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In this paper, we consider the characteristic finite difference streamline diffusion method
for two-dimensional convection-dominated diffusion problems. The scheme is combined
the method of characteristics with the finite difference streamline diffusion (FDSD) method
to create the characteristic FDSD (C-FDSD) procedures. Stability analysis and error estimate
of the C-FDSD method are deduced. The scheme not only realizes the purpose of lowering
the time-truncation error, using larger time step for solving the convection-dominated dif-
fusion problems, but also keeps the favorable stability and high precision of the FDSD
method. Finally, numerical experiments are presented to illustrate the availability of the
scheme.

� 2011 Elsevier Inc. All rights reserved.
1. Introduction

It is well known that the convection-dominated diffusion problem has strongly hyperbolic nature, the solution often
develops sharp fronts that are nearly shocks. So the finite difference method (FDM) or the finite element method (FEM) ap-
plied to the problem do not work well when it is convection-dominated. Therefore to construct an effective numerical meth-
od for solving such a problem is not easy. In 1982, Douglas and Russell [1] considered combining the method of
characteristics with finite element or finite difference techniques to overcome oscillation and faults likely to occur in the tra-
ditional FDM or FEM. There are many related approximation techniques for the convection-dominated diffusion equations
[2,3]. For example, Tabata and his coworkers [4–7] have studied the upwind schemes based on triangulation for the convec-
tion–diffusion problem. Yuan has presented a characteristic finite element alternating direction method with moving
meshes [8] and an upwind finite difference fractional step method [9], respectively. In problems with significant convection,
these approaches of characteristics have much smaller time-truncation errors compared to FDM or FEM. Moreover, these
schemes of characteristics will permit the use of larger time steps, with corresponding improvements in efficiency, at no cost
in accuracy [10–14].

Streamline diffusion (SD) method for the convection-dominated diffusion problem is introduced by Hughes and
Brooks [15]. Afterwards, Johnson [16] and Hansbo [17,18] develop a space–time FEM based on combining the method of
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characteristics with streamline diffusion stabilization, respectively. The method is based on space–time elements approxi-
mately aligned with the characteristics in space–time. Furthermore, for the time-dependent convection–diffusion problems
and Navier–Stokes equations, the SD method is based on a general space–time finite element mesh, with the basis functions
continuous in space but discontinuous in time, then it will increase the number of dimension comparing with the completely
discrete Galerkin FEM [19–24]. Due to its favorable stability and higher precision, the SD method has been developed rapidly
in theory and practice in the past years [25,26,3]. The finite difference streamline diffusion method (FDSD) is proposed firstly
by Sun and his coworkers [27,28] in 1998, that is, using the SD method discrete only in space variables and using the finite
difference discrete in time variables. Compared with the SD method, the FDSD method not only simplifies the computational
work but also keeps the good stability and high accuracy. So it is developed and used widely by many authors [29–33].

In this paper, the method of characteristics is combined with the FDSD method to create the C-FDSD scheme for solving
two-dimensional convection-dominated diffusion problems. In addition, we derive the stability analysis and error estimate
in the L2-norm and L1-norm. The main results for the C-FDSD method introduced in Section 2, are contained in Theorem 3.1
of Section 3 and in Theorem 4.1 of Section 4. Then this method keeps the favorable property of having much smaller time-
truncation errors and using larger time steps, the favorable stability and high precision of FDSD method is also kept. Finally,
we give numerical experiments for a convection-dominated diffusion problem. Compared with the standard Galerkin FEM,
the characteristic Galerkin FEM and the FDSD method, the C-FDSD method is more effective.

The remainder of the paper is organized as follows. In Section 2, the C-FDSD method for solving the time-dependent con-
vection-dominated diffusion problem is presented and in Section 3 we give stability analysis of the new scheme. Section 4 is
devoted to error estimate for the new scheme. Numerical experiments confirming the theoretical results are provided in Sec-
tion 5. Finally, conclusions are given in the last section.

2. C-FDSD finite element method

Let X be an open bounded domain with piecewise smooth boundary oX in R2. Wm,p(X) and Wm;p
0 ðXÞ denote the standard

Sobolev space [34] respectively. The norm of v 2Wm,p(X) will be denoted by kvkm;p;X ¼
P

j6mkD
jvkp

LpðXÞ

� �1=p
, for 1 6 p <1 and

kvkm;1;X ¼max
j6m

ess sup jDjv j, for p =1. We shall write Wm;2ðXÞ ¼ HmðXÞ; kvkHmðXÞ ¼ kvkm and kvkL2ðXÞ ¼ kvk0 ¼ kvk.

