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1. Introduction

Denote by C,,, the set of all n x n complex matrices and let U(n) be the group of n x n
unitary matrices. It is well-known that every A € C,,», is similar to a complex symmetric
matrix (cf. [1, Theorem 4.4.24]). Every normal matrix is unitarily similar to a diagonal
matrix which is clearly symmetric. One may ask whether every matrix is unitarily similar
to a symmetric matrix. This is true when n = 2 [2]. However, it is not true [3, Example 7]
when n > 3. See [4,5] for related works.

Toeplitz matrices arise in solutions to differential and integral equations, spline func-
tions, and problems and methods in physics, mathematics, statistics, and signal processing.
They are one of the most well-studied matrices. Toeplitz matrices are also generalized as
Toeplitz operators acting on the vector Hardy space [6]. Recently, Chien and Nakazato [7]
proved that every Toeplitz matrix is unitarily similar to a complex symmetric matrix.

In this paper, we will use two methods to constructively prove that each Toeplitz matrix
is unitarily similar to a complex symmetric matrix. Moreover, there are two unitary
matrices that uniformly turn all n x n Toeplitz matrices into symmetric matrices via
similarity and they will be given explicitly. Thus, this is an improvement on the result from
[7]. We also study the problem of whether every symmetric matrix is unitarily similar to a
Toeplitz matrix. When n < 3, itis true (see Theorem 3.6). However, the answer is negative
in general. Proofs are given for the case n = 4 and the case n = 5 in Section 5 and Section
6, respectively.

CONTACT lJianzhen Liu @ jz10073@auburn.edu
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2. Kippenhahn polynomials

We introduce some invariants of the unitary similarity. The k-th numerical range of
A € C,,«, is the set

Ak(A) :={z € C: PAP = zP for some k — dimensional orthogonal projection P}

1 <k < n(cf.[8]). When k = 1, Ak(A) is reduced to the classical numerical range defined
as

W(A) = {§"A§ : £ e C",E76 =1},

which has been systematically and intensively studied in the literature (cf. [1,9-11]). The
k-th numerical range A (A) is completely determined by the following ternary form:

Fo(x,y,2z) = det(xN(A) + yI(A) + zI,,),

where R(A) = (A+A*)/2and J(A) = (A — A*)/(2i). Kippenhahn [11] proved this result
when k = 1. More precisely, W(A) is the convex hull of the real affine part of the dual curve
of Fo(x,y,z) = 0.1In [12], it was proved that the equations Ax(A) = Ax(B) (1 < k < n)
for n x n matrices A, B hold only if those Kippenhahn polynomials satisfy F4 = Fp.
A matrix A and its transpose AT have the common ternary form F4 = F,r. Helton
and Spitovsky [13] showed that for every A € C,«, there exists a complex symmetric
B € Cpxy satistying Fp(x, y,z) = Fa(x, y,2), hence Ax(A) = Ax(B). Their result depends
on atheorem in [14] which answers affirmatively to the conjectures raised in [9,15], namely,
for a hyperbolic ternary form F(x, y, z), there exist real symmetric matrices H and K such
that F(x,y,z) = Fuyik(x,y,z). The result of [14] provides us motivation to study the
class of matrices which are unitarily similar to symmetric matrices. In [16], a method to
construct symmetric matrices H, K starting from a hyperbolic form F(x, y, z) is explicitly
given when the curve F(x, y,z) = 0 has genus 0 or 1.

3. Main results
Ann x nmatrix T = (a;j) is called a Toeplitz matrix if a;; = ak, for every pairs (i, j), (k, £)
satisfying i —j = k— . In this case, a;; is denoted by a; _; for some ag, a+1, a+2, . . ., dx(n—1)-
Explicitly,
agp a-1 a2 ... ... d—(n-1)
[75] ap ad—1 :
az ap

. a_1 a_j

ay agp a_1
An—1 «++v .. A2 ay ap
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The n x nJordan block J,,(0) corresponding to the zero eigenvalue is a Toeplitz matrix and
[1, p.208] J;,(0) is unitarily similar to the symmetric matrix

01 0 0 0 0 —10
1 1
1 i
510 ol 5] o 0
1 -1
0 0 1 0 0 1 0 0

viaU = \/LE(I,, + i) € U(n), where J, is the n x n backward identity.

