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Abstract
In this research, the natural frequency responses of joined hemispherical–cylindrical–conical shells made of composite 
three-phase materials have been dealt with in the framework of First-Order Shear Deformation Theory (FOSDT). The joined 
hemispherical–cylindrical–conical shells are assumed to be made of hybrid porous nanocomposite material with three phases 
including a matrix of epoxy, macroscale carbon fiber, and nanoscale 3D Graphene Foams (3GFs). For getting the equivalent 
mechanical properties of the Hybrid Matrix (HM) including polymer epoxy and 3GFs, the well-known rule of the mixture 
is used. In addition, the effect of porosity throughout the HM is considered using two novel and one well-known porosity 
distribution pattern. Moreover, the HM is reinforced with transversely isotropic macroscale carbon fibers in which the Hal-
pin–Tsai scheme is used for multiscale homogenization procedure. The governing equations of motion associated with hybrid 
porous nanocomposite joined hemispherical–cylindrical–conical structures are figured out by implementing Donnell-type 
shell formulation and Hamilton’s approach. Moreover, an efficient and well-known semi-analytical solution method entitled 
Generalized Differential Quadrature Method (GDQM) is employed to solve the governing differential equations. To verify 
the proposed formulation some well-known benchmarks, especially those are composed of homogenous materials have been 
analyzed, and a good agreement has been achieved. Besides, some other new and applicable problems are considered to 
investigate the effects of different parameters including various boundary conditions, patterns of porosity distributions, and 
geometric properties of structure on the vibration behavior of joined shells.

Keywords  Free vibration · Hemispherical–cylindrical–conical shell · Multiscale analysis · Nanoscale 3D graphene foams · 
Halpin–Tsai · Porosity · GDQM

1  Introduction

Shell structures are widely used in the engineering industry, 
some examples are pressure tanks, submarine and ship hulls, 
plane wings and hulls, pipes, outer surfaces of rockets, vehi-
cle tires, reinforced concrete roofs, and liquid tanks. Hence, 
the shell structures having different geometric properties 

have extensively attracted the attention of many researchers 
in various fields of modern technology [1–22].

The vibration behavior of shell structures has been 
studied for several decades using many shell theories and 
formulations. The shell structures usually confront more 
complicated dynamic behaviors due to the curvature and 
thickness. Therefore, it is believable that axial constraints 
can be effective in the predominantly radial mode. There-
fore, much research has been implemented to study the lin-
ear and nonlinear vibrations of homogenous and compos-
ite shell structures with different geometries. In addition, 
there are three different schemes including analytical, semi-
analytical, and numerical to solve the governing equations. 
Among them, semi-analytical approaches have fascinated 
the interest of many researchers because of their higher 
potential and lower time and computational costs. To solve 
the complex Partial Differential Equations (PDEs), different 
numerical approximation methods are categorized into two 
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approaches including numerical analysis and semi-analytical 
solutions. The Finite-Element Method and Finite-Difference 
technique are numerical analyses used for solving different 
complicated PDEs associated with various types of structure 
[23–28]. Due to the requirement of many elements or inter-
vals in these approaches, the computational time is too high. 
Other techniques have been designed to minimize computing 
time by applying lesser meshes. Liew et al. [29] studied the 
free vibration of conical shells utilizing the Ritz method. Irie 
et al. [30] obtained the natural frequencies of conical shells 
with variable thickness. Civalek [31] proposed a discrete 
singular convolution method to investigate the vibration 
of rotating conical shells. Differential Quadrature Method 
(DQM), which is a special case of the finite difference 
method, is one of the most applicable semi-analytical solu-
tion methods for mechanical problems and it was introduced 
by Bellman et al. [32] for the first time. Then, Shu and Rich-
ards [33] overcame the drawbacks of DQM by proposing 
the Generalized Differential Quadrature Method (GDQM), 
which has been using by many researchers in different 
problems of engineering [34–37]. Du et al. [38] employed 
this method for structural analysis first and foremost. Shu 
[39] calculated the responses of conical shells employing 
GDQM. Bagheri et al. [40] used this efficient method for 
solving different PDEs of the free vibration problem of the 
conical shell. Moreover, the behavior of simple cylindrical 
shells with different boundary conditions was investigated 
numerically in various studies [41–43]. Furthermore, the 
buckling load and natural frequencies of conical shells with 
different boundary conditions were also investigated numeri-
cally in many other studies [44–50]. Lam et al. [51] analyzed 
the vibration of the truncated conical panels with different 
boundary conditions using GDQM. Hua and Lam [52, 53] 
used GDQM to implement the rotating effect on frequencies 
of conical shells. Viola and Artioli [54] used GDQM for 
the modal analysis of FSDT curved shells. Artioli and his 
coworkers [55, 56] examined the mechanical behaviors of 
the isotropic homogenous conical shells based on the Reiss-
ner–Mindlin hypothesis and applying GDQM.

Joined shells are alternative types of shell structures 
in which two or more shells with different geometries are 
coupled with each other. These types of structures have a 
wide range of applications in many fields of engineering, 
especially aerospace, mechanical, ocean, nuclear, and civil 
engineering. Irie et al. [57] presented the pioneer study on 
the free vibration analysis of joined conical–cylindrical 
shells. Kamat et al. [58] employed the principles of Bolotin’s 
method for analyzing the laminated composite joined coni-
cal–cylindrical structures. Lee et al. [59] used Flugge shell 
theory and Rayleigh’s energy method to obtain the vibration 
parameters of joined cylindrical–spherical shell structures. 
Wu et al. [60] determined the vibration characteristics of 
spherical–cylindrical–spherical structures applying Fourier 

series and Chebyshev polynomials displacement functions 
as admissible displacement fields in the framework of Reiss-
ner–Naghdi’s thin shell theory. Bagheri et al. [61] utilized 
the GDQM for examining the natural frequencies of homo-
geneous joined conical–conical shells. Bagheri et al. [62] 
obtained the natural frequency of the coupled conical–cylin-
drical–conical shells implementing GDQM. Li et al. [63] 
studied the vibration of the coupled spherical–cylindrical 
structure applying the Ritz technique. Pang et al. [64] solved 
the governing equations of free vibration of spherical–cylin-
drical–spherical shells having arbitrary boundary conditions 
simulated with the penalty method using the Rayleigh–Ritz 
method. Rezaiee-Pajand et al. [65] reported the vibration 
parameters of functionally graded carbon nanotubes coupled 
with conical–conical shells employing the GDQM. Further-
more, numerical solutions have also been presented for these 
types of structures [66–68].

During recent decades, composite materials have been 
widely used in many structures of engineering because 
of their superior properties such as high strength and low 
weight. These advantages attracted the attention of several 
researchers to study the mechanical behaviors of composite 
structures having different geometries in micro/macro scales 
[69–73]. Composites can be manufactured in several ways, 
one of these ways is the construction of isotropic-nonho-
mogeneous composite having three parts two nano- and a 
macro-scale material. These phases include a matrix is made 
of polymer, macro-, and nano-measure fibers. The mixture 
of polymer matrix and nanoscale fiber augmentation is iden-
tified as Hybrid Matrix (HM). Rafiee et al.[74] performed 
geometrically nonlinear analysis of plates made of hybrid 
nanocomposite piezoelectric materials in the framework 
of the first shear deformation theory. Ebrahimi and Habibi 
[75] investigated the nonlinear thermomechanical behavior 
of hybrid nanocomposite plates using the multiscale method. 
Gholami and Ansari [76] studied the nonlinear bending 
behavior of multiscale hybrid nanocomposite plates adopt-
ing von Kármán principles. Dabbagh et al. [77] obtained 
the natural frequencies of multiscale hybrid nanocomposite 
beams using the Finite-Element Method (FEM). Karimiasl 
et al. [78] performed the dynamic hygro-thermomechanical 
analysis of doubly curved structures made of hybrid nano-
composite materials. The production of nanocomposites 
involves several complex steps, and some technical problems 
may be met in the manufacturing process of nanocompos-
ites that cause porosity. The presence of porosities inside 
nanocomposites results in the decrease of the strength of the 
material. Therefore, the examination of the effect of porosity 
on the structures is a major issue [79–85].