Assume that X is the square domain (0,1) � (0,1), T > 0 represents a finite time. Denote Q = X � (0,T]. Now we consider
the following time-dependent convection-dominated diffusion problem
@u
@t
�r � aðx; tÞruð Þ þ bðx; tÞ � ruþ rðx; tÞu ¼ f ðx; tÞ; ðx; tÞ 2 Q ; ð2:1aÞ

uðx; tÞ ¼ 0; ðx; tÞ 2 @X� ð0; T�; ð2:1bÞ
uðx;0Þ ¼ u0ðxÞ; x 2 X; ð2:1cÞ
where x = (x1,x2), b(x, t) = (b1(x, t),b2(x, t)). Here the coefficients a(x, t), b1(x, t), b2(x, t) 2 L1(W1,1(X)), r(x, t) 2 L1(Q). The pre-
scribed external force f(x, t) 2 L2(Q) and the initial velocity u0ðxÞ 2 Hrþ1ðXÞ \ H1

0ðXÞ; r P 1 and there exist positive constants
a0; a1; �a; ~a; b1;r1; k such that
a0 ¼ inf
Q

aðx; tÞ; a1 ¼ sup
Q

aðx; tÞ; q0 ¼
a1

a0
;

�a ¼ sup
Q
kraðx; tÞk; ~a ¼ @a

@t

����
����

L2ðL1ðXÞÞ
; r1 ¼ sup

Q
jrðx; tÞj;

b1 ¼ sup
Q
kr � bðx; tÞk; k ¼ sup

Q
kbðx; tÞk ¼ sup

Q

X2

i¼1

jbiðx; tÞj
2

 !1
2

; a0 � k:
We also assume the solution u(x, t) of problem (2.1a)–(2.1c) satisfies:
u 2 L1ð0; T; Hrþ1ðXÞ \ H1
0ðXÞÞ; ð2:2aÞ

@u
@t
2 L2ð0; T; Hrþ1ðXÞÞ; ð2:2bÞ

@2u
@t2 2 L2ð0; T; L2ðXÞÞ: ð2:2cÞ
We assume that X is partitioned by a quasi-uniform triangulation Th = {j} with the mesh parameter hi, where hi is the largest
diameter of each element in Th. Set h = max{hi} and 0 < h 6 h0 < 1. Denote
Vh ¼ fv jv 2 H1
0ðXÞ \ CðXÞ; vjj 2 PrðjÞ; 8j 2 Thg;
where Pr(j) is a polynomial set of degree 6r on each element j, r P 1. Let
w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

1 þ b2
2

q
ð2:3Þ
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and s = s(x) be a unit vector in the direction (1,b1,b2), then we have
w
@

@s
¼ @

@t
þ b1

@

@x1
þ b2

@

@x2
: ð2:4Þ
Then, problem (2.1a)–(2.1c) can be written in the equivalent form
w
@u
@s
�r � ðaðx; tÞruÞ þ rðx; tÞu ¼ f ðx; tÞ; ðx; tÞ 2 Q ; ð2:5aÞ

uðx; tÞ ¼ 0; x 2 @X� ð0; T�; ð2:5bÞ
uðx;0Þ ¼ u0ðxÞ; x 2 X: ð2:5cÞ
The variational formulation of problem (2.5) reads as follows
w @u
@s

� �n
; v þ dvn

b

� �
� r � anrunð Þ;v þ dvn

b

� �
þ ðrnun;v þ dvn

bÞ ¼ ðf n;v þ dvn
bÞ; 8v 2 Vh; n ¼ 1;2; . . . ;N;

ðu0 � u0;vÞ ¼ 0; 8v 2 Vh;

8<
: ð2:6Þ
where vn
b , bn � rv and d P 0 is an appropriate artificial parameter. Let Dt be the time step, tn = nDt, n = 1, 2, . . . , N,

N = [T/Dt]. The characteristic derivative will be approximated basically in the following manner:
w
@u
@s � w

uðx; tÞ � uð�x; t � DtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� �xÞ2 þ ðDtÞ2

q ¼ uðx; tÞ � uð�x; t � DtÞ
Dt

; ð2:7Þ
where �x ¼ x� bðx; tÞ � Dt. Denote u(x, tn) = un and �un�1 ¼ uð�x; tn�1Þ. On level t = tn rewrite (2.5a) as
un � �un�1

Dt
�r � ðanrunÞ þ rnun ¼ f n þ En

1; ð2:8Þ
where En
1 ¼ un��un�1

Dt � w @u
@s

� �n. Omitting the truncation error from (2.8), the C-FDSD scheme for solving problem (2.1) is
defined as:

Find Un 2 Vh, n = 1, 2, . . . , N, such that, for all v 2 Vh
Un�Un�1

Dt ;v þ dvn
b

� �
� r � ðanrUnÞ; v þ dvn

b

� �
þ ðrnUn;v þ dvn

bÞ ¼ ðf n;v þ dvn
bÞ;

ðU0 � u0;vÞ ¼ 0;

8<
: ð2:9Þ
where r � ðanrUnÞ; dvn
b

� �
,
P

j r � ðanrUnÞ; dvn
b

� �
j

and ðw;vÞ ,
R
j wvdx.

3. Stability analysis for the C-FDSD method

In this section, we will give the stability result of the C-FDSD method. Firstly we introduce some lemmas in the following.