The property that J,, (0) is unitarily similar to a symmetric matrix is also true for arbitrary
Toeplitz matrix T € C,, x5 and it was proved by Chien and Nakazato [7]. We are going
to reprove their result by explicitly giving unitary matrices U that transform all Toeplitz
matrices in Cy,, to symmetric matrices.

A Toeplitz matrix can be viewed as a linear combination of Jordan block J,(0), the
transpose of J,(0), and their powers. It is not difficult to see that the unitary matrix
U= \sz([n + iJn) € U(n) can also turn all Toeplitz matrices to symmetric matrices.

Theorem 3.1:  Every Toeplitz matrix T is unitarily similar to a symmetric matrix B = (bj;)
via the unitary matrix U = \/iz(ln +iJ,) € U(n), where ], is the n x n backward identity.
More specifically,

1 i
bij = 5 (@i—j + aj-i) + 2 @itj—n-1 = Ant1-ij)-

Proof: Since U* = \%(In —iJ,) € U(n) and JTJ = TT, we have

UTU = %(1—:‘])T(1+u>
= %(T+iT]—i]T+ TT)

- Lorm i —m
2 2

Note that T 4+ T7 is symmetric, TJ and JT are Hankel matrices (see [1, 0.9.8]), which are

symmetric. Hence, U*TU is symmetric. O
100 i
01140
. = =L
Example 3.2: Whenn—4,U—ﬁ 0 i 10 and
i 001
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2a0 + i(a—3 — as) ai+a_1+ila_, —ay)

* _llai+a1+i(asy—ay) 2a0+i(a_1—ap)
Ut = - .
2lax+a+i(a_1 —ay) a;+a—
as+a_; a+a_y+i(a; —a_y)
a+a_+ila_1 —a) az+a_;
a;+a_; a+a_p+i(ap —a—y)

2a0 +i(a; —a_1) ai+a_1+ilay—a_y)
ai+a-y+i(aa —a-2)  2a0+i(az —a-3)

We remark that in Theorem 3.1 the unitary U that uniformly turns all Toeplitz matrices
to symmetric matrices via similarity is not unique.

Theorem 3.3:  Every Toeplitz matrix T € C,,»,, is unitarily similar to a symmetric matrix.
Moreover, the following U € U(n) uniformly turns all Toeplitz matrices in C,, into
symmetric matrices via similarity:

(1) Whenn =2m, withm > 1,

U=

1
V2 1 —i

(2) Whenn=2m+ 1, withm > 1,

1 i

0 i
V2 0

0 —i

S
[\9]
—_ O

1 —1i
Proof: Clearly U is unitary and we write U = (uj - - - u,,) in column form and let B :=
U*TU = (bst). Our goal is to show that B is symmetric. Note that by = u} Tu;.
(1) When n = 2m,
(ek + eam—k+1)/V2  k=<m
ug = ,
(eam—kt1 — €)i/v/2  k>m.

By straightforward computation, we have

1

5@—s + as—t + astt—2m—1 + G2my1—5s—t), S<mit=m
1.

bst = bis = jl(at—s — s—t + Gs4t—2m—1 — Bm+1-s—t), S <mt>m

1
5(@t—s + as—t — Asr—2m—1 — Qamt1-5—t), S§>m,t>m.
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(2) Whenn =2m + 1,

(ek + e2m—k+2)/~/2 k<m
Uk = § em+1 k=m+1
(e2m—k42 —€)i/vV2  k>m+1.

Straightforward computation yields

%(at—s +as—t + aspr—2m—2 + Gomt2—s—t) S<mit=<m
g(am—kl—s + as—m-1) s<mt=m+1

by — by — %i(atfls — A_t + Agpi—2m—2 — Gami2—s—1) S<mt>m+1
ap = 52a s=m+1L,t=m+1
JTEi(at—m—l — Am+1-t) s=m+1Lt>m+1
%(at—s +as—t — Ast—2m—2 — Gamt2—s—t) S>m+Lit>m+ L

It follows that B = U*TU is symmetric.

O
We remark that the corresponding symmetric matrices B = U*TU given by
Theorem 3.1 and 3.3 are different.
10 0 i
01 i O
. - =L
Example 3.4: Whenn =4,U = Zlo1 i o and
10 0 —i
2a9 +asz +a—s3 a1 +a—_1+a;+a—p
1
UTU = = ‘a1+a_1+a2+a_2 2ap+a1+a—1
2 |ilaz —a_2+a_1—ay) i(ay —a-1)
i(as —a-3) i(ap—a_x+a;—a_y)
i(az —a—+a-1 —ap) i(as —a—3)
i(ay —a—1) i(a —a—+ay—a_y)
2a9 — a1 —a— apta-1—a—a
ai+a_1—ay—a_ 2a0 — a3z —a_3

Denote by S, the subspace of complex symmetric matrices in C,x, and T}, the set of
Toeplitz matrices in C, . Theorem 3.1 and 3.3 imply that {U*TU : U € U(n)} and S,
have nonempty intersection for all T € T,.

