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Abstract: Navier-Stokes equations which represent the momentum conservation of an incompressible Newtonian fluid 
flow are the fundamental governing equations in fluid dynamics. For real fluid flow situations, the equations are too 
difficult to solve analytically except for very simplified cases. A formal uniqueness and existence of the solutions has not 
been established using mathematical analysis. Nowadays, high speed and large memory computers have been used to solve 
the Navier-Stokes equations approximately together with continuity equations using a variety of numerical techniques. In 
this study, a finite volume technique is used to solve the Navier-Stokes equations for unsteady flow of Newtonian 
incompressible fluid with no body forces using MATLAB. The method is implemented on unsteady internal fluid flow in a 
2D straight channel. The equations are solved to obtain velocity and pressure fields on staggered grid. The x and y velocity 
components are recomputed together at new locations to determine the resultant velocity at those locations. The computed 
velocity and pressure values using the solution method show a good agreement with that of the commercial CFD software, 
ANSYS Fluent. The solution method provides a possible alternative for handling resultant velocity and implementation of 
boundary conditions in discretization method by staggered grid. The result of this study can help users to write their own 
codes and use commercial CFD codes proficiently in solving equations of fluid flow using numerical discretization 
schemes. 
Keywords: Navier–Stokes equations; Finite volume method; 2D unsteady flow; Channel flow; Staggered grid; Numerical 
simulation; MATLAB 
 

1 Introduction  
 

The conservation of linear momentum for flow of incompressible Newtonian fluids is mathematically described by 
nonlinear partial differential equations known as Navier-Stokes equations. Solutions to the Navier–Stokes equations are used 
in many practical applications, for example, in engineering analysis and design, aerospace, pipe flow, open channel and river 
flow, industrial processes, weather prediction and biofluid dynamics [1, 2]. The exact solutions of the Navier Stokes 
equations for fluid flow are possible only for some simplified situations [3]. Thus, numerical methods are used to obtain 
solutions to Navier Stokes equations. They are solved jointly with continuity equation. The most widely used numerical 
methods employed are finite difference method (FDM), finite volume method (FVM) and finite element method (FEM) [4]. 
The accuracy of numerical methods depends on proper description of the physical models and boundary conditions 
incorporated in the governing equations [5]. For complex fluid flows, handling the corresponding governing equations is not 
easy. Therefore, numerical simulations should be supported with experimental tests for such cases [6]. 

FVM is one of the most popular numerical techniques to discritize the differential equations which describe fluid flow [1, 7, 
8]. In FVM, the computational domain is discrtized into small subdomains called control volumes or cells on which flow 
variables are computed. The equations governing the fluid flow are integrated over the control volumes. By employing 
Divergence Theorem, the resulting volume integrals are transformed to surface integrals. The surface integrals are 
approximated in terms of variables defined at the adjacent grids. By this process, the governing differential equations are 
converted to algebraic equations to be solved by computers. Similar to FDM, values of flow variables in FVM are calculated 
at the discrete points on a computational domain. The FVM, like the FEM, has the ability of handling complex irregular 
computational domains. It can be implemented on structured and unstructured meshes. In FVM, conservation of governing 
equations is ensured at each finite volume [9]. These attributes have made the FVM appropriate for numerical simulation of 
fluid flow [8]. Majority of commercial computational fluid dynamics (CFD) codes today used FVM [1]. 
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Many authors discussed the finite volume discretization of the governing equations of fluid flow over the computational 
domain using staggered grid [8, 10, 11, 12]. The staggered grid is a setting for the spatial discretization, in which the flow 
variables are not computed at the same position on the domain. Pressure is evaluated at nodes located at the centroid of the 
control volumes and the velocity components are calculated at the different grid points placed at the center of faces of the 
control volumes. This assignment gives a strong relationship between the velocities and pressure. This in turn helps to 
enhance convergence and to avoid oscillations of the velocity and pressure fields in the numerical computation [1].  

The objective of this study is to obtain numerical solution of unsteady Navier-Stokes equations for incompressible 
Newtonian fluid flow using an in-house MATLAB code. To end this, the SIMPLE algorithm is employed on staggered 
grids. Boundary conditions are considered carefully in the discretization. The computed velocity components on staggered 
grid are in turn used to approximate the velocity components together at new locations to obtain the resultant velocity for 
numerical simulations.  

