GLIDING FLIGHT

D=Wsiné

L. =Wcos8

tant = ——

LID

EXAMPLE 6.12

The maximum lift-to-drag ratio for the CP-1 is 13.6. Calculate the minimum glide angle
and the maximum range measured along the ground covered by the CP-1 in a power-off
glide that starts at an altitude of 10,000 ft.

N Solution
The minimum glide angle is obtained from Eq. (6.56) as

S B
(L/D)us  13.6
8min =4-ZC

ho_,L

R= =
tan@ D

Ry, = h[iJ ~10,000(13.6)

l Rmax

=136,000 tt=25.6 mi




EXAMPLE|

Repeat Example 6.12 for the CJ-1, for which the value of (L/D),., is 16.9.

H Solution

tang - L b

(L/D),, 16.9

Ry =h [3] =10,000(16.9)

[Ruex =169.000 fi=32 mi]

Note the obvious fact that the CJ-1, with its higher value of (L/D),,,. is capable of a larger

glide range than the CP-1.
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Figure 6.36 Variation of excess power with altitude.
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1. Using the technique of Sec. 6.8, calculate values of maximum R/C for a
number of different altitudes.

Plot maximum rate of climb versus altitude, as shown in Fig. 6.37.

3. Extrapolate the curve to 100 ft/min and 0 ft/min to find the service and
absolute ceilings, respectively, as also shown in Fig. 6.37.

EXAMPLE 6.16

Derive a closed-form equation for the absolute ceiling of a given airplane as a function of
the wing loading, W/S, and the power loading, W/ P, o). Where (P o), 18 the maximum
power available at sea level.

H Solution

Examining Fig. 6.38, we see that when an airplane is flying at its absolute ceiling, the
minimum power required, (Pg ) mq. 1S €qual to the maximum power available, (P, )ma:
this condition is shown as point 1 in Figure 6.38, and is given by

(PR,a[:)rnin = (PA,a]tjma.x (E 6151)

The altitude effect on power available is discussed in Sec. 6.7, where we assume that P,
is proportional to the ambient density. This is a reasonable approximation for a turbojet
engine, and for an unsupercharged reciprocating engine. Thus

(PA..ﬂt)mnx :ipr.(.I]max (E 6152)
L1}

From Example 6.6, we have the relation for the minimum power required at altitude,
(Pt )min- in terms of the minimum power required at sea level, (Pgo)min namely Eq. (E 6.6.1).

&\llf}l

p)

Substituting Eqs. (E 6.15.2) and (E 6.6.1) into (E 6.15.1), we have

112
[i] (Pﬁ_ﬂ}min =£(P.—1.U)rnn
Po 0

(Pﬂ_all}min :[ (PR.UJmin (E' 66 1)

or

1.5
(Pr)in = {iJ (Py o) (B6.15.3)

Po

where the density p is the density at the absolute ceiling.
An approximation for p/p, as a function of / is given in Example 3.2 as

— ¢ 20800 (3.16)



where £ is in feet. Substituting Eq. (3.16) into (E 6.15.3), where now # pertains to the
absolute ceiling, denoted by H, we have

-1.5H
— LY B0
(PR_U )rn'm =€ (PA.U )max

—-H
(PR_EJ )m'm =€ s (PA.O}max

—-H
19867 _ (PR.D]min

('P.*'I..D ]max

H [ (Peg s |
(‘R‘L.U)max J

19.867
H=-19.867 fn{%} (E 6.15.4)

A0 max

Returning to Eq. (6.27) for Py, at sea level,
2wt [
Peo=|—| =577 (E 6.15.5)

372
Minimum power required occurs when the airplane is flying at [CL 1 . Hence, from

Eq. (E 6.15.5),

u max

3
L A— (E 6.15.6)
s pUS (CL '{CUJmax

M1
Reaching ahead for a result from Sec. 6.14 where we prove that the value of [C!- ]
CD max
for a given airplane is simply an aerodynamic property of the airplane, namely from
Eq. (6.87),

(ohe (3 Cpy, me AR
Co ) 4Cy0

Substituting this result into Eq. (E 6.15.6), we get
2w’ 4C
(Peo)min = { - mJ
PoS L3 ChymeAR)

Poo) =W |2 [W\[o.?clsﬁ Cpo'"
B0/ min — I
P\ S J

or

(E 6.15.7)

(e AR)M




Substituting Eq. (E 6.15.7) into (E 6.15.4), we have

W

H=-19.867{n {7

(HLU )mux

i

(E 6.15.8)

]{0 7436 Cp" }

J (HAR}‘M

Eq. (E 6.15.8) is a closed-form analytical equation for the absolute ceiling H, where

H is in feet.

