1;

and gð�; 0Þ is essentially bounded, i.e.
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jjg �; 0ð Þjj1 :¼ ess sup
s2 0;1½ �

jjg s; 0ð Þjj<1:

For the initial condition uð0Þ ¼ u0 2 L
2ðX;F t;PÞ; the FSDDE (1) can be written as

u tð Þ ¼ u0þ0J .
t f t; u tð Þ; u t�dð Þ� �

þ0J .
t g t; u tð Þð Þ dx tð Þ

dt

� �
: (8)

We assume that tj ¼ jh; j ¼ �r;�r þ 1; :::;�1; 0; 1; :::; n; are regular spaced mesh
points in the interval ½0;Tf �; such that r ¼ d

h ; n ¼ Tf

h and r; n 2 Z:

Proposition 3.1 ([51]). Let y(t) be a function in C2½0;Tf � and .> 0. Then

0J .
tny tð Þ ¼ h.

C .þ 2ð Þ
Xn
j¼0

rj;ny tjð Þ þ O h2þ.ð Þ; (9)

where

rj;n ¼
n�1ð Þ.þ1� n�.�1ð Þ nð Þ.; j ¼ 0
n�jþ 1ð Þ.þ1�2 n�jð Þ.þ1 þ n�j�1ð Þ.þ1; 1 � j � n�1
1; j ¼ n

;

8><
>: (10)

and the truncated error of the (9) satisfies

jj0J .
tn y tð Þ� �� 0J .

tn y tð Þ� �� 	
approx

jj � K1h
2þ.; (11)

where K1 ¼ n.Mh2þ.

Cð.þ1Þ and jjy00ðtÞjj � M:

Lemma 3.1. The coefficients rj;n in (10), 0< .< 1, satisfy the properties:

i. The coefficients rj;n; j ¼ 0; 1; 2; :::; n�1, are positive;
ii. The sum

Pn�1
j¼0 rj;n is convergent and positive.

Proof. For 1 � j � n�1; the coefficients rj;n are given by

rj;n ¼ n�jþ 1ð Þ.þ1�2 n�jð Þ.þ1 þ n�j�1ð Þ.þ1

¼ n�jþ 1ð Þ.þ1 � n�jð Þ.þ1
� �� n�jð Þ.þ1 � n�j�1ð Þ.þ1

� �
:

Therefore, the conclusion of the mean value theorem to the continuous function gðxÞ ¼
x.þ1; states that there exist points h1 2 ðn�j; n�jþ 1Þ and h2 2 ðn�j�1; n�jÞ; such that

a að Þ
k;n ¼ .þ 1ð Þh.1� .þ 1ð Þh.2

¼ .þ 1ð Þ h.1�h.2
� �

:
(12)

Obviously, for 0< .< 1 and h1> h2; we obtain h.1�h.2 > 0 and, therefore, from (12),
we get rj;n > 0: Furthermore, we have

Xn�1

k¼0

rj;n ¼ .þ 1ð Þn.�1> 0;

that completes the proof.
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Proposition 3.2. Let y(t) be a function in L
2ðX;F t;PÞ and for every subinterval t 2

½tj; tjþ1� � ½0;Tf Þ; yðtÞ 2 C2½tj; tjþ1� and jjy00ðtÞjj � M; j ¼ 0; 1; :::; n�1. Then

0J .
tn y tð Þg tð Þ� � ¼ h.

C .þ 2ð Þ
Xn
j¼0

rj;ny tjð Þg tjð Þ þ O h.þ
3
2ð Þ; (13)

where gðtÞ Gaussian white noise, .> 1
2 and the truncated error of the (13) satisfies

jj0J .
tn y tð Þg tð Þ� �� 0J .

tn y tð Þg tð Þ� �� 	
approx

jjms � K2h
.þ3

2; (14)

where K2 ¼ n.�
1
2M

2
ffiffiffiffiffiffiffiffiffiffiffi
ð2.�1Þ

p
Cð.Þ, and rj;n is defined as (10).

