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Abstract. Accumulation of cholesterol and other atherogenic lipids such as low-density lipoprotein (LDL) in artery wall causes
reduction of vessel diameter and artery stenosis. The study of the mass transfer of these large molecules in the wall with
considering effective factors on lumen flow and different physiological factors is the subject considered nowadays. In this
paper, results of two dimensional and axi-symmetric simulations of three different models of the artery with 60% stenosis
under pulsatile blood flow are presented. Filtration velocity of LDL mass transport in the permeable artery wall and shear stress
of blood flow are investigated using ADINA software Three different flow models are considered. In the first and second models,
the filtration velocity considered as a given parameter and constant in arterial wall boundary, while in third model arterial wall
considered as porous wall, the filtration velocity is calculated from pressure difference as an input parameter of the model. The
results show that filtration velocity is strongly depend on geometry and it is not constant along the wall, contrary to simplified
models. The results of concentration variations in lumen and wall illustrate the increase in near wall LDL concentration or
concentration polarization.
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Abbreviations

C LDL concentration
D LDL diffusivity
�d displacement vector
�̇ds velocity vector within solid region
hd virtual quantity of the solid displacement
J fluid element Jacobian
p hydraulic pressure

*Corresponding author. Tel.: +983157722898; E-mail: karamif.mech@gmail.com.

0959-2989/18/$35.00 © 2018 – IOS Press and the authors. All rights reserved

mailto:karamif.mech@gmail.com
mailto:hossainpour@sut.ac.ir
mailto:fghalichi@sut.ac.ir
mailto:karamif.mech@gmail.com


96 F. Karami et al. / Numerical simulation of low-density lipoprotein mass transport in human arterial stenosis

∇p pressure drop across arterial wall
R0 radius of lumen domain
t time
u axial velocity
v vertical velocity
�vf fluid velocity vector
β Forchheimer coefficient
γ effective deformation rate
κ fluid permeability
λ cross sectional area reduction of stenosis
μ viscosity
μ∞ lower value of the viscosity in Carreau model
μ0 upper value of the viscosity in Carreau model
ρ density
�τ stress vector
τ total
s total Cauchy stress

ϕ porosity

Subscripts

f refers to fluid region
p refers to porous media
s refers to solid region
w refers to arterial wall

0 refers to the quantities at the initial reference configuration

1. Background

Accumulation of cholesterol and other atherogenic lipids such as LDLs in artery wall causes to vessel
diameter reduction and artery stenosis that play a major role in Atherosclerosis [1,2]. The study of the
mass transfer of these large molecules in the wall has stimulated lots of interest. Most of these studies
are classified into three categories: wall-free, fluid-wall, and multilayer models [3]. Wall-free model is
the simplest one that the arterial wall is simplified by suitable boundary conditions. This model needs
many parameters such as the mass transfer coefficient of the wall and filtration velocity. The fluid-wall
model provides more information about concentration profiles on the wall because it includes both fluid
and wall. The most complex models are multilayer models where the wall includes several layers with
particular properties. The multilayer models provide the most realistic information about LDL transport
in the arterial wall.

Fatouraee et al. [4] have investigated LDL transport in a wall-free model under both steady state and
pulsatile flow conditions. Nematollahi et al. [5] have applied the same model to investigate the effects of
non-Newtonian blood fluid for steady state flow. Prosi et al. [3] have used several mathematical models
and focused on the study of the accumulation of LDL in arterial wall considering a highly disturbed flow.
Their results confirm that the geometrical parameters such as curvature of the lumen section strongly
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influence the accumulation of LDL in the arterial wall. Ai and Vafai [6] have proposed a new multilayer
model based on porous media theory and experimental data for studying LDL transport in the blood
stream and arterial wall. Yang and Vafai [7] have proposed a four-layer model to study the effects of
hypertension. They have used five different categories of boundary conditions and pulsation on LDL
transport in the lumen and the wall.

2. Objective

In this paper, three different models of artery have been utilized. These models are axisymmetry with
60% stenosis. The first example (wall-free) is simulated in ADINA CFD where the wall is simplified
by boundary conditions. The two last models considering fluid and structure interaction are simulated
in ADINA CFD and ADINA STRUCTURE softwares. We focus on the study of LDL transport in the
arterial wall and investigate effects of shear stress and blood flow on LDL transport in the wall. Further-
more, in most of the presented models, the filtration velocity is considered as known parameter. In the
last model, the filtration velocity is caculated using observed pressure difference as input.