Given S € S, can we find a unitary matrix U such that USU* is Toeplitz? If the answer
is affirmative, then it can be viewed as a (weak) converse to Theorem 3.1 and 3.3, that is,
every symmetric S € C,,»,, is unitarily similar to a Toeplitz matrix.

It is not hard to see that the claim is true when n = 2 since each A € C,,, is unitarily
similar to a matrix of equal diagonal entries [17, p.18]. How about the 3 x 3 case? The
answer is affirmative and we are going to prove it. We first note that for any 3 x 3 complex
matrix
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si1 S12 13
S=|s12 52 523>
S13 $23 33

we have

s11+ 833 V2(s12 + is23) s11 + 2is13 — 533
USU* = 3 V2(s12 — is23) 252, V2(s12 +isp3) |
s11 — 2is13 — 533 ~/2(s12 — i523) S11 + 833

where U is the unitary matrix given in Theorem 3.3. So, if 511 + 533 = 2522, then the matrix
USU* is Toeplitz. Let us return to the case that S is symmetric. If we can find a rotation
matrix W such that B = (b;) = WSWT satisfies

b1 + b3z = 2by, (3.1)

then we have the desired result by applying the unitary similarity via U to B for the 3 x 3
case. We will show that such a rotation matrix exists.

Denote by SO(n) the n x n proper orthogonal group. Let S € S3 and S=8§— (tr S)I5.
Then tr S = 0. If we can show that S is unltarlly similar to some Toeplitz matrix T then S
is unitarily similar to the Toeplitz matrix T + 3 L(tr $)I5. Thus we may assume tr § = 0.
Lemma 3.5:  Suppose that S € Sz satisfying tr S = 0. Then there is W € SO(3) such that
the (2, 2)-entry of WSWT is 0, and hence

bii bz bis
WSWT = [ b1y by bas
b1z by bss

fOT’ some by, b1z, b13, b3, bao, byz € Cwith byy = 0, b3z = —bq;. IthllOWS that by, + bsz —
2by; = 0.

Proof: Note that tr S = 0. By a result of Brickman [18], (also see [19,20]), the range
W(S) := {(WSWT),, : W € SO(3)}

is convex. Since s11, $22, $33 € W(S),
1 1
0= gtrS = 5(511 + 520 +533) € W(S).

So there is W € SO(3) such that (WSWT),, = 0. O

Theorem 3.6: Any 3 x 3 complex symmetric matrix is unitarily similar to some 3 x 3
Toeplitz matrix.

Proof LetS € S5.LetS = S — —(tr S)I;. By Lemma 3.5, there exists W € SO(3) such that
B := (bj) = WSWT and by, = 0; thus b1y + b33 = 2by. Now B := (by) = WSWT =
wsSwT 4+ (tr S)I5 is symmetric and by; + bsz = 2byy and by = trS that is, (3.1) is
satisfied. By the previous discussion
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UBU* = UWSWTU* = UWS(UW)*

is Toeplitz, where U is the 3 x 3 unitary matrix given in Theorem 3.3. O

4. A standard form of complex symmetric matrices

To consider the class of complex symmetric matrices which are unitarily similar to Toeplitz
matrices, we introduce a new standard form for complex symmetric matrices.
Lemma 3.5 can be extended in the following theorem.

Theorem 4.1: Let S € S,. There exists W € SO(n) for which the diagonal entries
(dy,ds, . .., dy,) of the complex symmetric matrix WTSW satisfy

2
dj = Ztl‘S — dn+l—j

forj=1,2,...,n. In particular, dj = —dn+1_j whentrS§=0forj=1,2,...,n

Proof: Without loss of generality, we may assume that tr § = 0. It suffices to prove that
there exists W € SO(n) for which the diagonal entries (dy,ds, ..., dy,) of wTsw satisfy
dj = _dn-H—j fOI’j = 1,2, R (%

It is trivial when n = 2 and Lemma 3.5 handles the n = 3 case.