As a result of the search of open literature, it is seen that 
the vibration of joined hemispherical–cylindrical–conical 
shells composed of hybrid porous nanocomposite materials 
has not been studied yet. Especially, the effects of the use 
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of distinct types of composite materials and various mul-
tiscale homogenization approaches have not been investi-
gated. Besides, three-phase hybrid nanocomposite materi-
als in many structures, especially shell-like structures still 
need to be developed numerically, while the stated issue 
can be solved using an efficient semi-analytical solution 
method of GDQM. For this context, the free vibration anal-
ysis of hybrid porous nanocomposite joined hemispheri-
cal–cylindrical–conical composite shells is examined using 
a semi-analytical solution approach in this paper. First, the 
considered hybrid porous nanocomposite material, i.e., a 
three-phase composite material is made of two main parts 
including Hybrid Matrix (HM) and transversely isotropic 
macroscale AS4 carbon fiber, is defined, and the related 
formulations are obtained. Namely, parts of the composite 
shell are homogenized using the well-known Halpin–Tsai 
multiscale approach, as well as the rule of mixture method 
is employed to obtain the equivalent mechanical proper-
ties of HM, which is manufactured by 3502-epoxy polymer 
and nanoscale 3D Graphene Foams (3GFs). After figuring 
out the equivalent mechanical and physical attributes to the 
three-phase material, the governing equations of motion 
of joined composite shell are derived applying Donnell’s 
shell theory and Hamilton’s principles. Then, the govern-
ing differential equations of motion are numerically solved 
using the well-known semi-analytical method of GDQM. 
The solution procedure is completely presented. A com-
puter program is developed using this procedure to unravel 
the diverse complex and enforceable moot points. Finally, 
several examinations are considered to confirm the given 
formulation and procedure. Further, some other new, com-
plex, and applicable joined shell problems with different 
geometric, material, and boundary conditions are examined 
to affirm the authenticity, accuracy, and sufficiency of the 
recommended formulation as well.

2 � The properties of the Hybrid Matrix

HM are manufactured in two parts including polymer and 
nanofiller synthesizers. In this study, the polymeric 3502-
epoxy resin is utilized for the polymer part of HM material 
[86]. Nanofiller materials are classified into several types, 
and 3D Graphene Foam (3GF) is one of the nanofillers 
that can be used in hybrid materials. In addition, the 3GFs 
enhance the performance and mechanical properties of HM 
materials.

The equivalent mechanical properties of HM are fig-
ured out by utilizing the well-known rule of the mixture as 
follows:

(1)E0
HM

= Em(1 − VGr) + EGrVGr

where Em , EGr , and E0
HM

 represent Young’s modulus of the 
matrix, 3GFs, and HM, respectively. Besides, the density 
of HM, matrix, and 3GFs are shown with �0

HM
,�m and �Gr , 

respectively. On the other hand, �0
HM

 , �m and �Gr represent 
Poisson’s ratio of HM, matrix, and 3GFs, respectively.

The volume fraction of 3GFs is calculated as follows:

where wGr defines the weight fraction of 3GFs.
Note that the total volume fraction of 3GFs and matrix 

is equal to one based on the rule of mixture ( VGr + Vm = 1).
The shear module of HM is found as follows:

In this study, three different patterns are used to dem-
onstrate the distribution of porosity in 3GFs and polymers 
constructing HM material. These porosity skeleton forms 
are defined as pattern-I, pattern-II, and pattern-III [87–89].

It is worthy to mention that the mechanical properties of 
HM are influenced by the porosity distribution along with 
the thickness of the structure.

To determine the mechanical properties of HM regarding 
porosity pattern-I, the following expressions can be given 
as follows:

where Young’s and shear modulus, and density of porous 
HM using pattern-I are defined as EI

HM
 , GI

HM
 , and �I

HM
 , 

respectively. Moreover, �I and �I are Young’s modulus and 
density factors of porosity about pattern-I.

Figure 1 depicts the variation of Young’s modulus and 
density of porous HM according to pattern-I along the thick-
ness direction.

The mechanical and physical properties of HM according 
to the pattern-II distribution of porosity along the thickness 
can be given as follows:

(2)�0
HM

= �m(1 − VGr) + �GrVGr

(3)�0
HM

= �m(1 − VGr) + �GrVGr,

(4)VGr =
wGr

wGr + (�Gr
/
�m) − wGr(�Gr

/
�m)

,

(5)G0
HM

=
E0
HM

2(1 + �0
HM

)
.

(6)EI
HM

(�) = E0
HM

[
1 − �I cos

(
��

h

)]

(7)GI
HM

(�) = G0
HM

[
1 − �I cos

(
��

h

)]

(8)�I
HM

(�) = �0
HM

[
1 − �I cos

(
��

h

)]
,
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where EII
HM

 , GII
HM

 and �II
HM

 , respectively, represent the 
Young’s and shear modulus, and density of porous HM about 
the pattern-II. The factors of Young’s modulus and density 
for the pattern-II are defined with �II and �II , respectively.

(9)EII
HM

(�) = E0
HM

{
1 − �II

[
1 − cos

(
��

h

)]}

(10)GII
HM

(�) = G0
HM

{
1 − �II

[
1 − cos

(
��

h

)]}

(11)�II
HM

(�) = �0
HM

{
1 − �II

[
1 − cos

(
��

h

)]}
,

The variation of Young’s modulus and density of HM 
including porosity according to the pattern-II along the 
thickness is illustrated in Fig. 2.

The mechanical and physical properties of porous HM 
according to the pattern-III distribution of porosity can be 
given as follows:

(12)EIII
HM

= E0
HM

�III

(13)GIII
HM

= G0
HM

�III

(14)�III
HM

= �0
HM

�III.

Fig. 1   The variation of (a) Young’s modulus and (b) density of 
porous HM according to pattern-I along the thickness direction

Fig. 2   The variation of (a) Young’s modulus and (b) density of 
porous HM according to pattern-II along the thickness direction
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The variation of Young’s modulus and density of HM 
including porosity according to the pattern-III along the 
thickness is illustrated in Fig. 3.

The relation between Young’s modulus of HM and porous 
HM with the density of HM and porous HM for each pat-
tern of porosity distribution can be found with the following 
expression [90–93]:

On the other hand, the relation between the elastic modu-
lus and density factors in each pattern of porosity distribu-
tion can be found as follows:

(15)
Ei
HM

(z)

E0
HM

=

(
�i
HM

(z)

�0
HM

)2.73

for i = I, II, III

In addition, the relations between Young’s modulus fac-
tors of each pattern of porosity distribution with the other 
can be determined as follows:

Table 1 reports the values of Young’s modulus factors of 
all three patterns versus Eq. (17). It is observed that the val-
ues of �II enhanced with the increasing the values of �I , and 
the values of �II tends to ( ∼ 1 ). The domain of �I is assigned 
to be [0, 0.65].