TIME TO CLIMB
R/C = dhl/dt

dh
R/C

dr =

n dh
e R/C

., dh
o R/C

h =0 K

EXAMPLE

Calculate and compare the time required for (a) the CP-1 and () the CJ-1 to climb to

20,000 ft.

H Solution

a. For the CP-1, from Eq. (6.58), the time to climb is equal to the shaded area under the
curve shown in Fig. 6.40. The resulting area gives time to climb as |27.0 min.
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Figure 6.40 Determination of time to climb for the CP-1.
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Figure 6.41 Determination of time to climb for the CJ-1.



RANGE AND ENDURANCE:
PROPELLER-DRIVEN AIRPLANE

Physical Considerations

e aaly )3 Olsi asl g a6 (gl 3 4 (A pean CA g Ol s 1 SFC

C= Ib of fuel
(bhp)(h)

In this development, the specific fuel consumption is couched in units that

are consistent:
Ib of fuel or N of fuel
(ft - Ib/s)(s) (I/s)(s)

For convenience and clarification, ¢ will designate the specific fuel consumption
with consistent units.

Consider the product ¢P dt, where P is engine power and df is a small incre-
ment of time. The units of this product are (in the English engineering system)

d = Ib of fuel ft-1b (s)= b of fuel

(ft-Ib/s)(s) s

dW, =dW =—cPdt

_dW

dt=———
cP

0 Wo cP

- Wi d W
E‘szﬁ

J‘::d w,ﬁ

V. dW

V. dt=—
cP
V. dW

ds=—
cP
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Figure 6.43 Determination of range and endurance.
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Maximum endurance for a propeller-driven airplane occurs when the airplane is fly-

ing at minimum power required.

Maximum endurance for a propeller-driven airplane occurs when the airplane is
flying at a velocity such that C;'*/C, is at its maximum.

Maximum range for a propeller-driven airplane occurs when the airplane is flying at

a velocity such that C, /Cp, 1s at its maximum.
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For level, unaccelerated flight, we demonstrated in Sec. 6.5 that P = DV_.. To
maintain steady conditions, the pilot has adjusted the throttle so that power avail-
able from the engine—propeller combination is just equal to the power required:
Py,=Pz=DV_.In Eq. (6.59), P is the brake power output of the engine itself.
Recall from Eq. (6.31) that P, = i P, where 1 is the propeller efficiency. Thus

po b _DVe

n n

(6.64)

Substitute Eq. (6.64) into (6.63):

R= j:u VudW -[wu V.ndWw :an ndw

(6.65)
Wi eDV., Wi

W 1 W wo 1) L dW
S R e
YoeD W e D W

_n C J‘m]a‘W

W,

=15, M

Breguet range formula

The largest possible propeller efficiency n.
The lowest possible specific fuel consumption c.
The highest ratio of W,/W,, which is obtained with the largest fuel weight W;.

Most importantly, flight at maximum L/D. This confirms our argument

in Sec. 6.12.1 that for maximum range, we must fly at maximum L/D.
Indeed. the Breguet range formula shows that range is directly proportional
to L/D. This clearly explains why high values of L/D (high aerodynamic
efficiency) have always been important in the design of airplanes. This
importance was underscored in the 1970s by the increasing awareness of
the need to conserve fuel.

ok

=

A similar formula can be obtained for endurance. If we recall that P=DV_/n

and that W= L, Eq. (6.60) becomes
J'Wo dw JWU r,‘r daw J'w. n L dw

"ocP oo DV, W



Because L=W =1 pVISC, V., = JZWf(pmb'L‘L] . Thus

g [®n C, [p_SC, dw
meC,\ 2 W”

nC¥ {pos i
E:_2 ;'. L (JO l Iw—l.f‘]i:l
c Cp 2 )
ncC,” _ 1
E:i L (ZPWS)HZ(W!] IIE_WGIP’_}
€ b Breguet endurance formula
1. The highest propeller efficiency .
2. The lowest specific fuel consumption c.
3. The highest fuel weight W, where W, =W, + W,

>

Flight at maximum C;”/C,,. This confirms our argument in Sec. 6.12.1
that for maximum endurance, we must fly at maximum C;”/C,,.