2 Governing Equations 
 

The equations which govern the incompressible Newtonian fluid flows are the continuity equation (conservation of mass) 
and Navier-Stokes equation (conservation of momentum). The equations in vector and dimensionless form are: 
Continuity Equation 
         . = 0 v                                                                                                                                                                            (1) 
Navier-Stokes Equation 

         1
.( ) .( )
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where ( , , )u v wv   is the velocity and  p is pressure at time t. The constant Re
VL


   is the Reynolds number for the 

flow (   is density of the fluid,   is  the dynamic viscosity of the fluid , V  and L represent the reference velocity and 

length scale) and  is  the del operator. A derivation of these governing equations can be found in [11]. Terms on the left 
side of Eq. (2) are transient and convective terms where as on the right we have pressure gradient and diffusive terms. 

3 Finite Volume Discretization and Solution Procedure 
 

After dividing a flow domain into control volumes, the continuity and Navier-Stokes equations are integrated over each 

control volume to transform the equations to a system of algebraic equations relating the flow variables. The resulting 

equations are solved in iterative manner. The finite volume discretizations of the equations on a control volume   are 

explained in this section and for further detail see [11]. 
 

Integrating Eq.(1),  over the control volume  (see Figure 1) , we get 

         . 0d


   v                                                                                                                                                                (3) 

Applying Gauss’s Divergence Theorem, we have 

        . 0
S

dS  v n                                                                                                                                                                    (4) 

Here, S is the surface bounding   and n is the outward unit normal to S. 
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    f f f fv n v n v n v n                                                                                      (5) 

where f  shows summation over face of each control volume. In Eq.(5), fv  represents the average velocity at the face f and

fv  is value of velocity at the center of the  face f .  fn  is the outward unit normal to f  and fA  is the area of the face f . 

Hence,  

         . 0f
f

A  f fv n                                                                                                                                                             (6) 

Integrating momentum equations, Eq.(2), over the control volume , we get the following for momentum equations. 
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Unsteady term 
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where V is the volume of . 
 
Convective terms  
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Pressure gradient term  
Applying Green-Gauss Theorem, we get 
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Viscous terms            
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From Eq.(2) and Eq.(7)-Eq.(10), we  get 
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                                   (a)                                                                             (b) 

Figure 1 (a) 2D control volume (b) 3D control volume. 

 
In order to illustrate the finite volume solution procedure to solve fluid flow problems, let us consider unsteady internal fluid 
flow in a 2D straight channel (Figure 2) of length L and height H where the fluid is incompressible and Newtonian with 
constant density and viscosity.    
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Figure 2 Schematic representation of internal fluid flow in a 2D straight channel. 

 
A staggered uniform grid (Figure 3) is utilized to store the flow variables in the solution method. Velocity components are 
computed together at the grids indicated by the arrow in Figure 3 to determine the resultant velocity for numerical 
simulations. Three types of control volumes (Figure 3-5) are used to discretize Eq. (6) and Eq.(11). 

 
 

 

Figure 3 Staggered grid for velocity and pressure fields for internal fluid flow in a 2D straight channel. 

 
In the sample mesh as shown in Figure 3, the number of control volumes in x-direction and y-direction are respectively 

8xN   and 5yN  . The flow variables take the following position patterns in the sample meshing.  

 

1 1 2 2 3 3 4 4 5 5 6 6 7 7 8
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2 12 22 32 42 52 62 72 82 2
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1 11 21 31 41 51 61 71 81 1

1 11 11 21 21 31 31 41 41 51

v vR

uL p u p u p u p u p u p u p u p u
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If we apply the Eq.(6) on the main control volume (Figure 3 and Figure 4), the continuity equation is transformed to  
 

           ( ) ( ) ( ) ( ) 0e w n su u y v v x                                                                                                    (12) 
 

Here the expressions in the brackets with e, w, n, and s represent the values of the expressions at the center of east, 

west, north and south edges of the control volume respectively and  x and y are the grid spacing in x and y 
directions. 
The discrtized form of Eq. (12) is 
 

       , 1, , , 1( ) ( ) 0i j i j i j i ju u y v v x                                                                                                           (13) 

 

Figure 4 Main control volume. 