3. Methods

All these models consider vessel blood flow as an axisymmetric tube with a 60% arterial stenosis. The
basic model is shown in Fig. 1 [8]. In this figure, Li is the upstream length proximal to the constriction
and Lo is the distal length downstream from the stenosis. The shape of the stenosis is described by
Eq. (1).

R(x) = 1 − λe−ζx2
(1)

Where ξ = 5, 0.163 � λ � 0.368 and |x| � 4. λ is the cross-sectional area reduction of stenosis
[(Ai − As)/Ai] and in the present study is set to 0.368 [9].

The blood is considered as a homogenous incompressible fluid. The blood flow in the arterial lumen
is described by the continuity, momentum, and mass transfer equations

∇ · �u = 0 (2)

ρ
D�u
Dt

= −∇p + μ∇2�u (3)

Fig. 1. Geometry of the axisymmetric arterial stenosis.
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∂C

∂t
+ �u · ∇C = D∇2C (4)

where �u is the velocity vector, p is the hydraulic pressure, C is the LDL concentration, ρ, μ, and D are
the fluid density, the dynamic viscosity, and the diffusivity coefficients, respectively.

The Carreau model for the non-Newtonian fluid is used [10].

μ = μ∞ + (μ0 − μ∞)
(
1 + (Aγ )2

)n
(5)

Where μ∞ and μ0 are the lower and upper values of the viscosity in Carreau model taken as
0.0345 gr/cm s and 0.56 gr/cm s, respectively. A and n are the constant values set to 3.313 s and −0.5316,
respectively, and γ is the effective deformation rate [11].

In the first model, the wall is simplified with suitable conditions described following.
A fully developed velocity profile is used at the inlet

u∗(0, r, t) = 2u(t)

(
1 −

(
r

R0

)2)
, 0 � r � R0 (6)

where u(t) is the time-dependent mean velocity approximated by first 17 harmonic wave functions of
carotid artery shown in Fig. 2 [4], and R0 is the lumen radius.

The other initial and boundary conditions are given in Eq. (7).

u(x, R0, t) = 0, v(x, R0, t) = vw,

u(0, r, t) = u∗, C(0, r, t) = C(x, r, 0) = 1
(7)

The first two conditions are no-slip and permeable wall conditions, respectively. The last three conditions
are the inlet velocity, concentration boundary conditions, and concentration initial condition. At the inlet,
the flow is assumed unidirectional, and the amount of the concentration is assumed uniform.

Fig. 2. Time dependent velocity at inlet [4].
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Since no LDL can pass through the arterial wall, the balance between convective and diffusive trans-
port at the luminal surface is determined as follows:

D
∂C

∂n
= Cwvw (8)

where vw is the filtration velocity and set to 4 × 10−6 cm/s [12].
The second model is a fluid-wall model and includes a fluid and solid domain that considers fluid-

structure interaction and 60% stenosis described by Eq. (1).
The governing equations of the fluid including conservation of mass, momentum and mass transfer

equations are demonstrated by Eqs (1)–(5).
All of the fluid boundary conditions are the same as the conditions applied for previous model

(Eqs (7) and (8)) but structure’s one degree of freedom requires additional boundary condition as a
time-dependent pressure in inlet shown in Fig. 3 [13,14].

The wall is modeled as the elastic solid with Yang’s modulus, 6 MPa, Poisson’s ratio of 0.45, and
constant density of 1.057 gr/cm3 [7,15]. The solid movement allowed just in the radial direction while
one point from the wall is fixed in space (see Fig. 4). The kinematic, dynamic, and no-slip conditions
are also applied to the fluid-structure interfaces [16].

�ds = �df (9)

n · �τf = n · �τs (10)

�vf = �̇ds (11)

Fig. 3. Time dependent pressure at inlet [15].

Fig. 4. The applied boundary conditions for solid model.
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where �df and �ds are the fluid and solid displacements, �τf and �τs are the fluid and solid stresses, respec-
tively, and �vf is the fluid velocity. In ADINA8.8 software, the fluid and solid models are coupled and
by the kinematic conditions, the nodal positions of the fluid on the common interfaces of the fluid and
the structure are determined according to the dynamic condition, the fluid force along the interfaces is
obtained by integrating of the fluid traction and exerting it on the structural node [16].