Flight at sea level, because £ = p.°, and p.. is largest at sea level.

EXAMPLE 6.19

:}I

Estimate the maximum range and maximum endurance for the CP-1.

B Solution
The Breguet range formula is given by Eq. (6.67) for a propeller-driven airplane. This
equation is
R=1Ce, W
cCyp W

with the specific fuel consumption ¢ in consistent units, say (1b fuel)/(ft - Ib/s)(s) or sim-
ply per foot. However, in Example 6.1 the SFC is given as 0.45 1b of fuel/(hp)(h). This
can be changed to consistent units:

s b lhp  1h
(hp)(h) 550 ft-1b/s 3600 s

c=04 =227x 107 ft”!

In Example 6.1 the variation of C;/Cp = L/D was calculated versus velocity. The varia-
tion of C;"*/C,, can be obtained in the same fashion. The results are plotted in Fig. 6.44.
From these curves,

) P
max {EJ:H.& max[cf‘ J=12.81

- L -1
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The gross weight of the CP-1 is W, = 2950 Ib. The fuel capacity given in Exam-
ple 6.1 is 65 gal of aviation gasoline, which weighs 5.64 Ib/gal. Hence, the weight of the
fuel W, = 65(5.64) = 367 Ib. Thus, the empty weight W, = 2950 — 367 = 2583 1b.
Returning to Eq. (6.67), we have

R=T1Cu oW 08  1365[19 2220
cC, W, 227x107 2583

R=6.38 x 10° ft|

Because 1 mi = 5280 ft,

6.38 x10° .

The endurance is given by Eq. (6.68):

g-16G"

(zpms}lfl(ﬁ{l—ul _ WU—UE }

o



Because of the explicit appearance of p.. in the endurance equation, maximum endurance
will occur at sea level, p.. = 0.002377 slug/ft*. Hence

0.8 112 1 | \
- (12.81)[2(0.002377)(174)]" - 3
2-27:{10_ ( J[ ( .“: .}] (?.SSBNE 2950“_ J
E=5.19%x10%s
Because 3600s=1h,
3
g2 19x10° oy
3600

6.13 RANGE AND ENDURANCE: JET AIRPLANE

For a jet airplane, the specific fuel consumption is defined as the weight of fuel
consumed per unit thrust per unit time. Note that thrust is used here, in contradis-
tinction to power, as in the previous case for a reciprocating engine—propeller com-
bination. The fuel consumption of a jet engine physically depends on the thrust
produced by the engine, whereas the fuel consumption of a reciprocating engine
physically depends on the brake power produced. It is this simple difference that
leads to different range and endurance formulas for a jet airplane. In the literature,
thrust-specific fuel consumption (TSFC) for jet engines is commonly given as

Ib of fuel
(Ib of thrust)(h)

TSFC=

Note the nonconsistent unit of time.

I, D 1p.V2SC, 1 -
Sk Z O3PSO 2y S0
V., V. V.. 27 o

Because V.. =.2W/(p..S5C,) . we have

T 1 2w 1
L=—p.S Cp == W2
Vi, 2 PSC, . 1C,




6.13.2 Quantitative Formulation

Let ¢, be the thrust-specific fuel consumption in consistent units:

b of fuel or N of fuel
(Ib of thrust)(s) (N of thrust)(s)

Let dW be the elemental change in weight of the airplane due to fuel consump-
tion over a time increment df. Then

dW=—¢,T,dt
or dt = —dW (6.69)
l:‘r:!'l.l-i
E=_ JHfl dW
" C!];‘l

Recalling that T, = T, = D and W= L, we have

E_J'wu] L dW
Mo D W

With the assumption of constant ¢, and C,/Cp, = L/D, Eq. (6.71) becomes

oGy, Vo
¢ Cp W
1. Minimum thrust-specific fuel consumption c..
2. Maximum fuel weight W,
3. Flight at maximum L/D. This confirms our argument in Sec. 6.13.1 that for
maximum endurance for a jet, we must fly so that L/D is at its maximum.
V..dW
ds=V.dt = ———
c‘f‘fﬂ.