The mechanical properties of 3D Graphene Foams and 
3506-epoxy resin materials are reported in Table 2.

3 � Homogenization of HM with AS4 carbon 
fibers

The special type of materials is formed in three phases by 
mixing polymeric matrix, macro-filler fiber, and micro-filler 
3GFs. Therefore, HM material can be reinforced with fibers. 
In addition, HM material is reinforced with the use of mac-
roscale particles which can improve the mechanical proper-
ties of HM. Multiscale analysis can be used to find the effec-
tive mechanical properties of this type of material. The 

(16)

⎡⎢⎢⎢⎢⎢⎣

1 − �I cos

�
�z

h

�
= 2.73

�
1 − �I cos

�
�z

h

�
Pattern − I

1 − �II

�
1 − cos

�
�z

h

��
= 2.73

�
1 − �II

�
1 − cos

�
�z

h

��
Pattern − II

�III =
2.73
√
�III Pattern − III

.

(17)

⎡⎢⎢⎢⎢⎢⎣

h

2∫
0

2.73

�
1 − �II

�
1 − cos

�
�z

h

��
dz =

h

2∫
0

2.73

�
1 − �I cos

�
�z

h

�
dz

h

2∫
0

2.73
√
�III dz =

h

2∫
0

2.73

�
1 − �I cos

�
�z

h

�
dz

.

Fig. 3   The variation of (a) Young’s modulus and (b) density of 
porous HM according to pattern-III along the thickness direction

Table 1   The coefficient of 
porosity patterns

�
I

�
II

�
III

0.1 0.1734 0.9360
0.2 0.3426 0.8713
0.3 0.5065 0.8085
0.4 0.6637 0.7391
0.5 0.8112 0.6711
0.6 0.9432 0.6012
0.65 0.9976 0.5653

Table 2   The mechanical properties of nanofiller and matrix materials

Material E(Gpa) � �(kg∕m3)

3D Graphene Foams 1020 0.3 2300
3501-6 epoxy resin (Matrix) 4.2 0.34 1265
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mechanical properties of the fibers can be categorized into 
three groups of isotropic, transversely isotropic, and aniso-
tropic materials. Transversely isotropic AS4 carbon fibers 
have continuous, high strength, high strain, and PAN-based 
properties. Therefore, it can be employed for improving the 
behavior of HM materials [86]. Based on this, Young’s 
modulus of transversely isotropic fiber can be assumed to be 
E1
fiber

,E2
fiber

= E3
fiber

 . In addition, the shear modulus of this 
group is represented with G23

fiber
,G12

fiber
= G13

fiber
 . Furthermore, 

�12
fiber

= �13
fiber

, �23
fiber

 represent Poisson’s ratio of transversely 
isotropic fibers.

There are many multiscale techniques, Halpin–Tsai is 
one of these methods which is employed in this research 
to evaluate the equivalent three-phase material mechanical 
properties. On the other hand, the Halpin–Tsai homogeni-
zation approach determines the mechanical properties of 
three-phase materials by utilizing Hill’s Young’s modulus 
parameters [94–98].

Appropriately, Hill’s parameters of HM material are cal-
culated as follows:

On the other hand, Hill’s factors of transversely isotropic 
AS4 carbon fiber are given as follows:

(18)kHM =
Ei
HM

2(1 − �0
HM

− 2(�0
HM

)2)
for i = I, II, III

(19)

lHM =
�0
HM

Ei
HM

(1 − �0
HM

− 2(�0
HM

)2)
= 2�0

HM
kHM for i = I, II, III

(20)

mHM = Gi
HM

=
Ei
HM

2(1 + �0
HM

)
= (1 − 2�0

HM
)kHM for i = I, II, III

(21)

nHM =
(1 − �0

HM
)Ei

HM

(1 − �0
HM

− 2(�0
HM

)2)
= 2(1 − �0

HM
) kHM for i = I, II, III

(22)
pHM = Gi

HM
=
(
1 − 2�0

HM

)
kHM = mHM for i = I, II, III.

(23)kfiber =
E2
fiber

2
(
1 − �23

fiber
− 2�21

fiber
�12
fiber

)

(24)lfiber =
�12
fiber

E2
fiber(

1 − �23
fiber

− 2�21
fiber

�12
fiber

) = 2�12
fiber

kfiber

In addition, the effective Hill’s parameters in terms of 
HM and AS4 carbon fibers are obtained as follows:

The effective mechanical properties of three-phase mate-
rial are determined employing the Halpin–Tsai approach 
with the following expressions:

(25)mfiber =
E2
fiber

2
(
1 + �23

fiber

) =
1 − �23

fiber
− 2�21

fiber
�12
fiber

1 + �23
fiber

kfiber

(26)

nfiber =
E1
fiber

(
1 − �23

fiber

)

1 − �23
fiber

− 2�21
fiber

�12
fiber

= 2
(
1 − �23

fiber

)E1
fiber

E2
fiber

kfiber

(27)pfiber = G12
fiber

.

(28)

keff =
kHM(kfiber + mHM)(1 − Vfiber) + kfiber

(
kHM + mHM

)
Vfiber(

kfiber + mHM

)(
1 − Vfiber

)
+
(
kHM + mHM

)
Vfiber

(29)

leff =Vfiberlfiber + (1 − Vfiber)

+
lfiber − lHM

kfiber − kHM
(keff − Vfiberkfiber − (1 − Vfiber)kHM)

(30)meff = mHM

2Vfibermfiber(kHM + mHM) + 2(1 − Vfiber)mfibermHM + (1 − Vfiber)kHM(mfiber + mHM)

2VfibermHM(kHM + mHM) + 2(1 − Vfiber)mfibermHM + (1 − Vfiber)kHM(mfiber + mHM)

(31)

neff =Vfibernfiber + (1 − Vfiber)nHM

+

(
lfiber − lHM

kfiber − kHM

)2

(keff − Vfiberkfiber − (1 − Vfiber)kHM)

(32)
peff =

(pfiber+pHM)pHM(1−Vfiber)+2pfiberpHMVfiber

(pfiber+pHM)(1−Vfiber)+2pHMVfiber

pfiber = G12
fiber

.

(33)Eeff
1

= E1
fiber

Vfiber + Ei
Hm

(1 − Vfiber) for i = I, II, III

(34)Eeff
2

=
4(neffkeff − l2

eff
)meff

(keff + meff)neff − l2
eff

(35)�eff
12

= �12
fiber

Vfiber + �0
Hm

(1 − Vfiber)

(36)G12
eff

= G13
eff

= peff

(37)G23
eff

= meff

(38)�eff = �fiberVfiber + �i
Hm

(1 − Vfiber) for i = I, II, III.
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The mechanical properties of the transversely isotropic 
AS4 carbon fibers material are reported in Table 3.

The variation of engineering constants of 3506-epoxy 
resin-AS4 carbon fibers-3D Graphene Foams three-phase 
material along the thickness direction of the joined shell is 
illustrated in Fig. 4 for two different patterns of porosity.