Now we let n > 4. When n = 2m, let C = diag(1,0,...,0,1). By a result of Au-Yeung
and Tsing [19] (also see [20, Theorem 11.7]), the range

We(S) = (WSW)11 + (WSW ), - W € SO(n)}
is convex. If 0 ¢ W¢(S), we can separate W¢(S) from 0 by the line x = a for some a > 0
by rotating the range. We may assume W¢(S) C {z € C : 9i(z) > a}. This relation implies

that

RWSWT) 11 + (WSWT),.,)
RWSWT)2s + (WSW D) 1yu1y)

a,

(AAY

a,

RW D) + (WSWD) i yoma ) = a,

and hence N (tr (WSWT)) = R(trS) > ma > 0, which contradicts tr S = 0. So we have
0 € W¢(S), and thus there exists W € SO(n) such that the diagonal entries (d, d, . . ., dy)
of WTSW satisty d, = —d;. The argument can be used to prove dj = —d,—j+1 by taking
C = diag (0j-1,1,04—2j,1,0;—1). Hence, we have dj = —dn+1_j, wherej=1,---,m.
When n = 2m + 1, let C = diag(0s, 1,0,). Using the idea in Lemma 3.5 we can
prove that there exists W € SO(n) such that the diagonal entries (di, . . ., dm+1,- . .,dy) of
wTsw satisty d+1 = 0. Then we consider the (2m) x (2m) matrix S obtained by deleting
the (m + 1)-st row and column from S. We then apply the inductive hypothesis to S and
complete the proof of our assertion. O

We consider the class of 4 x 4 standard form of complex symmetric matrices S with
tr§=0:
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S11 S12 S13 S14
S = S12 S22 $23 S24
S13 $23 —S$22  S34
S14 S24 34 —S11

>

which is parametrized by the 8 complex numbers s11, 522,512, . .,534. In order to have
S = U*TU for some T € T4 and the unitary matrix U given in Section 3, the following
two equations are necessary and sufficient conditions:

S12 + 834 — 2522 = 0,513 — s24 + 2523 = 0.
A general form of T = USU* for the above S is given by

0 ti2 ti3 ta
7 fr1 0 t fi3
t31 t32 0 f12
fy1 t31 ta1 O

which is parametrized by 8 complex numbers t13, t13, t14, t23 and t21, £31, a1, t32. We denote
by T4 the complex vector space of matrices of the form

tin tio ti3 tie
fin t3 f3
31 t32 t11 ti2
ty1 131 f21 I

~
S
=

The matrix T is Toeplitz if tr3 = t12, t3p = o).

5. Comparision of the two dimensions, 27 vs. 26

In this section, we shall prove that the following inclusion is proper:
{UTU* : T e Ty, U € U4)} C {USU*: S € 84, U € U4)}.

We first establish that the following theorem.
Theorem 5.1:  The set

{UTU* : T € Ty, tr T =0,U € U4)}, (5.1)
is parametrized by real 26-variables. The following set
(USU* : S € Ty, tr S=0,U € U(4)} (5.2)

contains the above set (5.1) and its dimension is 27. Hence thereis a set S € T4 withtr S = 0
for which USU* does not belong to (5.1) for any U € U(4).

Proof: We first examine the set (5.1). Note that the dimension of the real vector space

(T € Tytr T = 0}
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is 12. The Lie group SU(4) is a 15-dimensional real analytic manifold with the real tangent
space at the identity composed of the 4 x 4 skew-Hermitian matrices of zero trace:

X11 X12 X13 X14
X21 X22 X23 X24

X =
X31 X32 X33 X34
X41 X42 X43 X44
withx11 = ip1, x20 = ip2, X33 = ip3, X44a = —i(p1+p2+p3), X120 = r1+is;, x21 = —r1+is1,
X13 = ry+isy, X31 = —12+is2, X14 = 13+183,X41 = —13+i83,X23 = r4+isq, X33 = —rg+isy,
Xo4 = 5+ 1S5, X4p = —15 + iS5, X34 = T + iS¢, X43 = —T¢ + iSg, wherepl,pz,p3, [ TN
$1,...,S¢ are 15 real parameters. For a general point Uy To U; of the set

{UTU* : T e Ty, r T =0,U € SU4)},
we shall estimate the dimension of its tangent space. By using the operation
Z — U ZUy,

we may assume that Uy = I and restrict ourselves to consider the dimension of the tangent
space at To € T4 with tr Ty = 0. By the Taylor expansion of an element of a neighborhood
of Ty, we obtain

exp (tX)(To + tT1) exp ( — tX) = Tp + tT; + tXTo — tTXq + O(t%)

for X € Cyxg,X* = —X,trX = 0and T; € Ty, trTy = 0. These Ty’s form a 12
dimensional real vector space. We compute the dimension of the derivation range

{ToX — XTy: X € Cyxsg, X ==X, tr X = 0}

modulo the vector space . 3
{TeTy:trT =0}.