 
Similarly, applying Eq.(11) on u-control volume (Figure 5a) and v-control volume (Figure5b)  yield the x-momentum 
equation  
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and the y-momentum equation       
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Figure 5 (a)u-control volume (b) v-control volume. 

 
The following approximations are taken in the finite volume solution method. 
(i) Forward difference is used to approximate the time derivative 

         

1n n

t t

 


 
v v v

                                                                                                                                                            (16) 

where n is the current time index and t is the step size for time discretization. 
(ii) At a control volume (Figure 6), the face values appearing at the connective terms are estimated using cell center values 

by central difference interpolation [13]. For example, 

       ( )
2

P E
e

  
                                                                                                                                                               (17) 

(iii) The derivatives at the center of control volume faces in the diffusive terms are computed using the central difference 
approximation of first order derivative 

       ( ) E P
ex x

  


 
                                                                                                                                                          (18) 

    or the backward difference approximation of first order derivative 

       ( )
( / 2)

e P
ex x

  


 
                                                                                                                                                          (19) 

(iv) At the connective terms, linearization is taken around the old time level as [14] 

        1 1 1( ) ( ) ( ) ( )n n n n                                                                                                                                                (20) 

 

Figure 6 Face and center values at a control volume. 

(a) 
(b) 
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Using the approximations (i-iv), the discretized form of the x-momentum equation for an interior u control volume (

2 1 and 2 1x yi N j N       ) is 
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Rearranging Eq.(21) yields    
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The y-momentum equation for an interior v control volume ( 2 1 and 2 2)x yi N j N       is  
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Rearranging Eq.(23) , we get   
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For bottom left corner u control volume ( 1, 1)i j  , the x-momentum equation is 
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Note that the derivative at the center of south face of the volume is approximated using the backward difference scheme. Eq. 
(25) can be written as  
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The x-momentum equations for bottom right corner ( 1, 1)xi N j   , top left corner 1, )yi j N   and top right 

corner ( 1, )x yi N j N    u control volumes can be obtained in similar way. 

For left boundary u control volume ( 1, 2 1, )yi j N    , the x-momentum equation is 
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 Eq. (28) can be written as  
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The momentum equations for remaining boundary u control volumes and corner and boundary v control volumes can be 
formulated analogously. 
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The resulting system of continuity and momentum equations for the finite volume discretization is solved with SIMPLE 
algorithm. Here, the algorithm is presented using equations obtained from the interior control volumes. First we have to 

guess initial values of the velocity fields
nu )(  , 

nv )(   and pressure field
np )(  .  Eq. (22) and Eq. (24) are solved to obtain 

the values of 
1)(  nu and 

1)(  nv . The velocity fields 
1)(  nu  and 

1)(  nv  obtained do not satisfy the continuity 

equation, Eq. (13). Assume that we can find velocity corrections 'u  and 'v  that adjusts the velocity fields so that they 
satisfy the continuity equation. Then  

       ')( 11 uuu nn  
                                                                                                                                                       (29) 
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where 1nu  and 1nv are the velocity components that satisfy the continuity equation. For the velocity corrections, a 
pressure correction 'p   is required so that  
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In order to obtain
1)(  nv , Eq. (24) is approximated as 
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To compute the value of 
1)(  nv  using Eq. (33), the values of

1)(  nu  computed in Eq. (32) are used immediately.
  

Neglecting terms containing the neighbours jiu ,1 , 1,i ju  , , 1i ju   and , 1i ju   of jiu , , using  the guessed values 
nu )(  , 

nv )(     

 
for nth values in Eq.(22) and subtracting  Eq. (32) from  Eq. (22), we get 
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  From Eq. (34), we get 

         '
, jiu  , 1, ,i j i j i jDx p p                                                                                                                                        (35) 

where  ,
,

i j
i j

y
Dx

ax


  

From Eq. (29) and Eq. (35), we get 

       1 * 1
, , , 1, ,( )n n

i j i j i j i j i ju u Dx p p 
                                                                                                                             (36) 