4 � The fundamental relations 
and expressions

One of the most applicable shells is joined shell structures 
due to their superior performance and high proficiency, and 
the joined hemispherical–cylindrical–conical structure is 
one of these structures. The joined shells have wide applica-
tions in aerospace, mechanics, and civil engineering. On the 

Table 3   The mechanical 
properties of carbon fiber 
material

Material E
1
fiber

(GPa) E
2
fiber

(GPa) �12
fiber

�23
fiber

G
12
fiber

(GPa) �fiber(kg∕m
3)

AS4 Carbon fiber 225.0 15.0 0.2 0.07 15.0 1790

Fig. 4   The variation of equivalent mechanical properties along the thickness direction of joined shell, (a) longitudinal Young’s modulus, (b) 
transverse Young’s modulus, (c) in-plane shear modulus, (d) out-of-plane shear modulus
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other hand, employing new forms of materials such as three-
phase hybrid matrix nanocomposite materials can improve 
the behavior of these serviceable structures as well.

Figure 5 depicts the paradigm of nanocomposite three-
phase hybrid porous joined hemispherical–cylindrical–coni-
cal shell.

In this work, the FOSDT and Donnell’s shell theory 
are employed to solve the joined hemispherical–cylindri-
cal–conical shell formulation. Therefore, the displacement 
field of this structure is found as follows:

where Ui
1
,Ui

2
,Ui

3
 define the hemispherical–cylindrical–coni-

cal shell displacements in various directions, respectively. 
In addition, the mid-surface displacements along the direc-
tions of �i, �, � are represented by ui

1
, ui

2
, ui

3
 , respectively. 

Ψi
�
,Ψi

�
 are the mid-surface transversely normal rotations 

about �, �i directions, respectively. The axes of the 

(39)

Ui
1
(�i, �, �, t) = ui

1
(�i, �, t) + �Ψi

�
(�i, �, t)

Ui
2
(�i, �, �, t) = ui

2
(�i, �, t) + �Ψi

�
(�i, �, t)

Ui
3
(�i, �, �, t) = ui

3
(�i, �, t).

for i = co, cy, hs

Fig. 5   The scheme of HM-car-
bon fiber nanocomposite joined 
hemispherical–cylindrical–coni-
cal shell structure

Fig. 6   The geometrical characteristics of joined hemispherical–cylindrical–conical shells
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longitudinal, circumferential, and normal directions of the 
hemispherical–cylindrical–conical shells defined at the mid-
surface are indicated with �i, �, � , respectively. The longitu-
dinal directions for cylindrical and conical parts of this 
structure are defined 0 ≤ �cy ≤ Lcy, 0 ≤ �co ≤ Lco while 
� ≤ �hs ≤ �

2
 is used for the domain of longitudinal direction 

of hemispherical one. Accordingly, the geometrical proper-
ties of joined hemispherical–cylindrical–conical shell struc-
ture are shown in Fig. 6.

The strain fields of hemispherical, cylindrical, and coni-
cal shells in terms of mid-surface strains and curvatures are 
found utilizing Donnell’s approach and FSDT as follows:

where 𝜀̄i
𝜁
, 𝜀̄i

𝜃
 indicate the normal strains of mid-surface along 

with �i, � directions, respectively, while an in-plane shear 
strain is defined by 𝛾̄ i

𝜁𝜃
.𝛾̄ i
𝜁𝜂
, 𝛾̄ i

𝜃𝜂
 represent the out-of-plane 

shear strains. The curvatures of each part of the hemispheri-
c a l – c y l i n d r i c a l – c o n i c a l  a r e  d e p i c t e d  w i t h 
� i
�
,� i

�
,� i

��
,� i

��
,� i

��
 , respectively. The relation between 

strains and displacements of mid-surface of the cylindrical 
part of joined hemispherical–cylindrical–conical can be 
found employing Donnell’s shell theory and FOSDT as 
follows:

On the other hand, the above relation can be re-written in 
the form of the conical part as follows:

Conversely, the hemispherical part mid-surface strain and 
displacement relations can be figured out as follows:

(40)
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(41)
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(42)
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.

The relation between the curvatures and mid-surface dis-
placements of cylindrical part can be expressed using Don-
nell’s shell theory and FOSDT as follows:

Based on these assumptions, the above relation can be 
re-written for the conical part as follows:

The curvatures and mid-surface displacements relation 
related to the hemispherical part is formulated as the fol-
lowing expressions:

The stress–strain relation of the joined hemispheri-
cal–cylindrical–conical shell can be obtained employing 
Hook’s law as follows:

(43)
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(44)
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(47)
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=
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C11(�) C12(�) 0 0 0
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where the Cij is the coefficient of HM nanocomposite porous 
hybrid three-phase material. Due to the porosity of HM 
throughout the thickness of the hemispherical–cylindri-
cal–conical shell, these parameters are written in the terms 
of � as follows:

The force and moment resultants of each part of the hemi-
spherical–cylindrical–conical shell can be obtained applying 
the stresses integration along with the thickness of the shell 
as follows:

where Ni
�
, Ni

�
 are the resultant axial forces while Ni

��
 stands 

for the resultant shear force.Qi
��
,Qi

��
 define the resultant 

transversely shear forces of joined hemispherical–cylindri-
cal–conical shell. The resultant moment and torsion are 
shown via Mi

�
,Mi

�
 and Mi

��
 , respectively. The resultants of 

force and moment of the joined hemispherical–cylindri-
cal–conical shell can be formulated in terms of mid-surface 
strains using a transformation matrix. Substituting Eqs. (40) 
and (47) into Eq. (49), the following expression is found for 
each part of the shell:

In this work, the shear factor � is assumed to be 5
6
 , and the 

stiffness factors 
(
Aij, Āij,

̄̄Aij

)
 are expressed as follows:

(48)
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(50)
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Āij
̄̄Aij

⎤⎥⎥⎦
=

h

2∫
−

h

2

⎡⎢⎢⎣

Cij(𝜂)

𝜂Cij(𝜂)

𝜂2Cij(𝜂)

⎤⎥⎥⎦
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5 � The equations of motion

The joined hemispherical–cylindrical–conical shell-govern-
ing equations of motion are derived by employing Hamil-
ton’s principle and Donnell’s approach in this research [99]. 
The basic formulation of this principle is given by

where �Ki defines the kinetic energy and can be expressed 
for each part of joined hemispherical–cylindrical–conical 
shell as follows:

where (.) indicates the derivative with respect to time.
In addition, �Πi is the strain energy of each segment of 

the structure and expressed as follows:

Based on Hamilton’s principle the following statements 
can be expressed as follows:

Moreover, using Eqs. (50), (52)–(54), performing the 
integration along the thickness direction, and employing 
Green-Gauss theory, the governing differential equations 
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of motion of cylindrical segment of the joined hemispheri-
cal–cylindrical–conical shell is found as follows:

Furthermore, the governing differential equations of 
motion for the conical part of joined hemispherical–cylin-
drical–conical shell can be found using the same above-
mentioned procedure as follows:

On the other hand, the governing equations of motion 
associated to the hemispherical part of the shell can be 
obtained utilizing the similar mathematical operation con-
cerning the others segment of joined hemispherical–cylin-
drical–conical shell as follows:
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cy

2
+ I2Ψ̈

cy

𝜃

𝛿u
cy

3
∶
𝜕Q

cy

𝜁𝜂

𝜕𝜁cy
+

1

R

𝜕Q
cy

𝜃𝜂

𝜕𝜃
−

N
cy

𝜃

R
= I1ü
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cy

2
+ I3Ψ̈

cy

𝜃
.