−−→
F(t) =

∫
hd �τf · −→

ds (12)

where hd is the virtual quantity of the solid displacement.
The third model is a fluid-wall model and includes three domains: lumen fluid, porous solid, and fluid

through a porous medium. In this model, besides coupling of the lumen fluid and the solid on their
common interface, the porous solid and fluid through a porous medium are coupled.

The governing equations of fluid are the same equations of the fluid as two former models. The fluid
through porous medium is described by continuity and Darcy-Forchheimer equations [17–19]

∇ · up = 0 (13)

∇p = −βρ|up|up − μp

κ
up (14)

Where up and μp are velocity and dynamic viscosity of fluid in a porous medium, respectively. κ and β

are permeability of fluid and Forchheimer coefficient, respectively.
Unlike the former model that fluid-structure interaction are only applied on the common interface

of solid and fluid, in this example, the fluid and structural variables are coupled to the entire porous
medium.

The total Cauchy stress [20] in the solid model is given by Eq. (15).

τ total
s = τs−pI (15)

Where −pI is the microscopic fluid stress added to the structural model. Equation (9) governs the whole
porous medium as fluid, and solid displacements are equal. Considering the deformation of the wall, the
porosity and accordingly its permeability could be changed. In ADINA software with assuming that the
volume change of solid model is much smaller than the fluid model, the porosity and permeability of
fluid are obtained by the following equations:

φ = 1 − J0

J
(1 − φ0) (16)

κ = φ

φ0
κ0 (17)

Where φ, J , and κ are the porosity, geometrical element Jacobian, and fluid permeability, respectively.
Subscript 0 in all mentioned parameters indicate to the quantities at the initial reference configuration.
The values of the main parameters required for solid and fluid are provided in Table 1. Media layer of
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Table 1

The values of key parameters required of solid and fluid for the third model

The first model The second model The third model
Number of the grids for fluid model 45115 square elements 18000 square element 20668 triangular elements
Number of the grids for solid model 360 square element 1280 square elements
Number of the cycles 140 5 one cycle
Convergence criterion 10−6 10−6 10−6

Maximum number of iterations 1000 1000 1000
Maximum number of fluid-structure
iterations

50000 50000

Time step (s) 0.05 0.002 0.002

Fig. 5. The computation domain of the third model.

the blood vessel is the thickest layer, therefore, its property is implemented for the other layers. The
chemical reactions are neglected in this layer.

Figures 4 and 5 show the boundary conditions of solid and fluid, respectively. Inlet time-dependent
pressure is shown in Fig. 3. Unlike two previous models for the porous wall, filtration velocity is an
unknown variable and must be calculated. Similar to the former model, the boundary conditions of FSI
described by Eqs (9)–(11) are applied on the common interface of solid and fluid into the lumen.

The calculation is carried out using ADINA8.8 software based on finite element method which are
applied for all models. The differential equations are solved by the Newtonian-Raphson iterative method.

For the first model, the size of grids near the wall is reduced where there is a high gradient of variables.
This size changing is not applied to the second and third models with FSI condition, because some mesh
elements become very deformed in FSI analysis. To investigate this problem, we reduced the size of
grids in whole stenosis region. The concentration field gets steady periodic state after 140 cycles for the
first model. The solution process for two other models takes more time and for this reason, the results
are obtained for fewer cycles.

The parameters required for mesh configuration and numerical solution such as grid numbers, conver-
gence criterion, time step, and periodic time are shown in Table 2.
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Table 2

The parameters required for mesh configuration and numerical solution for
the third model [8,9]

Lumen Media
Density, ρ (kg/cm3) 1.05 1.057
Diffusivity, D (cm2/s) 2.867 × 10−7 5 × 10−10

Elasticity (MPa) 6
Permeability, κ0 (cm2) 2 × 10−14

Porosity, φ0 0.258
Thickness (cm) 0.35 0.0214
Viscosity, μ (kg/cm s) 0.035 0.0072

Fig. 6. The comparison of LSC variations along a simple geometry of arterial wall with analytical solution of Johnson et al. [13].

Fig. 7. Comparison of LSC variations for a simple tube.
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(a)

(b)

(c)

Fig. 8. Velocity contour at peak velocity in inlet (a) first model (b) second model (c) third model.