We denote by Wj; the (i, j)-entry of W = TX — XT. Let

Wi =Wy, Wy = Wiy, W3 = Wi3, Wy = Wip — Wiy, Ws = Wy — Wys,
We = Wiz — Wy, Wy = Wz — Wy, Wg = Wo3 — Wiy, Wog = W3, — Wys.

Each Wj can be expressed as

9 15
Wi = tjap1 + tjap2 + tjaps + Z tjk—3Tk + Z tj k—95k
k=4 10

for some complex coefficients ¢ x. The coefficients ¢ satisfy
tj,k =0,

for j,k = 1,2,3. We are going to give the coefficient vectors
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Pk = (t4,k> t5,k’ t6,k’ 7k Zt8,ks t9,k)) k=1,2,3.
They are

P, = (0,0,0,0,ia1 — by, —ic; + dy),
P, = 2(ia; — by, —icy + dq,iay — by, —icy + d5,0,0),
P3 = (2ia1 — 2b1, —2i61 + 2d1, 2i€lz — 2b2, —2i62 + 2d2, 3ia1 — 3b1, —3iCl + 3d1),

and hence the vectors P]fs satisfy the linear equation
P; — P, —3P; =0.

Hence, the rank of the 18 x 15 matrix (R (¢ k), Ts(tj,k))T is necessarily less than or equal to
14. By taking a rather general coeflicient aj, bj, Gj> dj, the rank of such a matrix is just 14.
Thus, we conclude that the dimension of the set (5.1) is 26.

We then examine the set (5.2) and show that it has dimension 27 = 16 + 11. We take a
generic matrix T in Ty with tr T = 0 as follows:

0 2—2i 3+7i 7+8i
1+ 4i 0 23+3i 3+7i
23+7i 13-3i 0 2-2i|’
—11+11i 234+7i 1+44i 0
at which we consider the tangent space of the set (5.2). By the Taylor expansion of an
element of a neighborhood of T, we obtain

~
Il

exp (EX)(T + tTy) exp (— tX) = T+ tTy + XT — TX + O(t?)

for X € Cyug,X* = —X,trX = 0and 77 € ’ﬁ‘4,tr Ty = 0. These Ty’s form a 16
dimensional real vector space. We compute the dimension of the derivation range

(TX —XT : X € Cyss, X* = =X, tr X = 0}

modulo the vector space y
{T, € Ty : tr Ty = 0}.

We denote by Wj; the (i, j)-entry of W = TX — XT. Let
Wi = Wi, Wo = Wap, Wi = Wiz, Wy = Wip — Wiy,

Ws =Wy — Wy3, We = Wiz — Woy, Wy = W31 — Wyp.

Let
RW)) = cj—1ap1 + @j—12p2 + €2j—1,3P3 + €2j—1471 + - - - + 21,976 + C2j—1,1051
+ ...+ 21,155
S(Wj) = cajap1 + c2jap2 + 2j3p3 + Cojar1 + - - + 25,976 + €27,1051 + - - - + €2),1556>

j=1,...,7. We consider the 14 x 15 matrix T= (cij) = [AIB:
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1 -26 4 0 0
-2 —-14 -19 O 0

0 O 0
0 O 0
0 O 0 3 0 0 —-36 —26
0 O 0 2 0 0 0 -—14
0 O 0 0 26 0 36 0
0 O 0 0 14 0 0 0
A = 0 4 4 0 —-20 —46 -6 -20
0 4 4 0 -5 —-14 —14 -5 |’
0 8 8 0 —-12 —6 —46 —12
0O -2 -2 0 —-14 —14 —14 —-14
0 —14 —14 =30 0 -2 4 0
0 6 6 -1 0 -8 —4 0
0 14 14 -2 0 -4 2 0
0 —46 —46 -8 O 4 8 0
0 6 0 3 0 0 0
0 1 —-20 18 0 0 0
0 -6 0 0 -6 0 0
0 -1 0 0 10 —-20 -20
-3 0 0 0 6 0 0
-2 20 0 —-10 O 0
B - 0o —-11 14 -—-14 —-11 —-11