(57)

𝛿uco
1
∶
𝜕Nco

𝜁

𝜕𝜁co
+

𝜕Nco

𝜁𝜃

𝜕𝜃

1

R(𝜁co)
+

sin(Θ)

R(𝜁co)
(Nco

𝜁
− N

co

𝜃
) = I

1
ü
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ü
co

2
+ I

2
Ψ̈co

𝜃

𝛿uco
3
∶
𝜕Qco

𝜁𝜂

𝜕𝜁co
+

1

R(𝜁co)

𝜕Qco

𝜃𝜂

𝜕𝜃
+

sin(Θ)

R(𝜁co)
Q

co

𝜁𝜂
−

cos(Θ)

R(𝜁co)
N

co

𝜃
= I

1
ü
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It should be noted that the inertia coefficients ( Ii ) of the 
structure can be found as follows:

5.1 � The boundary conditions

According to the type of structures in this study, the bound-
ary conditions are differentiated by various forms. Based on 
this issue, joined shells are assumed to be restrained with 
Clamped (C), Simply supported (S), and Free (F) ends. The 
mathematical expressions of these boundary conditions for 
the ends of the joined hemispherical–cylindrical–conical 
shell structure are given as follows:

(59)
⎡
⎢⎢⎣

I1
I2
I3

⎤
⎥⎥⎦
=

h

2

∫
−

h

2

�
(I,II,II)

eff
(�)

⎡⎢⎢⎣

1

�

�2

⎤
⎥⎥⎦
d�.
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5.2 � Coupling conditions

The coupling conditions of joined hemispherical–cylindri-
cal–conical shells can be found for each part including hemi-
spherical–cylindrical and cylindrical–conical parts. Note 
that these conditions are considered, separately.

First, the displacement conditions at the connection of 
hemispherical–cylindrical shells are given as follows:

Then, the conditions used for movement at the connection 
of cylindrical–conical shells are as follows:

Furthermore, the compatible conditions for result-
ant forces and moments at the connection of hemispheri-
cal–cylindrical can be defined as follows:

(60)

Fhs ∶ Nhs
�
= Nhs

��
= Qhs

��
= Mhs

�
= Mhs

��
= 0

Shs ∶ uhs
1
= uhs

2
= uhs

3
= Mhs

�
= Ψhs

�
= 0

Chs ∶ uhs
1
= uhs

2
= uhs

3
= Ψhs

�
= Ψhs

�
= 0

Fco ∶ Nco
�
= Nco

��
= Qco

��
= Mco

�
= Mco

��
= 0

Sco ∶ uco
1
= uco

2
= uco

3
= Mco

�
= Ψco

�
= 0

Cco ∶ uco
1
= uco

2
= uco

3
= Ψco

�
= Ψco

�
= 0.

(61)

uhs
1
= u

cy

1

uhs
2
= u

cy

2

uhs
3
= u

cy

3

Ψhs
�
= Ψ

cy

�

Ψhs
�
= Ψ

cy

�
.

(62)

u
cy

1
= uco

1
cos(Θ) − uco

3
sin(Θ)

u
cy

3
= uco

1
sin(Θ) + uco

3
cos(Θ)

u
cy

2
= uco

2

Ψ
cy

�
= Ψco

�

Ψ
cy

�
= Ψco

�
.

Moreover, the consistent conditions related to the force 
and moment resultants at the intersection of cylindrical–con-
ical are accessed by

The natural frequencies of joined hemispherical–cylindri-
cal–conical shells can be calculated by solving the governing 
differential equations of motion. Hence, these equations can 
be obtained by applying the relation between the resultants 
of force and the moment in terms of mid-surface displace-
ments. In addition, the following expressions are considered 
for the displacement fields of the structure:

where �n, n are the natural frequency and the circumferential 
wave number of joined shells, respectively.

It should be noted that the governing equations of motion 
of each part of this joined structure can be transformed con-
cerning the Ūi

1
(𝜁i), Ū

i
2
(𝜁i), Ū

i
3
(𝜁i), Ψ̄

i
𝜁
(𝜁i), Ψ̄

i
𝜃
(𝜁i) functions 

utilizing Eq. (65). After that, the obtained governing equa-
tions only depend on the longitudinal direction, which can 
be found for each segment of the joined hemispheri-
cal–cylindrical–conical shell. Accordingly, the natural fre-
quencies of this structure can be determined by solving 15 
equations (5 for hemispherical, 5 for cylindrical, and 5 for 
conical segments), simultaneously. In addition, the related 
equations are given in Appendix I.

(63)
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(64)
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(65)
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for i = co,cy,hs,
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6 � The solution procedure

In this work, the differential equations of motions related 
to the joined hemispherical–cylindrical–conical shell are 
solved by applying a qualified semi-analytical solution, 
namely GDQM. It should also be noted that the GDQM 
technique is used for derivative equations of motion and 
implemented boundary and coupled conditions based on 
using grid points. The GDQM is continued by the Lagran-
gian polynomials and Chebyshev–Gauss–Lobatto to real-
ize weighting coefficients and grid points distribution pat-
tern, respectively. On this basis, the governing equations 
of motion associated with the joined hemispherical–cylin-
drical–conical shell can be written for each grid point as 
follows:

where 
[
ℜdd

]
 and 

[
ℜdd

]
 are interior point stiffness and mass 

matrices, respectively. The inner stiffness matrix due to stiff-
ness of intersection grids is represented by 

[
ℜdc

]
 . In addition, [

Xd

]
 , 
[
Xb

]
 and 

[
Xc

]
 indicate the displacement vector of the 

interior, boundary, and connective conditions, respectively. 
On the other hand, the interior stiffness matrix as a product 
of the stiffness of boundary points is defined by 

[
ℜdb

]
 . It 

should be noticed that five equations are built for each part 
of joined hemispherical–cylindrical–conical shell structure. 
Hence, there are 15 equations for the joined hemispheri-
cal–cylindrical–conical shell. Furthermore, each grid point 
should be filled in these 15 equations. In addition, by apply-
ing GDQM and considering boundary and coupling condi-
tions, the following equations can be defined:

where the stiffness matrices of boundary and connective 
points are represented by 

[
ℜbb

]
 and 

[
ℜcc

]
 , respectively.

Moreover, 
[
ℜbd

]
 and 

[
ℜbc

]
 are the boundary stiffness 

matrices including the stiffness of interior and connection 
points. The connective stiffness matrices caused by the stiff-
ness of interior and boundary grids are shown with 

[
ℜcd

]
 and [

ℜcb

]
 , respectively.

Furthermore, there are ten boundary conditions related 
to the end restrains of the joined hemispherical–cylindri-
cal–conical shell, as well as 20 connection conditions are 
also employed for the structure. Note that there are several 
methods to include the boundary and connection conditions 
in the differential equations of motion.