Lemma 3.1 (Inverse inequality [35]). There exists a positive constant l > 0 independent of h, for any v 2 Vh, such that
krvk 6 lh�1kvk; kDvk 6 lh�1krvk; ð3:1Þ
where kDvk2 ¼
P

jkDvk2
j.
Lemma 3.2 (Interpolation approximation property[36]). Let Ph : Hrþ1ðXÞ \ CðXÞ ! Vh be an interpolation operator, there
exists a positive constant c independent of h, for any v 2 Hrþ1ðXÞ \ CðXÞ, such that
kv �Phvk þ hkrðv �PhvÞk 6 chrþ1kvkrþ1: ð3:2Þ
Lemma 3.3 ([1]). Let x 2 L2ðXÞ; �x ¼ xðx� gðxÞDtÞ; g and g0 be bounded functions on X, if the time step Dt is sufficient small,
there exists a positive constant k0, such that
kx� �xkH�1 6 k0kxkL2Dt; ð3:3Þ
where k0 only dependent on kgkL1 and kg0kL1 , and the norm of k � kH�1 is defined as follows
kvkH�1 ¼ sup
0–/2H1

ðv ;/Þ
k/kH1

:
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Denoting @tU
n ¼ Un�Un�1

Dt , the choice of artificial parameter d satisfies the following restricting conditions
ðH1Þ d maxfkl; 4klq0; 2�alkg 6 h
4 ;

ðH2Þ d maxfk2
; 1

8 ; 2k�ag 6 a0
4 ;

ðH3Þ d maxfk2l2; 2a1kl2g 6 h2

4 :
Throughout this paper, C denotes a generic positive constant independent of n, h, Dt which may be different at different
occurrences.

Theorem 3.1. Let {Un} be the solution of problem (2.9), d satisfies the assumptions (H1)–(H3) and Dt is sufficient small. Then we
have
max
16n6N

kUnk2 þ
XN

n¼1

kUn � Un�1k2 þ a0

XN

n¼1

krUnk2Dt 6 C
XN

n¼1

kf nk2Dt þ krU0k2 þ kU0k2

 !
: ð3:4Þ
Proof. Taking v = Un in (2.9) then
Un � Un�1

Dt
;Un

 !
þ ðanrUn;rUnÞ ¼ ðf n;Un þ dUn

bÞ �
Un � Un�1

Dt
; dUn

b

 !
� Un�1 � Un�1

Dt
; dUn

b

 !

� Un�1 � Un�1

Dt
;Un

 !
þ ðr � ðanrUnÞ; dUn

bÞ � ðrnUn;Un þ dUn
bÞ ,

X6

i¼1

Si: ð3:5Þ
Obviously, we have the following equality
Un � Un�1

Dt
;Un

 !
¼ 1

2Dt
kUnk2 � kUn�1k2 þ kUn � Un�1k2
� �

:

At first, we estimate the left hand-side of (3.5). It is easy to derive that
Un � Un�1

Dt
;Un

 !
þ anrUn;rUnð ÞP kU

nk2 � kUn�1k2 þ kUn � Un�1k2

2Dt
þ a0krUnk2

: ð3:6Þ
Now we estimate the terms of the right-hand side in (3.5) respectively. It follows from the Young inequality, Lemmas 3.1, 3.3
and assumptions (H1)–(H3)
S1 ¼ ðf n;Un þ dUn
bÞ 6 3kf nk2 þ 1

8
kUnk2 þ a0

16
krUnk2

;

S2 ¼ �
Un � Un�1

Dt
; dUn

b

 !
6 k@tU

nk2 þ a0

16
krUnk2

;

S3 ¼ �
Un�1 � Un�1

Dt
; dUn

b

 !
6 dkbnrUnk1

Un�1 � Un�1

Dt

�����
�����
�1

6 k2
0kU

n�1k2 þ d2k2

4
krUnk2

1 6 k2
0kU

n�1k2 þ a0

16
krUnk2;

S4 ¼ �
Un�1 � Un�1

Dt
;Un

 !
6 krUnk1

Un�1 � Un�1

Dt

�����
�����
�1

6
d2k2

4
krUnk2

1 þ
k2

0

d2k2 kU
n�1k2

6
k2

0

d2k2 kU
n�1k2 þ a0

16
krUnk2

;

S5 ¼ ðr � ðanrUnÞ; dUn
bÞ ¼ ðran � rUn; dUn

bÞ þ ðanr � ðrUnÞ; dUn
bÞ 6 ðq0a0dklh�1 þ dk�aÞkrUnk2

6
a0

8
krUnk2

:

Using the Cauchy–Schwarz inequality, we obtain
S6 ¼ �ðrnUn;Un þ dUn
bÞ 6 r1kUnk2 þ r2

1

2
kUnk2 þ d2k2

2
krUnk2

6 r1 þ
r2

1

2

� 	
kUnk2 þ a0

8
krUnk2

:

Substituting (3.6), (S1–S6) into (3.5), multiplying two sides by 2Dt and summing up for n = 1, 2, . . . , m (m 6 N), we have
kUmk2 þ
Xm

n¼1

kUn � Un�1k2 þ a0

Xm

n¼1

krUnk2Dt 6 CDt
Xm

n¼1

kf nk2 þ kUnk2 þ 2k@tU
nk2

� �
þ kU0k2

: � ð3:7Þ
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Lemma 3.4. Let {Un} be the solution of problem (2.9) and d satisfies the assumptions (H1)–(H3), then
Xm

n¼1

k@tU
nk2Dt þ a0krUmk2

6 CDt
Xm

n¼1

kf nk2 þ krUnk2 þ kUnk2
� �

þ krU0k2
: ð3:8Þ
Proof. Taking v = @tU
n in (2.9) then
ð@tU
n; @tU

nÞ ¼ f n; @tU
n þ dbn � rð@tU

nÞð Þ � Un�1 � Un�1

Dt
; @tU

n

 !
� Un�1 � Un�1

Dt
; dbn � rð@tU

nÞ
 !

þ r � ðanrUnÞ; dbn � rð@tU
nÞð Þ � anrUn;rð@tU

nÞð Þ � rnUn; @tU
n þ dbn � rð@tU

nÞð Þ ,
X6

i¼1

Ti: ð3:9Þ
Obviously the left-hand side of (3.9) is (@tU
n,@tU

n) = k@tU
nk2.

Now we estimate the terms of the right-hand side in (3.9) respectively. It follows from the Young inequality, Lemmas 3.1,
3.3 and assumptions (H1)–(H3)
T1 ¼ ðf n; @tU
n þ dbn � r@tU

nÞ 6 4kf nk2 þ 1
8
k@tU

nk2 þ d2k2

8
krð@tU

nÞk2
6 4kf nk2 þ 5

32
k@tU

nk2
;

T2 ¼ �
Un�1 � Un�1

Dt
; @tU

n

 !
6 k@tU

nk1
Un�1 � Un�1

Dt

�����
�����
�1

6
k2

0

dk2 kU
n�1k2 þ d2k2

4
k@tU

nk2
1 6

k2
0

dk2 kU
n�1k2 þ 1

16
k@tU

nk2
;

T3 ¼ �
Un�1 � Un�1

Dt
; dbn � ð@tU

nÞ
 !

6 k@tU
nk1

Un�1 � Un�1

Dt

�����
�����
�1

6
k2

0

2k2 kU
n�1k2 þ k2

2
kdbn � rð@tU

nÞk2
1

6
k2

0

2k2 kU
n�1k2 þ 1

32
k@tU

nk2
;

T4 ¼ r � ðanrUnÞ; dbn � rð@tU
nÞð Þ ¼ ran � rUn; dbn � rð@tU

nÞð Þ þ anr � ðrUnÞ; dbn � rð@tU
nÞð Þ

6 ðdka1dl2h�2 þ d�alkh�1ÞkrUnkk@tU
nk 6 1

10
krUnk2 þ 5

32
k@tU

nk2
:

It is easy to derive that
;
T5 ¼ � anrUn;rð@tU
nÞð Þ ¼ � anrUn;r Un � Un�1

Dt

 ! !
6 �a0 rUn;r Un � Un�1

Dt

 ! !
6 � a0

2Dt
krUnk2 � krUn�1k2
� �

T6 ¼ � rnUn; @tU
n þ dbn � rð@tU

nÞð Þ 6 5r2
1kU

nk2 þ 1
16
k@tU

nk2 þ dk2

4
k@tU

nk2
1 6 5r2

1kU
nk2 þ 3

32
k@tU

nk2
:

Combining (T1–T6), we get
1
2
k@tU

nk2 þ a0

2Dt
krUnk2 � krUn�1k2
� �

6 C kf nk2 þ krUnk2 þ kUnk2 þ kUn�1k2
� �

: ð3:10Þ
Multiplying (3.10) by 2Dt and summing up for n = 1, 2, . . . , m (m 6 N) to have
Xm

n¼1

k@tU
nk2Dt þ a0krUmk2

6 CDt
Xm

n¼1

kf nk2 þ krUnk2 þ kUnk2
� �

þ krU0k2: � ð3:11Þ
It follows from (3.7), (3.11) and Lemma 3.4, we get
kUmk2 þ
Xm

n¼1

kUn � Un�1k2 þ a0

XN

n¼1

krUnk2Dt 6 C
Xm

n¼1

ðkf nk2 þ kUnk2ÞDt þ krU0k2 þ kU0k2

( )
: ð3:12Þ
By the Gronwall’s inequality, we have
max
16n6N

kUnk2 þ
XN

n¼1

kUn � Un�1k2 þ a0

XN

n¼1

krUnk2Dt 6 C
XN

n¼1

kf nk2Dt þ krU0k2 þ kU0k2

 !
: ð3:13Þ
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4. Error estimation for the C-FDSD method