Proof. The B-linear spline sjðtÞ; as an approximation of yjðtÞ in the subinterval
½tj; tjþ1� � ½0; tnÞ ¼ ½0;Tf Þ; j ¼ 0; 1; :::; n�1; is given by:

yj tð Þ	 sj tð Þ ¼
t�tjþ1

tj � tjþ1
y tjð Þ þ t�tj

tjþ1 � tj
y tjþ1ð Þ; (15)

and

Ej tð Þ ¼ yj tð Þ�sj tð Þ ¼
y00 ujð Þ
2!

t�tjð Þ t�tjþ1ð Þ;

where uj is an arbitrary value belonging to ðtj; tjþ1Þ:
Let EðtÞ be the error function in the interval ð0; tn�: Therefore

E

�
jj0J .

tn ½yðtÞgðtÞ��ð0J .
tn ½yðtÞgðtÞ�Þapproxjj2

�
¼ E

�
jj 1
Cð.Þ

ðtn
0

ðtn�fÞ.�1EðfÞgðfÞdfjj2
�

¼ E

�
jj 1
Cð.Þ

ðtn
0
ðtn�fÞ.�1EðfÞdxðfÞjj2

�
:

Using Itô’s isometry property (Definition 2), we have

E

h
jj0J .

tn ½yðtÞgðtÞ��ð0J .
tn ½yðtÞgðtÞ�Þapproxjj2

i
¼ E

�
1

C2ð.Þ
ðtn
0
jjðtn�fÞ.�1EðfÞjj2df

�

¼ E

�
1

C2ð.Þ
Xn�1

j¼0

ðtjþ1

tj

jjðtn�fÞ.�1EjðfÞjj2df
�

¼ 1

C2ð.ÞE
�Xn�1

j¼0

ðtjþ1

tj

ðtn�fÞ2.�2jj y
00ðujÞ
2!

ðf�tjÞðf�tjþ1Þjj2df
�

� h4

C2ð.ÞE
�
M2

4

�Xn�1

j¼0

ðtjþ1

tj

ðtn�fÞ2.�2df;

where jjy00ðujÞjj � M:
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Since .> 1
2 ; we get

E

h
jj0J .

tn ½yðtÞgðtÞ��ð0J .
tn ½yðtÞgðtÞ�Þapproxjj2

i
� h4M2

4C2ð.Þ
ðtn
0
ðtn�fÞ2.�2df ¼ h4t2.�1

n M2

4ð2.� 1ÞC2ð.Þ ¼
n2.�1M2h2.þ3

4ð2.� 1ÞC2ð.Þ :

Hence,

jj0J .
tn y tð Þg tð Þ� �� 0J .

tn y tð Þg tð Þ� �� 	
approx

jjms �
n.�

1
2M

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2.�1ð Þp

C .ð Þ

 !
h.þ

3
2 ¼ O h.þ

3
2ð Þ:

We can apply the Propositions 3.1 and 3.2 to discretize FSDDE (8) with a smaller
step size h and we can write

0J .
tn f t; u tð Þ; u t�dð Þ� �
	 h.

C .þ 2ð Þ f tn; un; un�rð Þ þ
Xn�1

j¼0

rj;nf tj; uj; uj�rð Þ
0
@

1
A;

(16)

and

0J .
tn g t; u tð Þð Þ dx tð Þ

dt

� �
¼ 1

C .ð Þ

ðtn
0

t�fð Þ.�1g f; u fð Þð Þdx fð Þ

¼ 1
C .ð Þ

ðtn
0

t�fð Þ.�1g f; u fð Þð Þg fð Þdf

	 h.

C .þ 2ð Þ g tn; unð Þg tnð Þ þ
Xn�1

j¼0

rj;ng tj; ujð Þg tjð Þ
0
@

1
A:

(17)

Therefore, from (16) and (17), we obtain

un ¼ u0 þ h.

Cð.þ 2Þ ðf ðtn; un; un�rÞ þ gðtn; unÞgðtnÞ

þ
Xn�1

j¼0

rj;nðf ðtj; uj; uj�rÞ þ gðtj; ujÞgðtjÞÞÞ;
(18)

where rj;n is defined as (10).
It is worth noting that in the case that f ðt; �; �Þ and gðt; �Þ are nonlinear with respect

to their variables, to avoid solving a system of nonlinear equations, the nonlinear source
terms are discretized in the following way:

jjf tn; un; un�rð Þ�f tn; un�1; un�rð Þjj � L2h ¼ O hð Þ; (19)

jjg tn; unð Þ�g tn; un�1ð Þjj � L3h ¼ O hð Þ; (20)

where L2 and L3 are positive real Lipschitz constants for the functions f and g,
respectively.
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4. Convergence analysis

In this section, we analyze the convergence of the algorithm (18) in approximating the
solution of the FSDDE (1).