The governing equations of interior points can be 
obtained by substituting relations (67) and (68) into 
(66). Therefore, the natural frequencies of joined 

(66)

[
ℜdd

][
Xd

]
+
[
ℜdb

][
Xb

]
+
[
ℜdc

][
Xc

]
= �2

n

[
Mdd

][
Xd

]
,

(67)
[
ℜbb

][
Xb

]
+
[
ℜbd

][
Xd

]
+
[
ℜbc

][
Xc

]
= 0

(68)
[
ℜcc

][
Xc

]
+
[
ℜcd

][
Xd

]
+
[
ℜcb

][
Xb

]
= 0,

hemispherical–cylindrical–conical shells are obtained 
applying the eigenvalue of the linear governing equations 
of motion as follows:

in which

Finally, the dimension of the effective stiffness matrix is 
15N − 30 . In addition, N stands for the number of total grids. 
Accordingly, there are 15 grids are employed to the discre-
tization of the shell structures [100]. Afterward, the dimen-
sion of the effective stiffness matrix is found as 195-by-195.

7 � Results and discussion

At first, some comparison studies are performed with the 
available results of open literature to verify the proposed 
formulation. Then, some new, applicable, and complicated 
problems associated with nonhomogeneous and homog-
enous joined hemispherical–cylindrical–conical shells are 
solved numerically to show the high accuracy and capability 
of the proposed formulation. The effects of different bound-
ary conditions, material properties, and geometrical char-
acteristics on the vibrational behavior of joined shells are 
also discussed. Here, F, S, and C represent the free, simply 
supported, and clamped boundary conditions, respectively.

7.1 � Verification study

This example deals to verify the proposed formulation and 
solution method comparing the natural frequency of the 
hemispherical–cylindrical–conical structure having the fol-
lowing geometrical and material properties with the results 
of [66, 68]. The boundary condition of the shell is supposed 
to be F–F:

(69)
|||ℜ

eff − �nM
eff ||| = 0

(70)

[
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]
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+ {
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(−(
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)(
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ℜcb
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(
[
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−
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ℜbc

][
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ℜcb
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)−1

(
[
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Meff
]
=
[
Mdd

]
.

R=1, Lcy=2.5, R1
co
=0.4, h=0.01, Θ=−

�

6
, �=

{
0,

�

6
,
�

4

}

E = 69.58 (GPa), � = 0.31, � = 2700 (kgm−3).
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The results are reported in Table 4. It is seen that there is 
a good agreement between the results of the present study 
and the results of the references.

7.2 � Convergence study

In this example, the results of the natural frequency of the 
joined hemispherical–cylindrical–conical shells are com-
pared with the results of the structure modeled in a com-
mercial FEM software called ABAQUS. This analysis is 
performed under the C–F boundary conditions. The results 
related to the first mode of the circumferential wave number 
of 0, 1, 2, 3, and 4 are reported. The material and geomet-
ric properties of the structure are the same as in the earlier 
example, as well as two different values of thickness includ-
ing 0.02 and 0.05 are considered.

Table 5 reports the natural frequency of the homogenous 
joined hemispherical–cylindrical–conical shells under C–F 
boundary conditions. In addition, the mode shapes of the 
joined shells with thickness value 0.02 are also illustrated 
in Fig. 7.

7.3 � The effect of different patterns of porosity 
distribution

The main goal of this example is to study the effect of 
three different patterns of porosity distribution on the 
natural frequencies of joined hemispherical–cylindri-
cal–conical shells. Different types of boundary condi-
tions are considered in this part. The volume fraction of 
fibers is assumed to equal 0.6. The results associated with 
the first mode of the first ten circumferential waves are 
obtained. The geometric characteristics of the shell are as 
follows:R=1, Lcy=2.5, Lco=1, h=0.01, Θ=−

�

6
, �=

�

6 .

In the first part, the responses related to the boundary 
condition of C–C are presented for different porosity pat-
terns. Table 6 reports the natural frequency of the joined 

shells constructed with hybrid matrix nanocomposite shells 
including porosity with different patterns of distribution.

It is seen that the natural frequencies of the joined shell 
decrease with the increasing porosity factor in all patterns. 
In the second part, different boundary conditions are consid-
ered for the structure with the porosity factor of 0.6. Figure 8 
depicts the variation of the natural frequency of the structure 
with different boundary conditions.

The lowest values of the natural frequency of the joined 
shell are obtained under C–C boundary conditions for the 
first pattern of porosity distribution in the fifth circumferen-
tial wave number, while for the sixth circumferential wave 
in the second and third patterns of porosity distribution. Fur-
thermore, for the boundary conditions of C–F and F–C, the 
lowest frequency of the joined shell is reported for the sec-
ond circumferential wave number for all patterns of porosity 
distribution. This parameter is minimized at the first circum-
ferential wave as the boundary condition of the structure is 
S–F, F–S, or F–F for all patterns of porosity distribution.

7.4 � The effect of the meridional angle 
of the hemispherical part

This example studies the effect of the meridional angle of 
the hemispherical part of the joined shell on the natural fre-
quency of the hybrid porous nanocomposite joined hemi-
spherical–cylindrical–conical shells having the first pattern 
of the porosity distribution with the porosity factor of 0.1, 
as well as the volume fraction of the AS4 carbon fibers is 
equal to 0.6. The geometric properties of the joined shell are 
considered as follows:R=1, Lcy=2.5, Lco=1, Θ=−

�

6 .

At first, the thickness of the structure is assumed to be 
0.01 and different boundary conditions are considered. The 
results are found for the first mode of the first circumferential 
wave number and presented in Table 7.

Then, different values of thickness including 0.01, 
0.02, 0.05, and 0.1 are considered for the C–C joined 

Table 5   The natural frequencies of isotropic joined hemispherical–cylindrical–conical shells under C–F boundary conditions

h n Number of grid points ( N) ABAQUS

5 7 9 11 13 15 17 19

0.02 0 149.2510 146.5910 150.1825 150.1915 150.1936 150.1952 150.1952 150.1952 150.2700
1 26.0189 19.5530 25.1607 26.5698 26.6282 26.6324 26.6324 26.6324 26.6930
2 27.6226 45.1841 47.1832 47.8028 47.8704 47.8260 47.8260 47.8260 47.4240
3 96.6369 93.2448 92.0755 91.6087 91.4263 91.3860 91.3860 91.3860 91.6060
4 97.6731 95.9892 95.2559 95.0182 94.9391 94.9200 94.9200 94.9200 95.9410

0.05 1 149.2690 150.1226 150.2108 150.2249 150.2313 150.2360 150.2360 150.2360 150.3200
2 26.9295 26.9295 29.2559 29.4758 29.5121 29.5200 29.5200 29.5200 29.4640
3 99.3470 103.2937 103.9622 104.1100 104.1286 104.1500 104.1500 104.1500 103.7300
4 136.0406 134.2425 133.6113 133.4485 133.4314 133.4300 133.4300 133.4300 133.7300
5 200.3998 199.4272 199.0741 198.9967 198.9872 198.9100 198.9100 198.9100 199.8400
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hemispherical–cylindrical–conical shell. The results asso-
ciated with the first mode of the first five circumferential 
waves are illustrated in Fig. 9.

It is seen that for all values of the shell thickness, increas-
ing the values of meridional angle of the hemispherical part 
increases the natural frequency of the structure. Moreover, 
the lowest frequency of the structure having the thickness of 
0.01, 0.02, 0.05, and 0.1 is found for the fifth, fourth, third, 
and first circumferential waves, respectively.