Let x(t) be an arbitrary differentiable map [0,T] ? Vh : x(t) = Phu(t). Set
nn ¼ Un �xn; gn ¼ un �xn; en ¼ un � Un ¼ gn � nn;
where Un is the solution of problem (2.9), un is the weak solution of problem (2.1). From Lemma 3.2, we have
kgnk þ hkrgnk 6 chrþ1kunkrþ1: ð4:1Þ
For any v 2 Vh, from (2.6) and (2.9) we can get
nn � nn�1

Dt
;v

 !
þ ðanrnn;rvÞ ¼ gn � gn�1

Dt
;v

� 	
þ gn � gn�1

Dt
; dvn

b

� 	
þ gn�1 � �gn�1

Dt
;v

� 	
þ gn�1 � �gn�1

Dt
; dvn

b

� 	

� nn�1 � �nn�1

Dt
; v

 !
� nn�1 � �nn�1

Dt
; dvn

b

 !
� nn � nn�1

Dt
; dvn

b

 !
þ ðanrgn;rvÞ

þ ðr � ðanrnnÞ; dvn
bÞ � ðr � ðanrgnÞ; dvn

bÞ þ ðrngn; v þ dvn
bÞ � ðrnnn;v þ dvn

bÞ

þ ðEn
1; v þ dvn

bÞ ,
X13

i¼1

Si; ð4:2Þ
where En
1 ¼ un��un�1

Dt � w @u
@s

� �n.

Theorem 4.1. Let {un} and {Un} be the solution of problems (2.6) and (2.9) respectively. d satisfies the assumptions (H1)–(H3) and
Dt is sufficient small. Then the following error estimation holds
max
16n6N

kenk2 þ
XN

n¼1

ken � en�1k2 þ a0

XN

n¼1

krenk2Dt 6 Cðh2r þ ðDtÞ2Þ: ð4:3Þ
Proof. Taking v = nn in (4.2), then we estimate the two sides of it.

At first, we estimate the left hand-side of (4.2). It is easy to see that
nn � nn�1

Dt
; nn

 !
þ ðanrnn;rnnÞP 1

2Dt
knnk2 � knn�1k2 þ knn � nn�1k2
� �

þ a0krnnk2
: ð4:4Þ
Now we estimate the terms of the right-hand side in (4.2) respectively. It follows from the Young inequality, Lemmas 3.1, 3.3
and assumptions (H1)–(H3)
S1 ¼
gn � gn�1

Dt
; nn

� 	
6

C
Dt

@g
@t

����
����

2

L2ðtn�1 ;tn ;L2Þ
þ 1

16
knnk2

;

S2 ¼
gn � gn�1

Dt
; dbn � rnn

� 	
6

C
Dt

@g
@t

����
����

2

L2ðtn�1 ;tn ;L2Þ
þ dk2

4
krnnk2

6
C
Dt

@g
@t

����
����

2

L2ðtn�1 ;tn ;L2Þ
þ a0

16
krnnk2;

S3 ¼
gn�1 � �gn�1

Dt
; nn

� 	
6 knnk1 �

gn�1 � �gn�1

Dt

����
����
�1
6 knnk1 � k0kgn�1k 6 dk2

4
krnnk2 þ k2

0

dk2 kg
n�1k2

6
k2

0

dk2 kg
n�1k2 þ a0

16
krnnk2

;

S4 ¼
gn�1 � �gn�1

Dt
; dbn � rnn

� 	
6 kdbn � rnnk1 �

gn�1 � �gn�1

Dt

����
����
�1
6 kdbn � rnnk1 � k0kgn�1k 6 k2

4
kdbnrnnk2

1 þ
k2

0

k2 kg
n�1k2

6
k2

0

k2 kg
n�1k2 þ a0

64
krnnk2

;

S5 ¼ �
nn�1 � �nn�1

Dt
; nn

 !
6 knnk1 �

nn�1 � �nn�1

Dt

�����
�����
�1

6 knnk1 � k0knn�1k 6 dk2

4
krnnk2 þ k2

0

dk2 kn
n�1k2

6
k2

0

dk2 kn
n�1k2 þ a0

16
krnnk2;
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S6 ¼ �
nn�1 � �nn�1

Dt
; dbn � rnn

 !
6 kdbn � rnnk1 �

nn�1 � �nn�1

Dt

�����
�����
�1

6 kdbn � rnnk1 � k0knn�1k 6 k2

4
kdbnrnnk2

1 þ
k2

0

k2 kn
n�1k2

6
k2

0

k2 kn
n�1k2 þ a0

64
krnnk2

:

Using the definition of @tn
n and assumption (H2), we have
S7 ¼ �
nn�1 � nn�1

Dt
; dbn � rnn

 !
6 k@tn

nk2 þ d2k2

4
krnnk2

6 k@tn
nk2 þ a0

16
krnnk2

:

By the Young inequality, Lemma 3.1 and assumptions (H1)–(H3), it follows that
S8 ¼ ðanrgn;rnnÞ 6 Ca0krgnk2 þ a0