Theorem 4.1. Let uðtÞ 2 L
2ðX;F t;PÞ be the exact solution of the FSDDE (1). Let us con-

sider that f ðt; �; �Þ and gðt; �Þ satisfy H1 and H1 hypothesis. Furthermore, we assume that uj,
j ¼ 0; :::; n, are the approximate solutions of the FSDDE (1), obtained from (18). Then

jjE tnð Þjjms � K .ð Þh.þ
1
2 ¼ O h.þ

1
2ð Þ; (21)

where EðtnÞ ¼ uðtnÞ�un and Kð.Þ is a positive and real constant value independent of h.

Proof. From (8), for the time instant tn 2 ½0;Tf �; we have

u tnð Þ ¼ u0þ0J .
tn f t; u tð Þ; u t�dð Þ� �

þ0J .
tn g t; u tð Þð Þ dx tð Þ

dt

� �
: (22)

We assume that E0 ¼ 0: Subtracting (22) from (18) and using the elementary
inequality 









Xs
k¼1

xk











2

� s
Xs
k¼1

jjxkjj2; (23)

and the H€older inequality

jjE tnð Þjj2ms ¼ E jjE tnð Þjj2
h i

� 2E jjEf tnð Þjj2
h i

þ 2E jjEg tnð Þjj2
h i

; (24)

yields

jjEðtnÞjj2ms ¼ E

����� 1
Cð.Þ

ðtn
0
ðtn�fÞ.�1f ðf; uðfÞ; uðf�dÞÞdf

þ 1
Cð.Þ

ðtn
0
ðtn�fÞ.�1gðf; uðfÞÞdxðfÞ

� h.

Cð.þ 2Þ ðf ðtn; un�1; un�rÞ þ gðtn; un�1ÞgðtnÞ

þ
Xn�1

j¼0

rj;nðf ðtj; uj; uj�rÞ þ gðtj; ujÞgðtjÞÞÞ
����
2�

� 2E

����� 1
Cð.Þ

ðtn
0
ðtn�fÞ.�1f ðf; uðfÞ; uðf�dÞÞdf

� h.

Cð.þ 2Þ ðf ðtn; un�1; un�rÞ þ
Xn�1

j¼0

rj;nf ðtj; uj; uj�rÞÞ
����
2�

þ 2E

����� 1
Cð.Þ

ðtn
0
ðtn�fÞ.�1gðf; uðfÞÞdxðfÞ

� h.

Cð.þ 2Þ ðgðtn; un�1ÞgðtnÞ þ
Xn�1

j¼0

rj;ngðtj; ujÞgðtjÞÞ
����
2�
:
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The first term on the right-hand side of the upper inequality is

E½jjEf ðtnÞjj2� :¼ E

����� 1
Cð.Þ

ðtn
0
ðtn�fÞ.�1f ðf; uðfÞ; uðf�dÞÞdf

� h.

Cð.þ 2Þ ðf ðtn; un�1; un�rÞ þ
Xn�1

j¼0

rj;nf ðtj; uj; uj�rÞÞ
����
2�
;

and using (23) and the H€older inequality, one can show that

E½jjEf ðtnÞjj2� � 3E

����� 1
Cð.Þ

ðtn
0
ðtn�tÞ.�1f ðt; uðtÞ; uðt�dÞÞdt

� h.

Cð.þ 2Þ
Xn
j¼0

rj;nf ðtj; uðtjÞ; uðtj�dÞÞÞ
����
2�

þ 3nh2.

C2ð.þ 2Þ
Xn�1

j¼0

r2j;nE
h
kf ðtj; uðtjÞ; uðtj � dÞÞ � f ðtj; uj; uj�rÞk2

i

þ 3h2.

C2ð.þ 2ÞE
h
kf ðtn; uðtnÞ; uðtn � dÞÞ � f ðtn; un�1; un�rÞk2

i
:

By means of Lipschitz conditions and after some simplications, we obtain

E jjEf tnð Þjj2
h i

� 3
n2þ.Mh2þ.

C .þ 1ð Þ

 !2

þ 3nh2.