7.5 � The effect of shell thickness

This example investigates the effect of thickness variation 
on the natural frequencies of the hybrid porous nanocom-
posite joined hemispherical–cylindrical–conical shells. In 
this example, the first pattern of the porosity distribution 
with the coefficient of 0.1 is employed, the volume frac-
tion of AS4 carbon fibers is also supposed to be 0.6, and 
the following geometric characteristics are considered: 
R=1, Lcy=2.5, Lco=1, Θ=−

�

6
, �=

�

6 .

Fig. 7   The variation of mode shapes of the joined isotropic hemi-
spherical–cylindrical–conical shell under C–F boundary conditions 
(a) occurred in the second wave number (47.424 Hz), (b) occurred in 
the third wave number (91.606 Hz), (c) occurred in the fourth wave 

number (95.941 Hz), (d) occurred in the second mode of third wave 
number (142.99 Hz), (e) occurred in the second mode of the second 
wave number (147.41 Hz)
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At first, all types of boundary conditions are studied, and 
results of natural frequency related to the first circumfer-
ential wave number of the first mode are given in Table 8.

Then, the results of the natural frequency of the hemi-
spherical–cylindrical–conical shells associated with the first 
five circumferential waves of the first mode are obtained for 
the boundary conditions of C–C, C–F, F–C, and F–S and 
illustrated in Fig. 10.

It is noticed that in all cases, increasing the thickness of 
the structure increases the natural frequency of the shell. 
In addition, in the case of the C–C boundary conditions, 
increasing the thickness of the structure causes that the low-
est natural frequency of shell is obtained for the different 
number of circumferential waves. On the other hand, in the 
cases of C–F and F–C and the thickness of 0.01, the low-
est natural frequency is found in the second circumferential 

Table 6   The natural frequencies of the first ten wave numbers of hybrid porous nanocomposite joined hemispherical–cylindrical–conical shell 
versus various porosity patterns

n �
I

0.1 0.2 0.3 0.4 0.5 0.6 0.65

Pattern-I 1 157.8239 155.8979 153.7298 151.2635 148.4231 145.1033 143.2190
2 128.0489 126.6601 125.0819 123.2689 121.1592 118.6673 117.2416
3 97.5455 96.6231 95.5662 94.3417 92.9050 91.1939 90.2091
4 76.4020 75.8290 75.1672 74.3943 73.4796 72.3808 71.7443
5 65.9456 65.5756 65.1490 64.6516 64.0636 63.3579 62.9494
6 66.1468 65.8475 65.5100 65.1252 64.6809 64.1604 63.8648
7 75.4393 75.1157 74.7602 74.3661 73.9249 73.4257 73.1500
8 91.3148 90.9151 90.4819 90.0090 89.4890 88.9128 88.6004
9 111.8682 111.3661 110.8245 110.2368 109.5952 108.8903 108.5110
10 136.0680 135.4469 134.7781 134.0538 133.2650 132.4010 131.9374

n �
II

0.1734 0.3426 0.5065 0.6637 0.8112 0.9432 0.9976

Pattern-II 1 157.8057 155.8487 153.6397 151.1341 148.3151 145.2777 143.8815
2 128.0307 126.6139 125.0005 123.1546 121.0617 118.7951 117.7543
3 97.5086 96.5391 95.4262 94.1435 92.6804 91.0913 90.3638
4 76.2834 75.5696 74.7409 73.7730 72.6513 71.4098 70.8320
5 65.6255 64.8794 64.0052 62.9684 61.7385 60.3271 59.6408
6 65.4951 64.4286 63.1720 61.6651 59.8427 57.6842 56.5914
7 74.3893 72.8245 70.9727 68.7353 65.9955 62.6847 60.9678
8 89.8442 87.7011 85.1577 82.0710 78.2648 73.6142 71.1720
9 109.9557 107.1823 103.8860 99.8760 94.9136 88.8160 85.5938
10 133.6824 130.2259 126.1141 121.1057 114.8960 107.2437 103.1870

n �
III

0.936 0.8713 0.8058 0.7391 0.6711 0.6012 0.5653

Pattern-III 1 157.8218 155.9008 153.7475 151.2987 148.4816 145.1715 143.2750
2 128.0455 126.6581 125.0878 123.2837 121.1854 118.6906 117.2478
3 97.5342 96.6020 95.5375 94.3029 92.8529 91.1108 90.0951
4 76.3606 75.7423 75.0306 74.1982 73.2113 72.0135 71.3094
5 65.8316 65.3334 64.7614 64.0933 63.3020 62.3418 61.7770
6 65.9143 65.3523 64.7149 63.9800 63.1206 62.0913 61.4918
7 75.0649 74.3175 73.4770 72.5166 71.4045 70.0864 69.3252
8 90.7907 89.7971 88.6833 87.4151 85.9521 84.2256 83.2320
9 111.1869 109.9120 108.4844 106.8606 104.9897 102.7848 101.5174
10 135.2183 133.6332 131.8586 129.8407 127.5167 124.7788 123.2055
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wave while this parameter is obtained in the first circumfer-
ential wave for other values of shell thickness.

7.6 � The effect of semi‑vertex angle of the conical 
part

This example examines the effect of variation of the semi-
vertex angle of the conical part on the natural frequency 
of the hybrid porous nanocomposite joined hemispheri-
cal–cylindrical–conical shells. Note that the porosity 

coefficient of the material is assumed to be 0.1, and the 
first pattern of porosity distribution is considered. The geo-
metric characteristics of the structure are also taken to be: 
R=1, Lcy=2.5, Lco=1.

The results of this study are divided into two steps. At 
the first step, the effect of the semi-vertex angle of conical 
on the natural frequency is investigated for two cases. The 
first case is related to the C–C boundary condition with the 
shell thickness of 0.01, 0.05, and 0.1. In the second case, 
the boundary conditions of C–F and F–C are also employed 

Fig. 8   The variation of natural frequencies of the first ten wave numbers of hybrid porous nanocomposite joined shell under different boundary 
conditions, (a) C–C, (b) C–F, (c) F–C, (d) F–F, (e) F–S, (f) S–F

Table 7   The first mode of the 
first wave number of pattern-I 
hybrid porous nanocomposite 
joined hemispherical–
cylindrical–conical versus the 
different meridional angles of 
hemispherical under various 
boundary conditions

� Boundary conditions

C–C C-F C-S S–S S-C S-F F-S F–C

0 115.3722 1.2927 111.6348 111.6339 115.3720 0.8931 3.3966 29.5720
10 148.9506 3.8452 148.6443 142.1999 142.3325 1.5254 4.1589 29.7928
20 153.8924 11.4187 153.3314 149.4188 149.6865 3.5393 4.2331 30.2166
30 157.8239 22.2440 157.0744 155.2812 155.7216 5.6344 4.3083 30.9221
40 162.2994 35.4506 161.4616 161.0268 161.6465 7.3426 4.4826 31.9321
50 167.9736 50.2531 167.1518 167.1204 167.9222 8.2504 4.6742 33.2544
60 174.9892 66.4398 174.2658 173.7948 174.7863 8.0444 4.9094 34.9011
70 183.2798 84.5734 182.7122 181.2005 182.3949 6.5704 5.2102 36.8957
80 192.7422 102.1517 192.3212 189.4869 190.8935 3.8269 5.5649 39.2411
90 202.5815 110.8990 202.1488 198.2221 200.3811 1.1084 4.3587 15.4640
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Fig. 9   The variation of natural frequencies of the first five wave numbers versus hemispherical meridional angle with different shell thicknesses, 
(a) thickness = 0.01, (b) thickness = 0.02, (c) thickness = 0.05, (d) thickness = 0.1