R= J:d:r:—_l.m VodW

"o Cr I:‘{



R= " V. C, dW
Woe C, W

Because V.= 2W/(p..SC,) ., Eq. (6.75) becomes

frd b =

p= [ [2 CY2yc, dW

W pms C, Wl.fl
Re |2 CZ 1 [wdW
pS Cpoc, m Wi

R=2 2 lc}.ﬂ (WUE—WJ’Q}
pSec Cp

Minimum thrust-specific fuel consumption c,.
Maximum fuel weight W,

Flight at maximum C)?/C,. This confirms our argument in Sec. 6.13.1
that for maximum range, a jet must fly at a velocity such that C;"*/C, is at
its maximum.

Flight at high altitudes—that is, low p... Of course Eq. (6.77) says that

R becomes infinite as p.. decreases to zero (that is, as we approach outer
space). This is physically ridiculous, however, because an airplane
requires the atmosphere to generate lift and thrust. Long before outer
space is reached, the assumptions behind Eq. (6.77) break down.
Moreover, at extremely high altitudes ordinary turbojet performance
deteriorates and ¢, begins to increase. All we can conclude from Eq. (6.77)
is that range for a jet is poorest at sea level and increases with altitude

up to a point. Typical cruising altitudes for subsonic commercial jet
transports are from 30,000 to 40,000 ft; for supersonic transports they are
from 50,000 to 60,000 ft.

Maximum endurance for a jet airplane occurs when the airplane is flying at the mini-
mum thrust required.

Maximum endurance for a jet airplane occurs when the airplane is flying at a veloc-
ity such that C,./Cp, is at its maximum.
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EXAMPLE 6.20

Estimate the maximum range and endurance for the CJ-1.

N Solution
From the calculations of Example 6.1, the variation of C, /C,, and (.‘le (', can be plotted
versus velocity, as given in Fig. 6.46. From these curves, for the CJ-1,

uz
max G =234
Cp

max [EJ =169
Cp

In Example 6.1 the specific fuel consumption is given as TSFC = 0.6 (Ib fuel)/(lb
thrust)(h). In consistent units,

L'=0.6L th =1.667x107"s"
(Ib)(h) 3600 s

Also, the gross weight is 19,815 1b. The fuel capacity is 1119 gal of kerosene, where 1 gal
of kerosene weighs 6.67 1b. Thus Wy=1119(6.67) = 7463 1b. Hence the empty weight is
W, =W, — W;=19,815 - 7463 = 12,352 Ib.

The range of a jet depends on altitude, as shown by Eq. (6.77). Assume that the cruis-
ing altitude is 22,000 ft, where p.. = 0.001184 slug/ft*. From Eq. (6.77). using informa-
tion from Example 6.1, we obtain
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Figure 6.46 Aerodynamic ratios for the CJ-1 at sea level.

=2 2 l _1\(23.4)(19,315”2—12,35-2”2)
0.001184(318) {1.667 x 107 |

|R=19.2 x10°ft|

In miles,
6
5280
The endurance can be found from Eq. (6.72):
E=t M1 _1609)1n 2202
¢, Cp W, 1.667x10° 12.352
E=4.79x107s|
4
or in hours E=M= 13.3h

3600



RELATIONS BETWEEN Cp,, AND C)p;

For example, consider maximum L/D. Recalling that C,=C,,+
C; /(meAR), we can write
Co _ ¢

- - (6.78)
C, Cpat+tC/(meAR)

For maximum C, /C), differentiate Eq. (6.78) with respect to C; and set the result
equal to 0:

d(C,/Cy) _ Cpo+Cil(meAR) — C,[2C, /(meAR)] _ 0

dC, [Cpho +Cf_‘ /(meAR)]
Thus Cpo+—St__ 260 _
weAR  meAR
C2
(,‘ — L
o 0 e AR
Cpo=Cp, for {QJ (6.79)
C-D max

C
or &)

Cpo= ; Cp,i for

Az
or ||

First consider again the case of maximum C, /C;,. From Eq. (6.79),

Ci
meAR

Thus C, = /meARC,,

Cpo=Cp;=



C, C, neAR neAR

C, 2C/(meAR) 2C, 2/meARC,,

{L}_ }  (CpomeAR)™
max 2C,,

{c;{? } _ ($CpomeAR)"
max %CDJ]