C2 .þ 2ð Þ
Xn�1

j¼0

r2j;n L2 þ R2ð Þ M2h4

2

� �
þ 3h2.L22
C2 .þ 2ð Þ h

2:

From Lemma 3.1, we have

Xn�1

j¼0

r2j;n � n
Xn�1

j¼0

rj;n

0
@

1
A

2

� n .þ 1ð Þn.�1
� �2 ¼ L1: (25)

Therefore

E½jjEf ðtnÞjj2��3

��
n2þ.M
Cð.þ1Þ

�2

þ n

2C2ð.þ2ÞL1
�
L2þR2ÞM2þ L22

C2ð.þ2Þ
�
maxfh4þ2.;h2þ2.g

�Kð.Þ
f h2þ2.;

(26)

where Kð.Þ
f ¼3ðð n2þ.M

Cð.þ1ÞÞ2þ n
2C2ð.þ2ÞL1ðL2þR2ÞM2þ L22

C2ð.þ2ÞÞ is a constant independent of j
and h.
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Subsequently, for the second-term, we obtain

E½jjEgðtnÞjj2� :¼ E

����� 1
Cð.Þ

ðtn
0
ðtn�tÞ.�1gðt; uðtÞÞdxðtÞ

� h.

Cð.þ 2Þ ðgðtn; un�1ÞgðtnÞ þ
Xn�1

j¼0

rj;ngðtj; ujÞgðtjÞÞ
����
2�
;

� 3E

����� 1
Cð.Þ

ðtn
0
ðtn�tÞ.�1gðt; uðtÞÞdxðtÞ� h.

Cð.þ 2Þ
Xn
j¼0

rj;ngðtj; uðtjÞÞgðtjÞ
����
2�

þ 3E

����� h.

Cð.þ 2Þ
Xn�1

j¼0

rj;nðgðtj; uðtjÞÞ � gðtj; ujÞÞgðtjÞ
����
2�

þ 3E

����� h.

Cð.þ 2Þ ðgðtn; uðtnÞÞ � gðtn; un�1ÞÞgðtnÞ
����
2�

� 3n2.�1M2h2.þ3

4ð2.� 1ÞC2ð.Þ

þ 3nh2.

C2ð.þ 2Þ
Xn�1

j¼0

r2j;nE
h
jjgðtjÞjj2

i
E

h
jjðgðtj; uðtjÞÞ � gðtj; ujÞÞjj2

i

þ 3h2.

C2ð.þ 2ÞE
h
jjgðtnÞjj2�E½jjðgðtn; uðtnÞÞ � gðtn; un�1ÞÞjj2

i
:

Therefore, by means of the Lipschitz conditions, E
h
jjgðtÞjj2

i
¼ 1

h and (25), after some
simplications, we obtain

E jjEg tnð Þjj2
h i

� 3n2.�1M2h2.þ3

4 2.� 1ð ÞC2 .ð Þ
þ 3L̂

2
h2.þ1

C2 .þ 2ð Þ n
Xn�1

j¼0

r2j;n þ L23

0
@

1
A

� 3
n2.�1M2

4 2.� 1ð ÞC2 .ð Þ
þ L̂

2

C2 .þ 2ð Þ nL1 þ L23
� � !

max h2.þ3; h2.þ1
� �

:

Hence

E jjEg tnð Þjj2
h i

� K
.ð Þ
g h2.þ1; (27)

where Kð.Þ
g ¼ 3ð n2.�1M2

4ð2.�1ÞC2ð.Þ þ L̂
2

C2ð.þ2Þ ðnL1 þ L23ÞÞ is also another constant independent of j
and h.
From (24), we have

jjE tnð Þjj2ms � 2K
.ð Þ
f h2.þ2 þ 2K

.ð Þ
g h2.þ1;

and

jjE tnð Þjjms � K .ð Þh.þ
1
2 ¼ O h.þ

1
2ð Þ; (28)

where Kð.Þ ¼ ð2Kð.Þ
f þ 2Kð.Þ

g Þ12:
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5. Applications

In this section, the computational performance of the proposed method is analyzed in
the perspective of the mean of the expected absolute error (jj�EN jjms) and the experi-
mental convergence order (ECO) defined as

jj�EN jjms ¼
1
N

XN
k¼1

E jjuNk � u2N2k jj2
h i� 	1

2

; (29)

and

ECO ¼ log 2
jj�E2N jjms

jj�EN jjms

 !
; (30)

where uNk and u2N2k are approximate values of uðtkÞ; N represents the number of interior
mesh points, and h ¼ Tf

N denotes the uniform step size. All the numerical experiments
are calculated with the stats package under Maple v18 running in an Intel (R) Core
(TM) i7-7500U CPU @ 2.70GHz machine.