Neglecting terms containing the neighbours jiv ,1 , jiv ,1 , 1, jiv ,  and 1, jiv  of jiv , , using the guessed values 
nu )(  , 

nv )(   

for nth values in Eq.(24)  and subtracting  Eq. (33) from  Eq. (24), we get 

       '
, , , 1 ,i j i j i j i jay v x p p                                                                                                                                          (37)  

where  
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   Eq. (37) leads to 

          '
, jiv  , , 1 ,i j i j i jDy p p                                                                                                                                       (38) 

where  ,
,

i j
i j

x
Dy

ay


  

From Eq. (30) and Eq.(38),  we have 

          1 * 1
, , , , 1 ,( )n n

i j i j i j i j i jv v Dy p p 
                                                                                                                          (39) 

Eq. (36) and Eq.(39) are called velocity correction equations. Using Eq. (36) and Eq. (39) in Eq. (13), we get 

             * 1 * 1
, , 1, , 1, 1, , 1,( ) ( ) .n n

i j i j i j i j i j i j i j i ju Dx p p u Dx p p y 
                                                                    (40) 

       +      * 1 * 1
, , , 1 , , 1 , 1 , , 1( ) ( ) 0n n

i j i j i j i j i j i j i j i jv Dy p p v Dy p p x 
              

From  Eq. (40), we get the pressure correction equation 

         * 1 * 1 * 1 * 1
, 1, , , 1 ,( ) ( ) ( ) ( )n n n n

i j i j i j i j i jp y u u x v v   
 

       

           +    , 1, 1, 1, , , 1 , 1 , 1i j i j i j i j i j i j i j i jy Dx p Dx p x Dy p Dy p     
                                                                          (41)      

                    , 1, , , 1/ i j i j i j i jy Dx Dx x Dy Dy 
        

From Eq. (31) and Eq.(41), we get 
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1 *

, , ,( )n n
i j i j i jp p p                                                                                                                                                        (42) 

The finite volume solution procedures discussed so far can be summarized as follows. 
1. Take initial guesses (u*)n, (v*)n  and (p*)n . 
2. Solve the momentum equations for (u*)n+1 and (v*)n+1 using Eq.(32) and Eq.(33). 
3. Compute the pressure correction p’ using Eq. (42). 
4. Compute velocity corrections u’ and v’ using Eq.(35) and Eq.(38). 
5. Correct velocity components and pressure using Eq. (36), Eq.(39) and Eq.(42). 
6. Calculate the velocity components together at new locations using the velocity components   obtained in step 5.  
7. Check the convergence. If convergence is satisfied, then stop and take solutions in step 6. Otherwise update the initial 

guesses by using the results in step 5 and continue the process. 

4 Numerical Simulations 
 

A MATLAB code is developed to employ the finite volume method discussed so far to simulate fluid flow in 2D straight 

channel of Length   1L m  and height   0.5H m . 10050 square finite volume cells of grid size 0.01m are taken for 

simulation (Figure 5). The inlet flow velocity is taken to be 1m/s ( see Figure 2) and the Reynolds number of the flow is 

Re 100  ( 31 /kg m  , 0.01 / ( . )kg m s  ).  For the outlet boundary condition, the flow is assumed to fully 

developed, the velocity distribution change close to the exit is very small, y-velocity is zero at the exit and the x-velocity at 

nodes close to the exit is assigned to that at the exit nodes. The first order derivatives ,( )n s

u

y




 at the face centers of  top and 

bottom boundary u control volumes and  ,( )e w

v

x




 at the face centers of  left and right boundary v control volumes resulting 

from the finite volume discretization of viscous terms are computed by backward difference approximation. The other 
derivatives are estimated using central difference approximation. Gauss-Seidel iterative method is used to solve the resulting 
system of momentum equations mentioned in step 2. The x-velocity component (u) and y-velocity component (v) are 
determined at each vertex of the main control volume to compute the resultant velocity v  at the vertices. At a vertex, the x-
velocity component is computed by taking the average of the nearest top and bottom u velocity values and the y-velocity 
component by taking averages of the nearest left and right v velocity values which are obtained from computations using the 

staggered grid employing step 1-7. A time step size 0.005t   is used for the numerical solution. The convergence 

criteria is taken to be the summation of errors of the velocity components and is set as 610 . 
 