64
krnnk2

;

S9 ¼ ðr � ðanrnnÞ; dnn
bÞ ¼ ðran � rnn; dbn � rnnÞ þ ðanr � ðrnnÞ; dbn � rnnÞ 6 ðdq0a0klh�1 þ dk�aÞkrnnk2

6
3a0

16
krnnk2

;

S10 ¼ �ðr � ðanrgnÞ; dnn
bÞ 6

9a0

16
krgnk2 þ a0

64
krnnk2

;

S11 ¼ ðrngn; nn þ dnn
bÞ 6 4r2

1kgnk2 þ 1
32
knnk2 þ d2k2

8
krnnk2 þ Cr2

1kgnk2
6 Ckgnk2 þ 1

16
knnk2

;

S12 ¼ �ðrnnn; nn þ dnn
bÞ 6 Cknnk2 þ 1

16
knnk2;

S13 ¼ ðEn
1; n

n þ dnn
bÞ 6

1
32
knnk2 þ d2k2

8
krnnk2 þ CDt 6

1
16
knnk2 þ CDt:
Combining (S1–S13) and (4.4), we have
1
2Dt

knnk2 � knn�1k2
� �

þ 1
2Dt
knn � nn�1k2 þ a0

2
krnnk2

6 C
1
Dt

@g
@t

����
����

2

L2ðtn�1 ;tn ;L2Þ
þ kgnk2 þ krgnk2 þ knnk2 þ knn�1k2 þ kgn�1k2

 !
þ k@tn

nk2
: ð4:5Þ
Multiplying (4.5) by 2Dt, and summing up for n = 1, 2, . . . , m (m 6 N), we obtain
knmk2 þ
Xm

n¼1

knn � nn�1k2 þ a0

Xm

n¼1

krnnk2Dt

6 C
Xm

n¼1

@g
@t

����
����

2

L2ðtn�1 ;tn ;L2Þ
þ
Xm

n¼1

krgnk2Dt þ
Xm

n¼1

kgnk2Dt þ
Xm

n¼1

knnk2Dt

 !
þ 2

Xm

n¼1

k@tn
nk2Dt þ kn0k2

: ð4:6Þ
Lemma 4.1. Let d satisfy the assumptions (H1)–(H3), then
Xm

n¼1

k@tn
nk2Dt 6 C

Xm

n¼1

krnnk2Dt þ
Xm

n¼1

knnk2Dt þ ðDtÞ2 þ h2rDt þ h2rþ2

 !
: ð4:7Þ
Proof. Taking v = @tn
n in (4.2) then
nn � nn�1

Dt
; @tn

n

 !
¼ gn � gn�1

Dt
; @tn

n
� 	

þ gn � gn�1

Dt
; dbn � rð@tn

nÞ
� 	

þ gn�1 � �gn�1

Dt
; @tn

n
� 	

þ gn�1 � �gn�1

Dt
; dbn � rð@tn

nÞ
� 	

� nn�1 � �nn�1

Dt
; @tn

n

 !
� nn�1 � �nn�1

Dt
; dbn � rð@tn

nÞ
 !

� nn � nn�1

Dt
; dbn � rð@tn

nÞ
 !

� anrnn;rð@tn
nÞð Þ þ anrgn;rð@tn

nÞð Þ

þ r � ðanrnnÞ; dbn � rð@tn
nÞð Þ � r � ðanrgnÞ; dbn � rð@tn

nÞð Þ þ rngn; @tn
n þ dbn � rð@tn

nÞð Þ

� rnnn; @tn
n þ dbn � rð@tn

nÞð Þ þ En
1; @tn

n þ dbn � rð@tn
nÞ

� �
,

X14

i¼1

Ti: ð4:8Þ
Obviously the left-hand side of (4.8) is (@tn
n,@tn

n) = k@tn
nk2.
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Now we estimate the terms of the right-hand side in (4.8) respectively. It follows from the Young inequality, Lemmas 3.1,
3.3 and assumptions (H1)–(H3)
T1 ¼
gn � gn�1

Dt
; @tn

n
� 	

6
C
Dt

@g
@t

����
����

2

L2ðtn�1 ;tn ;L2Þ
þ 1

64
k@tn

nk2
;

T2 ¼
gn � gn�1

Dt
; dbn � rð@tn

nÞ
� 	

6
C
Dt

@g
@t

����
����

2

L2ðtn�1 ;tn ;L2Þ
þ 1

64
k@tn

nk2
;

T3 ¼
gn�1 � �gn�1

Dt
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n
� 	

6 k@tn
nk1
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Dt

����
����
�1
6 k@tn

nk1 � k0kgn�1k 6 4k2
0

dk2 kg
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16
krð@tn

nÞk2

6
4k2

0

dk2 kg
n�1k2 þ 1
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k@tn

nk2
;
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Dt

����
����
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6 dbn � rð@tn

nÞk k1 � k0kgn�1k

6
k2

0

k2 kg
n�1k2 þ k2

4
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nÞk k2
1 6
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0

k2 kg
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4
kr@tn

nk2
1 6

k2
0
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nk2
;

T5 ¼ �
nn�1 � �nn�1

Dt
; @tn

n

 !
6 k@tn

nk1
nn�1 � �nn�1

Dt

�����
�����
�1

6 k@tn
nk1 � k0knn�1k 6 4k2

0

dk2 kn
n�1k2 þ dk2

16
k@tn

nk2
1

6
4k2

0

dk2 kg
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;

T6 ¼ �
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Dt
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nÞ
 !