Model 5.1. The fractional stochastic delayed dynamics in terms of a stationary probability
density for the fractional stochastic delay Langevin differential equation can be stated as
follows

C
0D

.
t u tð Þ ¼ �ju t�dð Þ þ s

dx tð Þ
dt

;
1
2
< .< 1; 0< t<Tf

u tð Þ ¼ 1; t 2 �d; 0½ �
;

8<
: (31)

where the parameters j and s are positive coefficients and d is the delay time. The model
(31) was studied in [52, 53] with . ¼ 1 for describing the statistical physics of vehicu-
lar traffic.
Figure 1 exhibits the stochastic effect on the fractional stochastic delay Langvin differ-

ential equation for d ¼ 0:1; s¼ 1, j ¼ 0:5 with . ¼ f0:55; 0:75; 0:95g; and step size

Figure 1. Numerical solutions of (31) with the proposed algorithm for d ¼ 0:1;j ¼ 0:5; s¼ 1, . ¼
f0:55; 0:75; 0:95g; and step size h¼ 0.02.
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h¼ 0.02, in the interval ½0; 5�: Table 1 presents the performance indices jj�EN jjms; ECO and
CPU–time (sec) with several step sizes h for . ¼ f0:55; 0:75; 0:95g in the interval
t 2 ½0; 5�: Table 2 lists the approximation values of the mean, median, first and third quar-
tiles, kurtosis, skewness, standard deviation (STD) and 95% CI of the 50 simulated trajec-
tories with d ¼ 0:1; for . ¼ f0:55; 0:75; 0:95g at Tf ¼ 5. Figure 2 (Left) depicts the
numerical simulation results of 50 trajectories of the vehicular traffic dynamic for u(t). In
addition, the black lines in the right graph of Figure 2, represent the 95% CI area of the 50

Table 1. Model 1: Comparison of the jj�ENjjms; ECO, and CPU–time (sec) for . ¼ f0:55; 0:75; 0:95g;
with d ¼ 0:1;j ¼ 0:5; s¼ 1, and step sizes h ¼ f0:02; 0:01; 0:005g at Tf ¼ 5.
. h jj�ENjjms ECO CPU�timeðsÞ

0:02 1:4078� 10�3 1.678 4.228
0.55 0:01 2:0344� 10�5 2.345 16.287

0.005 6:9554� 10�6 2.243 68.001
0:02 1:9985� 10�3 1.589 4.228

0.75 0:01 7:8944� 10�6 2.551 16.193
0.005 2:3130� 10�6 2.451 68.422
0:02 2:7068� 10�3 1.511 4.181

0.95 0:01 2:3562� 10�6 2.814 16.115
0.005 1:5370� 10�6 2.528 67.439

Table 2. Model 1: Approximation values of the mean, STD, 95% CI, first and third quartiles, skewness
and kurtosis of the 50 simulated trajectories, with d ¼ 0:1; j ¼ 0:5; s¼ 1, and h¼ 0.02 and . ¼
f0:55; 0:75; 0:95g; at Tf ¼ 5.
Statistical indicators 0.55 0.75 0.95

Mean 0.363 0.238 0.105
Median 0.363 0.236 0.105
First quartile 0.348 0.227 0.094
Third quartile 0.373 0.246 0.113
Kurtosis 2.792 3.500 3.253
Skewness 0.485 0.696 0.611
STD 2.091�10�2 1:829� 10�2 1.788�10�2

95% CI [0.322, 0.404] [0.202, 0.274] [0.070, 0.140]

Figure 2. (Left) Numerical solution of (31) over 50 trajectories. (Right) The red line is the arithmetic
mean of the process and the black lines illustrate 95% CI areas obtained with d ¼ 0:1;j ¼ 0:5;
s¼ 1, . ¼ 0:55; and step size h¼ 0.02 over the 50 trajectories of (31).
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trajectories numerical solutions of the fractional stochastic delay Langevin differential
equation. The red line represents the point-by-point sample mean of the trajectories.