4. Results

To validate the applied numerical method, the Newtonian and non-Newtonian fluids in a simple artery
under steady state flow are compared with the analytical solution of Johnson et al. [21] for a Newtonian
fluid. The analytical results confirm the simulation results illustrated in Fig. 6. In Fig. 7 lumen surface
concentration (LSC) under pulsatile flow are also compared with the numerical solution of Fatouraee et
al. [4] and Fazli et al. [22]. As Figs 6 and 7 show, due to the concentration polarization phenomenon, a
thin concentration boundary is formed in the length of arterial wall [23]. Figure 8 illustrates the velocity
profile of the Newtonian fluid for all of the models in maximum inlet velocity time. The results show that
the Reynolds number reaches a critical number and consequently a vortex is formed distal to stenosis in
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Fig. 9. Axial LSC variations for the wall-free Newtonian and non-Newtonian models.

Fig. 10. Axial LSC variations for the fluid-wall Newtonian and non-Newtonian models.

the wall-free model (Fig. 8(a)). According to the velocity profile shown in Figs 8(b) and 8(c), no vortex
is formed distal to stenosis for fluid-wall models, although the amount of shear stress decreases in this
region. It seems that the wall motion prevents the vortex formation.

The mean LSC variations in the wall for all three models are shown in Figs 9–11, respectively. As can
be seen, a thin layer is formed close to wall for all three models.

However, in the wall-free model, the concentration arbitrates high amount distal to stenosis where
the flow separation point occurs, and the shear stress vanishes. Same variations are seen for the second
and third models, and the concentration increases distally to stenosis where it seems shear stress has
decreased, although no vortex has formed. Figure 12 shows maximum shear stress variations for the
third model. As can be seen in Fig. 12, the change of shear stress values is much in the stenosis region
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Fig. 11. Axial LSC variations for the fluid-wall Newtonian and non-Newtonian models.

Fig. 12. Time-average maximum WSS along arterial wall for the third model.

while these variations decrease after the stenosis region. By comparison between Figs 11 and 12, it can
be seen that LSC increases in the regions that shear stress reaches to minimum value. Time averaged
concentration profiles within the wall in the stenosis region are also shown in Fig. 13. In this case,
the filtration velocity is an unknown parameter and must be calculated. Figure 14 shows the filtration
velocity along the wall. In the vicinity of the stenosis region, a decrease in cross section of the artery
resulted in diminution of the pressure and consequently filtration velocity increase. Then by increasing
cross section and accordingly pressure, velocity decreases and after the stenosis, it reaches an almost
to a constant value. As can be seen in Figs 9 and 10, the values of LSC for wall-free model are more
than the values for the fluid-wall model. Comparison between the maximum wall shear stresses of both
models shown in Fig. 15 confirms this result because the wall shear stress values for wall-free model are
less than the values of the fluid-wall model.
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Fig. 13. Time-average concentration variations within wall for the third model.

Fig. 14. Time-average filtration velocity along the arterial wall.

As Figs 9–11 confirm the values of LSC for Newtonian fluid are more than non-Newtonian fluid. It
seems that shear stress as an effective factor has appeared here and the more shear stress values for the
non-Newtonian fluid have caused this result. Although difference of the LDL concentration between
Newtonian and non-Newtonian models in the third model is not considerable. It seems that low shear
stress difference between Newtonian and non-Newtonian models could be a reason (Fig. 12). The shear
stress values of the non-Newtonian fluid for the wall-free model are less than the values for the fluid-wall
model. Hence, the values of LSC in the wall-free model are more than another model. Figure 13 shows
concentration variations within the wall for Newtonian and non-Newtonian models. Actually, because
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Fig. 15. Maximum wall shear stress for Newtonian fluid in wall-free (first model) and fluid-wall (second model).

of low permeation of fluid into the wall, the effectiveness of Newtonian or non-Newtonian assumption
of fluid on LDL concentration is not considerably enough.

5. Conclusions

Three models of arterial stenosis with and without considering effects of FSI to investigate the LDL
transport under pulsatile flow are simulated. In this study, LSC variations for the Carreau non-Newtonian
fluid model are compared by Newtonian model. The simulation results confirm the significant effect of
FSI on the LDL transport. In addition, the effects of the non-Newtonian on LSC assumption of blood
fluid are considerable for the first and second models, especially in stenosis region where there are most
variations. However, the effect of this assumption on LDL concentration into the wall is not negligible
in these models, while in the third model, the effects of non-Newtonian assumption are unimportant.
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