6 dbn � rð@tn
nÞk k1

nn�1 � �nn�1

Dt

�����
�����
�1

6 dbn � rð@tn
nÞk k1 � k0knn�1k

6
k2

0

k2 kn
n�1k2 þ k2

4
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1 6
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k2 kn
n�1k2 þ d2k4

4
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1 6
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0

k2 kn
n�1k2 þ 1

64
k@tn

nk2
:

By the definition of @tn
n, the Young inequality, Lemma 3.1 and assumption (H3), we get
T7 ¼ �
nn � nn�1

Dt
; dbn � rð@tn

nÞ
 !

6
1
4
k@tn

nk2 þ d2k2krð@tn
nÞk2

6
1

16
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4
k@tn
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T8 ¼ � anrnn;rð@tn
nÞð Þ 6 �a0 rnn;r nn � nn�1

Dt

 ! !
6 � a0

2Dt
krnnk2 � krnn�1k2
� �
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T9 ¼ anrgn;rð@tn
nÞð Þ 6 a1kgnkkrð@tn

nÞk 6 4a2
1

dk2 krgnk2 þ dk2

16
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6
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1
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64
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nk2
;

T10 ¼ r � ðanrnnÞ; dbn � rð@tn
nÞð Þ ¼ ran � rnn; dbn � rð@tn

nÞð Þ þ anr � ðrnnÞ; dbn � rð@tn
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6 ðdq0a0kl2h�2 þ dk�alh�1Þkrnnkk@tn
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nk2
;

T11 ¼ � r � ðanrgnÞ; dbn � rð@tn
nÞð Þ 6 krgnk2 þ 1

64
k@tn

nk2
:

We can easily derive that
T12 ¼ rngn; @tn
n þ dbn � rð@tn

nÞð Þ 6 40r2
1kgnk2 þ 1
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nk2
;

T13 ¼ � rnnn; @tn
n þ dbn � rð@tn

nÞð Þ 6 40r2
1kn

nk2 þ 1
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nk2
;

T14 ¼ En
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nÞ

� �
6 CDt þ 1

64
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Combining (T1–T14), it follows that
1
2
k@tn

nk2 þ a0

2Dt
krnnk2 � krnn�1k2
� �

6 C
1
Dt

@g
@t

����
����

2

L2ðtn�1 ;tn ;L2Þ
þ krgnk2 þ krnnk2 þ knn�1k2 þ kgn�1k2 þ Dt

 !
: ð4:9Þ
Multiplying (4.9) by 2Dt, and summing up for n = 1, 2, . . . , m (m 6 N), we have
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k@tn
nk2Dt þ a0krnmk2
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����
����
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Xm

n¼1

krgnk2Dt þ
Xm
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 !
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n¼1

krnnk2Dt þ
Xm

n¼1

knnk2Dt þ ðDtÞ2 þ h2rDt þ h2rþ2

 !
: � ð4:10Þ
It follows from (4.6), (4.10) and Lemma 4.1, we get
knnk2 þ
Xm

n¼1

knn � nn�1k2 þ a0

Xm

n¼1

krnnk2Dt

6 C
Xm

n¼1

@g
@t

����
����

2

L2ðtn�1 ;tn ;L2Þ
þ krn0k2 þ

Xm

n¼1

krgnk2 þ kgnk2 þ krnnk2 þ knnk2
� �

Dt þ kn0k2 þ ðDtÞ2 þ h2rDt þ h2rþ2

( )
:

ð4:11Þ
By the Gronwall’s inequality, we have
max
16n6N

knnk2 þ
XN

n¼1

knn � nn�1k2 þ a0

XN

n¼1

krnnk2Dt 6 C h2r þ ðDtÞ2
� �

: ð4:12Þ
Finally, applying the triangle inequality we obtain
max
16n6N

kenk2 þ
XN

n¼1

ken � en�1k2 þ a0

XN

n¼1

krenk2Dt 6 C h2r þ ðDtÞ2
� �

: ð4:13Þ
5. Numerical experiments

In this section, we present some numerical experiments to illustrate the effectiveness of the C-FDSD method. We consider
the following convection-dominated diffusion problem:
@u
@t
� eDuþ @u

@x
þ @u
@y
þ u ¼ f ; x; y; tð Þ 2 X� ð0; T�; ð5:1Þ

uðx; y; tÞ ¼ 0; ðx; y; tÞ 2 @X� ð0; T�; ð5:2Þ
uðx; y;0Þ ¼ 0; ðx; yÞ 2 X: ð5:3Þ
Table 1
Numerical results obtained with e = 1.0e�3 at T = 5.