CD max 4CD 0

TURNING FLIGHT AND THE V-n DIAGRAM
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D
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L
n=— , 5
W k= n-—1
e W
’ R g R
R=_ Y=
gn’ —1

1. The highest possible load factor (that is, the highest possible L/W).

2. The lowest possible velocity.

F/n

Consider another case of turning flight

F=L-W=W(n-1)

. Viow vz

JFi_:p;n_:__
R g R
V2
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Figure 6.54 The pull-down maneuver. g(n + l}

Considerations of turn radius and turn rate are particularly important to
military fighter aircraft; everything else being equal, airplanes with the smallest
R and largest @ will have definite advantages in air combat. High-performance
fighter aircraft are designed to operate at high load factors—typically from
3to 10. When n is large, then n+ 1 = n and n— 1 = n; for such cases Eqgs. (6.118),
(6.119), and (6.122) to (6.125) reduce to

Vl
R=2=
o (6.126)
L=1p.VisC,
then yro 2L (6.128)
pmSCL

Substituting Eqs. (6.128) and (6.115) into Egs. (6.126) and (6.127), we obtain

R= 2L -2 ¥ (6.129)
PSC e(LIW) p.Cig § '

W . .
? =wing loading

Airplane WIS, Ib/ft*
Wright Fiver (1903) 1.2
Beechcraft Bonanza 18.8
McDonnell Douglas F-15 66

General Dynamics F-16 74
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However, n,,, cannot be allowed to increase indefinitely. Beyvond a certain value
of load factor, defined as the positive limit load factor and shown as the horizon-
tal line BC in Fig. 6.53, structural damage may occur to the aircraft. The velocity
corresponding to point B is designated as V*. At velocities higher than V*, say Vi,
the airplane must fly at values of C; less than Cp n,, s0 that the positive limit load
factor is not exceeded. If flight at C; ;.. is obtained at velocity Vs, corresponding
to point 5 in Fig. 6.55, then structural damage will occur. The right side of the V—n
diagram, line CD, is a high-speed limit. At velocities greater than this, the dynamic
pressure becomes so large that again structural damage may occur to the airplane.

(This maximum velocity limit is, by design, much larger than the level-flight Vi,
calculated in Secs. 6.4 to 6.6. In fact, the structural design of most airplanes is
such that the maximum velocity allowed by the V—n diagram is sufficiently greater
than the maximum diving velocity for the airplane.) Finally, the bottom part of the
V—n diagram. given by curves AE and ED in Fig. 6.55, corresponds to negative
absolute angles of attack—that is, negative load factors. Curve AE defines the stall
limit. (At absolute angles of attack less than zero, the lift is negative and acts in the
downward direction. If the wing is pitched downward to a large enough negative
angle of attack. the flow will separate from the bottom surface of the wing and the
downward-acting lift will decrease in magnitude; that is, the wing sfalls.) Line ED
eives the negative limit load factor, beyond which structural damage will occur.

As a final note concerning the V—n diagram, consider point B in Fig. 6.35.
This point is called the maneuver poini. At this point both Cp and n are simulta-
neously at their highest possible values that can be obtained anywhere through-
out the allowable flight envelope of the aircraft. Consequently, from Egs. (6.131)
and (6.132), this point corresponds simultaneously to the smallest possible turn
radius and the largest possible turn rate for the airplane. The velocity correspond-
ing to point B is called the corner velocity and is designated by V* in Fig. 6.55.
We can obtain the corner velocity by solving Eq. (6.133) for velocity, yielding

V= |'I M W
N PocCrmm S

(6.134)
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EXAMPLE

Consider the CJ-1 (Example 6.1) in a level turn at sea level. Calculate the minimum turn
radius and the maximum turn rate. The maximum load factor and lift coefficient (with no
flap deflection) are 5 and 1.4, respectively.

B Solution
The minimum turn radius and maximum turn rate are obtained when the flight velocity is
the corner velocity, V¥, given by Eqg. (6.134):

(6.134)

The wing loading for the CJ-1 with a full fuel load is

W _19815 _ o0 3 1bim?
s 318

Thus, from Eq. (6.134),

W

o=
S _ | _ZON623) 56 pus

£0Cp e N(0.002377)(1.4)

VE=

From Eq. (6.118), with V= V* and n = n,,, we have

2

2
R = (V) _ (43.6}1 :

TTogdnia—1 32240571