Table 8   The first mode of the 
first wave number of pattern-I 
hybrid porous nanocomposite 
joined hemispherical–
cylindrical–conical versus 
different shell thicknesses under 
various boundary conditions

h Boundary conditions

C–C C–F C–S S–S S–C S–F F–S F–C

0.01 157.8239 22.2440 157.0744 155.2812 155.7216 5.6344 4.3093 30.9216
0.02 164.3776 24.0483 162.0517 159.6518 161.1285 6.9373 5.1623 31.7953
0.03 168.1191 25.5242 164.5078 161.7624 164.0976 7.8828 5.7657 32.3501
0.04 170.7820 26.8357 166.1339 163.1397 166.1518 8.6610 6.1928 32.8206
0.05 172.8655 28.0334 167.3788 164.1842 167.7254 9.3402 6.6084 33.2898
0.06 174.6010 29.1356 168.4161 165.0492 169.0187 9.9415 6.9568 33.7619
0.07 176.1211 30.1605 169.3312 165.8080 170.1431 10.4990 7.2585 34.2438
0.08 177.5064 31.1148 170.1723 166.5007 171.1638 11.0159 7.5580 34.7333
0.09 178.8072 32.0042 170.1723 167.1500 172.1196 11.4931 7.8471 35.2242
0.1 180.0549 32.8394 171.7382 167.7696 173.0338 11.9491 8.1175 35.7145
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with the shell thickness of 0.01. The meridional angle of the 
hemispherical part is taken to be 30°. Figure 11 illustrates 
the natural frequencies of the structure associated with the 
first five circumferential waves of the first mode.

It is seen that the highest values of the natural frequency 
of the shell are found for the case of C–C boundary condi-
tion and with the shell thickness of 0.01 in the first, second, 
third, fourth, and fifth circumferential waves when the semi-
vertex angle of the conical part is equal to 50°, 60°, 30°, 
20°, and 10°, respectively. On the other hand, the structure 
with the boundary condition of C–C and shell thickness of 
0.05 and 0.1 has the lowest natural frequency in the sec-
ond, third, fourth, and fifth circumferential waves when the 
semi-vertex angle of conical is equal to 0°. Furthermore, 

the lowest values of the natural frequency of the shell are 
obtained under the boundary condition of C–F with the shell 
thickness of 0.01, and the semi-vertex angle of 0° can be 
obtained at the second, third, fourth, and fifth circumferen-
tial waves. In the case of F–C boundary condition and with 
the shell thickness of 0.01, the highest natural frequency of 
the structure is found in the first and second circumferen-
tial waves when the semi-vertex angle of the conical part is 
equal to 0°, in the third and fifth circumferential waves when 
the semi-vertex angle of conical is equal to 10° and in the 
fourth circumferential wave when the semi-vertex angle of 
conical is equal to 20°.

At the second step, the natural frequency related to the 
first circumferential wave of the first mode of the shell under 

Fig. 10   The variation of the first mode of the first five wave numbers versus various shell thicknesses under different boundary conditions, (a) 
C–C, (b) C–F, (c) F–C, (d) F-S
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the boundary conditions of C–C and F–C, with the shell 
thickness of 0.1 and meridional angle of the hemispherical 
part of 0°, 30°, 45°, and 60°. The results are presented in 
Fig. 12.

It is seen that in the cases of C–C and F–C boundary con-
ditions, increasing the meridional angle of the hemispherical 
part increases the natural frequency of the joined shell. In 
addition, the highest values of the natural frequency of the 
joined shell are found in the semi-vertex angle of 20°. In 
the case of the C–C boundary condition, it is seen that the 
lowest and highest values of the natural frequency of the 
joined shell are obtained for the semi-vertex angle of − 90° 
and + 90°, respectively.

8 � Conclusions

This paper was dedicated to studying the free vibra-
tion behavior of the hybrid porous nanocomposite joined 
hemispherical–cylindrical–conical shells composed of 
three-phase material including a matrix of epoxy, mac-
roscale carbon fiber, and nanoscale 3GFs. The effect of 
shear deformation was considered using FSDT. The rule 
of the mixture and Halpin–Tsai homogenization multiscale 
approaches were employed to, respectively, obtain the equiv-
alent mechanical properties of HM and equivalent material 
properties of HM reinforced with macroscale carbon fibers. 
Based on Donnell’s shell theory and applying Hamilton’s 
principles, the governing equations of motion related to the 
joined shells were established. Then, the well-known semi-
analytical solution method of GDQM was used to solve the 
governing differential equations of motion. The procedure 
of this method was completely presented, and a computer 
program was developed according to the boundary and 
coupling conditions. To confirm the proposed formulation, 
some benchmark problems were solved, and the obtained 
results were compared with the results of open literature. 
Furthermore, several new and applicable joined shells were 
analyzed to investigate the effect of different parameters 
including material and geometrical properties and bound-
ary conditions on the natural frequencies of hybrid porous 
nanocomposite joined shells.

Briefly, the following outcomes can be given:

•	 The natural frequencies of the joined shell decrease with 
the increasing porosity factor in all patterns.

•	 Increment of the values of meridional angle of the hemi-
spherical part increases the natural frequency of the 
joined structure for all values of the shell thickness.

•	 Increment of the thickness of the structure increases the 
natural frequency of the shell in all cases.

•	 Increment of the meridional angle of the hemispherical 
part increases the natural frequency of the joined shell in 
the cases of C–C and F–C boundary conditions.

Appendix I

The governing differential equations of joined hemispheri-
cal–cylindrical–conical shells in terms of displacement func-
tions are given by
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2Ū
cy

3
)𝜅}

= I1𝜔
2
n
Ū
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co
1,𝜁co𝜁co

R(𝜁co)
2 + Ā11Ψ̄
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+Ūco
2
(A22 + A66))n) sin(Θ) + (Ūco
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co
2,𝜁co

+ cos(Θ)R(𝜁co)𝜅A44Ψ̄
co
𝜃
+ (Ψ̄co

𝜃
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co

3

+ sin(Θ)R(𝜁co)Ā11
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(Ā

22
+ Ā
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Fig. 11   The variation of natural frequencies of the first mode of the 
first five wave numbers of hybrid porous (pattern-I) nanocomposite 
joined hemispherical–cylindrical–conical shell in terms of the varia-
tion of semi-vertex angle of conical part (a) C–C condition and thick-
ness = 0.01, (b) C–C condition and thickness = 0.05, (c) C–C condi-
tion and thickness = 0.1, (d) C–F condition and thickness = 0.01, (e) 
F–C condition and thickness = 0.01

◂

Fig. 12   The variation of the first mode of the first wave numbers of 
hybrid porous (pattern-I) nanocomposite joined shell in terms of vari-
ation of semi-vertex angle of conical versus different hemispherical 
meridional angle with shell thickness equal to 0.1, (a) C–C, (b) F–C
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2 + (Ūhs
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Ūhs

1
+ I2𝜔

2
n
Ψ̄hs

𝜁

(82)

(
1

R2 sin(𝜁hs)
2

)
{(− cos(𝜁hs)
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hs
𝜁 ,𝜁hs

+ sin(𝜁hs) cos(𝜁hs)𝜅A55Ū
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− Ūhs

2
(𝜅A44R + 2A66)) cos(𝜁hs)

2
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