5 Results and Discussion 
 

The computational methodology using the finite volume discretization presented in this study is validated with the finite 
element method (FEM) [15], Ghia et al. [16] and ANSYS Fluent 15 solutions for lid-driven cavity flow. The velocity 
components at the centroid of the lid-driven cavity flow for three solutions are illustrated in Table 1.  It is observed that the 
solution using the finite volume method is in good agreement with that of FEM, Ghia et al. and ANSYS Fluent. 
 
Table 1. Comparison of results for velocity components at the geometric center of lid-driven cavity flow, Re =100. 

Solution method  Cells used x-velocity(m/s) y-velocity(m/s) 

FVM  with  present 
MATLAB code 

50x50  -0.2070 0.0574 

FEM with a MATLAB 
code [14] 

50x50  -0.2015 0.0568 

ANSYS Fluent 50x50 -0.20808 0.056825 

Ghia et al.[13] 129x129  -0.20581 0.05454 
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Figure 7 shows the flow velocity distribution from the MATLAB code and ANSYS Fluent 15 simulations of fluid flow in 
the 2D straight channel. The iteration number using MATLAB code simulation reached 3777 to achieve the convergence 
criterion. The maximum velocity is 1.4625 m/s in the MATLAB code simulation and 1.4692m/s in ANSYS Fluent 
simulation both occur at the center of outlet boundary [17]. At the outlet, the flow is nearly to be fully developed and has a 
parabolic velocity profile [18].  We observe that the flow contour plots using the MATLAB code and ANSYS Fluent are 
nearly identical which assures that the algorithm and boundary conditions are implemented correctly in the MATLAB code 
simulation. 

 
                                                                                          (a) 

                  
                                                                                             (b) 

 Figure 7. Velocity distribution resulted from simulation using (a) MATLAB code (b) ANSYS Fluent 15. 

Figure 8 illustrate the velocity at the horizontal central line of the flow for MATLAB code and ANSYS Fluent solutions. In the two 
simulations, the velocity is increased from left to right. The velocity profile of the MATLAB generated plot coincides with that of 
the ANSYS Fluent. The velocity profile at the vertical central and boundary lines using the MATLAB code and ANSYS Fluent are 
displayed in Figure 9. The velocity profiles in the two simulations are also very close. Figure 10 shows the pressure distributions of 
the channel flow resulted from the MATLAB code and ANSYS Fluent simulations. The pressure distributions for the two 
simulations are nearly identical.  

The SIMPLE algorithm with staggered grid is basically implemented in fluid flow to compute individual velocity components and 
pressure at different grid points of the computational domain [8, 11, 12]. The solution method used in this study provides further 
advantage to perform numerical simulation of resultant flow velocity as depicted in Figure 7a. In this method, both u-velocity and 
v-velocity components are incorporated at all boundaries of the flow domain in contrast to [19]. This improves the stability and the 
convergence of the finite volume discretization method. 
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Figure 8. Velocity profile along horizontal centerline. 

 

 

Figure 9. Velocity profile along vertical lines x = 0.5 and x = 1 computed with MATLAB code and ANSYS Fluent. 
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(a) 

              
(b) 

Figure 10 Pressure distribution simulated with (a) MATLAB code (b) ANSYS Fluent. 
 
6 Conclusions 
 
In this study, a finite volume solution of unsteady incompressible Navier-Stokes equations emphasizing 2D channel flow is 
presented. Central difference and backward difference are used to approximate the derivatives at the faces of the control 
volumes. A MATLAB code is developed to implement the finite volume discretization. The velocity and pressure are 
computed using the MATLAB code and the results obtained are compared with that of the accepted CFD commercial code, 
ANSYS Fluent. The MATLAB code and ANSYS Fluent results are nearly identical which indicate that the governing 
equations are discrtized properly, the boundary conditions are implemented precisely and the code is written correctly. 
Backward difference approximation of derivatives creates a conducive environment to employ the boundary conditions of 
the flow in the finite volume discretization. Alternative way is provided to obtain the resultant velocity in discretization 
method by staggered grid. The result of this study can help users to write their own codes and use commercial CFD codes 
successfully in solving equations of fluid flow using numerical discretization schemes. 
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