0
0
0 0 -6 —46 6 —6 —6
0 0 § —-14 14 8 8

=30 =5 0 8 4 0 0
-1 —-16 0 -2 4 0 0
-2 14 0 4 8 0 0
-8 24 0 4 =2 0 0

We are going to show that the rank of T is at least 11. For this purpose we delete the first
two columns and the last two columns from T without increasing the rank. These columns
correspond to the variables p1, pa, s5, 5. We also delete the first two rows and the last row
from T without increasing the rank. These two rows correspond to the (1,1)-entry of
W = TX — XT and the imaginary part of W; = W3; — Wy,. Then we obtain an 11 x 11
real invertible matrix. This shows that the set (5.2) has a tangent space of dimension at
least 27 at the point T. In fact, with some additional computations we can show that the
rank is just 11 but it is unnecessary for the proof of the assertion in the theorem, so the
set (5.1) cannot cover the set (5.2). Thus, we just proved that there exists a 4 x 4 complex
symmetric matrix which is not unitarily similar to any 4 x 4 Toeplitz matrix. O

6. 5 x 5 matrices

We shall prove the following theorem.

Theorem 6.1:  There exists a 5 X 5 complex symmetric matrix A with tr A = 0 for which
Fy is not realized by Fr forany T € Ts withtr T = 0.
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Proof: The real vector space of all 5 x 5 Toeplitz matrices T with tr T = 0 is parametrized
as

0 p1+iqe pa+iqa ps+iqs ps+iqa
ps +igs 0 p1+iqr p2+iqy p3+igs
Ps +iq6 ps +igs 0 p1+iq p2+ige
p7 +iq7 pe+iqs ps+igs 0 p1+iq

s +iqs p7 +iq7 pe+iqs ps+iqgs 0

by 16 real parameters p1, .. ., ps, q1, - - - » 8. The Kippenhahn polynomial of a general 5 x 5
unitarily symmetrizable matrix S with tr § = 0 is expressed by

Fy(t,x,y) = t° 4 a1t’x* + oot xy + 32y + cut’x° + est’x’y + cot xy?

—|-67t2y3 + c;;tx4 + C9tx3y + clotxzy2 + cutxy3
+612ty4 + 613X5 + cl4x4y + 615x3y2 + 616x2y3 + C17x)/4 + 618)/5,

where cy,. .., c1g are real coeflicients. We will identify F3(t,x, y) by its coefficient vector
Fy := (c1,¢2,...,c18). We consider the subspace

{FT = (c1,¢2,...,¢18) : T € Ts,tr T = 0}.

The map
(P1-91>- - ->ps>q8) = (c1,...,c18)

is a polynomial map and hence it is infinitely differentiable. So the set of points (cy, . . ., c1g)
for 5 x 5 Toeplitz matrices T with tr T = 0 has dimension < 16. We show that there exists
a5 x 5 complex symmetric matrix S for which the linear perturbation § = 28 + H + iK
of 2§ by the matrices H, K:

ay ds dg djp A4dia b1 0O 0 0 O
as dp dg d4dip A3 0 bz 0 0 O
H = ag dg d3 dy dii | K = 0 0 b3 0 0 ,
a2 aipp a7 a4 ag 0 0 0 by O
a4 di13 an ag ap 0 0 0 0 bs
with a1, = —(a; + a» + a3 + a4), bs = —(by + by + bz + by) for real coeflicients

bi,..., by, ay,...,a14. Then the matrix S = 2§ + H + iK has non-vanishing Jacobian

9(C15...»C4,C55...,C18)
a(bla- . -;b4>al)' . .,ﬂ14)

at (by,...,bg,a1,...,a18) = (0,...,0,0,...,0) for some symmetric matrix S. In fact, let

0 2+43i 1—3i 4+42i —3+45i

2+43i 4+2i 3—2i 3+5 4-—6i
S=\|1-3i 3-2i 24i 2+2i 1—i
4+4+2i 3450 242 —2—i 1+i
—3+5 4—6i 1—i 1+4+i —4-2i
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Then we compute the above Jacobian by using computer software. This value does not
vanish and is about 3.81737 x 10°7. Hence, there existsa 5 x 5 symmetric matrix A with
tr A = 0 for which Fj is not realized by Fr forany T € T5s withtr T = 0. O
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