Method Grid size Values of Dt and d L2-norm error

Galerkin h ¼ 1
2

2.09991e�4

h ¼ 1
4

Dt = 0.005 1.37370e�4

h ¼ 1
8

4.61192e�5

C-Galerkin h ¼ 1
2

1.53427e�4

h ¼ 1
4

Dt = 0.005 1.34192e�4

h ¼ 1
8

6.08919e�5

FDSD h ¼ 1
2

Dt = 0.005 2.10282e�4

h ¼ 1
4

d = 0.000125 1.32975e�4

h ¼ 1
8

4.00132e�5

C-FDSD h ¼ 1
2

Dt = 0.005 1.33350e� 4

h ¼ 1
4

d = 0.000125 1.05037e�4

h ¼ 1
8

1.26409e�5



Table 2
Numerical results obtained with e = 1.0e�5 at T = 5.

Method Grid size Values of Dt and d L2-norm error

Galerkin h ¼ 1
2

2.24474e�4

h ¼ 1
4

Dt = 0.05 1.77912e�4

h ¼ 1
8

1.61974e�4

FDSD h ¼ 1
2

Dt = 0.05 2.24466e�4

h ¼ 1
4

d = 0.000001 1.77862e�4

h ¼ 1
8

1.61172e�4

C-FDSD h ¼ 1
2

Dt = 0.05 1.48780e�4

h ¼ 1
4

d = 0.000001 6.06253e�5

h ¼ 1
8

3.89388e�5

Fig. 1. Mesh with uniform grid size h ¼ 1
16.

IsoValue
1.0467e-005
3.1401e-005
5.23351e-005
7.32691e-005
9.42031e-005
0.000115137
0.000136071
0.000157005
0.000177939
0.000198873
0.000219807
0.000240741
0.000261675
0.000282609
0.000303543
0.000324477
0.000345411
0.000366345
0.000387279
0.000408213

Fig. 2. The isovalue of U when e = 1.0e � 3, d = 0.000125, Dt = 0.005.
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IsoValue
9.54053e-006
2.86216e-005
4.77026e-005
6.67837e-005
8.58648e-005
0.000104946
0.000124027
0.000143108
0.000162189
0.00018127
0.000200351
0.000219432
0.000238513
0.000257594
0.000276675
0.000295756
0.000314837
0.000333918
0.000353
0.000372081

Fig. 3. The isovalue of U when e = 1.0e�5, d = 0.000001, Dt = 0.05.
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The spatial domain is X = [0,1] � [0,1]. The time interval is (0,T] = (0,5]. The function f is determined by the exact solution
u(x,y, t) = e�txy(1 � x)(1 � y).

Now we use P1 conforming finite element, and compare C-FDSD method with FDSD method, C-Galerkin FEM, the standard
Galerkin FEM which are based on the regular meshes. In the numerical experiments, the data are chosen as follows.

The domain is partitioned into triangles with the size h ¼ 1
N for N = 2, 4, 8, respectively. The time step size is Dt = 0.005

with T = 5. The choice of artificial parameter d is 0.000125. We consider the case e = 1.0e�3, the absolute error of velocity
in L2-norm and convergence rate are shown in Table 1. From Table 1 we can see the above four kinds of methods are effective
but the C-FDSD method is more robust.

If we choose the smaller e = 1.0e�5, the standard Galerkin FEM and FDSD method are not effective, but the C-FDSD meth-
od can be expected work well. In order to confirm the theoretical results, we can choose the larger time step Dt = 0.05. The
numerical results are shown in Table 2.

From Table 2, we see that the C-FDSD method is stable, and the L2-norm error obtained by the new scheme is smaller than
the FDSD method and the standard Galerkin FEM. Furthermore, the C-FDSD method not only realizes the purpose of lowering
the error of time, using larger time step for solving the convection-dominated diffusion problems, but also avoids the numer-
ical oscillation and keeps favorable stability and higher precision.

Finally, we present the Figs. 2 and 3 for the isovalue of U, where U is the numerical solution of u, when e = 1.0e�3, 1.0e�5
and d = 0.000125, 0.000001, respectively. The uniform spatial grid size is h = 1/16 in Fig. 1, and compute the results at T = 5.
From Figs. 2 and 3, we can see that when we choose the proper values of parameter d, we can adopt the larger time step to
computation for save operation and complexity. It is noticed that the choice of parameter values d depended on the assump-
tions (H1)–(H3).

6. Conclusions

In this paper, we provide the characteristic finite difference streamline diffusion method for two-dimensional convection-
dominated diffusion problems and deduced error estimates for its full-discrete scheme under some assumptions. It allows to
simplifies the computational work and keeps the good stability and high accuracy by choosing the proper parameter values.
Obviously, we can easily extend the present analysis to the three-dimensional convection-dominated diffusion problems.
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