Model 5.2. Consider the fractional stochastic delay Mackey–Glass equation with a multi-
plicative noise input

C
0D

.
t u tð Þ ¼ ku t�dð Þ

1þ u10 t � dð Þ�ju tð Þ þ su tð Þ dx tð Þ
dt

;
1
2
< .< 1; 0< t<Tf

u tð Þ ¼ 0:5; t 2 �d; 0½ �
;

8<
: (32)

Figure 3. Numerical solutions of (32) with the proposed algorithm for j¼ 1, k¼ 2, d¼ 5, s¼ 2, . ¼
f0:55; 0:75; 0:95g; and step size h¼ 0.02.

Figure 4. (Left) Numerical solution of (32) over 50 trajectories. (Right) The red line is the arithmetic
mean of the process and the black lines illustrate 95% CI areas obtained with j¼ 1, k¼ 2, d¼ 5,
s¼ 2, . ¼ 0:75; and step size h¼ 0.02 over the 50 trajectories of (32).
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where k, j, and s are positive constants and d is the delay time. The model (32) was ana-
lyzed in [54] with . ¼ 1 for describing the stochastic growth of density of blood cells.
Figure 3 depicts the numerical simulations of the fractional stochastic delay

Mackey–Glass differential equation with different values of noise, s¼ 0 and s¼ 2, and
fractional orders, . ¼ f0:55; 0:75; 0:95g; for j¼ 1, k¼ 2, d¼ 5, and h¼ 0.02. Figure 4
(Left) shows the simulation results of 50 trajectories of (32). In the right plot of Figure 4,
the black lines represent the 95% CI area of the 50 trajectories numerical solutions of (32).
The red line corresponds to the point-by-point sample mean of the trajectories. Table 3
gives the jj�EN jjms; ECO and CPU–time (sec) with several step sizes of h for . ¼
f0:55; 0:75; 0:95g; in the interval t 2 ½0; 5�: The numerical results reveal that for all values
of . the approximation errors decrease by reducing the step size, but the CPU–times
increases as expected. Moreover, Table 4 shows the approximated values of the mean,
median, first and third quartiles, kurtosis, skewness, standard deviation (STD), and 95%
CI of the 50 simulated trajectories for several fractional orders at Tf ¼ 5.

6. Conclusion

In this paper, an explicit technique for solving a class of fractional stochastic delay dif-
ferential equations driven by Brownian motion was proposed. Under the Lipschitz con-
dition and the properties of the Gaussian white noise, the convergence order of the
algorithm was investigated. The new method allows the inclusion of stochasticity and
delays in the dynamical models. The effects of stochasticity and delay were illustrated
with the Langevin and Mackey-Glass models. Specifically, 95% confidence intervals of
the Langevin and Mackey-Glass model’s stochastic responses were effectively evaluated.

Table 3. Model 2: Comparison of the jj�ENjjms; ECO, and CPU–time (sec) for . ¼ f0:55; 0:75; 0:95g;
with j¼ 1, k¼ 2, d¼ 5, s¼ 2, Tf ¼ 5, and step sizes h ¼ f0:02; 0:01; 0:005g:
. h jj�ENjjms ECO CPU�timeðsÞ

0:02 1:7086� 10�4 2.217 4.649
0.55 0:01 5:6688� 10�5 2.123 17.581

0.005 1:9059� 10�5 2.052 73.601
0:02 8:6360� 10�5 2.392 4.446

0.75 0:01 2:5560� 10�5 2.295 17.503
0.005 7:6148� 10�6 2.226 73.040
0:02 4:5792� 10�5 2.554 4.477

0.95 0:01 1:1915� 10�5 2.462 17.643
0.005 3:2668� 10�6 2.385 72.618

Table 4. Model 2: Approximation values of the mean, STD, 95% CI, first and third quartiles, skewness
and kurtosis of the 50 simulated trajectories, with j¼ 1, k¼ 2, d¼ 5, s¼ 2, and h¼ 0.02 and . ¼
f0:55; 0:75; 0:95g; at Tf ¼ 5.
Statistical indicators 0.55 0.75 0.95

Mean 0.898 0.944 0.985
Median 0.897 0.941 0.983
First quartile 0.875 0.923 0.971
Third quartile 0.919 0.954 0.998
Kurtosis 2.792 3.349 3.608
Skewness 0.532 0.758 0.768
STD 3.062�10�2 2:682� 10�2 2.617�10�2

95% CI [0.838, 0.958] [0.891, 0.996] [0.934, 1.037]
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