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We propose a simulation method for Brownian dynamics of hard spheres in one dimension for
arbitrary continuous external force fields. It is an event-driven procedure based on the fragmentation
and mergers of clusters formed by particles in contact. It allows one to treat particle interactions in
addition to the hard-sphere exclusion as long as the corresponding interaction forces are continuous
functions of the particle coordinates. We furthermore develop a treatment of sticky hard spheres as
described by Baxter’s contact interaction potential.

I. INTRODUCTION

Motion of micron-sized particles in soft matter and bi-
ological systems can in general be well described by an
overdamped Brownian motion. In these dynamics, the
excluded volume part of the particle-particle interactions
is often taken into account by considering the particles as
hard spheres. The hard-sphere interaction represents a
core part of any interaction if particles cannot penetrate
each other and has a decisive impact on collective phe-
nomena. Even if a softcore potential is more accurately
accounting for the repulsive interactions when particles
approach each other, the hard-sphere model is often used
as an effective description. However, in Brownian dy-
namics simulations the hard-sphere interaction requires
special care due to its singular nature.

The problem of simulating hard spheres has been
around as long as modern computational physics [1, 2].
In these early studies, equilibrium properties were simu-
lated based on Monte Carlo methods. The first dynamic
algorithm was similar to standard Monte Carlo simula-
tions and based on rejecting movements when particle
positions violate the hardcore constraint [3]. A modifi-
cation to this approach was made by placing particles in
contact instead of rejecting the movements [4]. However,
these methods are not suitable for high particle densities.

This motivated improvements by introducing event-
driven dynamics in order to avoid any overlapping of par-
ticles, similarly as it is often done in molecular dynamics
simulations [5]. Most of these approaches are based on
the idea that when an attempted displacement of the
particles in the numerical procedure leads to an overlap
of two particles, the corresponding encounter of the two
particles is treated like a binary elastic collision. For
treating a case where more than two particles overlap, a
sequence of binary collision can be carried out. For zero
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external forces, a corresponding procedure was developed
in Refs. [6, 7], and for non-zero external forces a refined
method was proposed in Ref. [8]. One may also consider
binary collisions which are not perfectly elastic [9–11].

In real systems, it is often found that more than two
particles come into contact [12–14]. Then, particles can
be grouped into clusters. The presence of clusters can be
justified by kinetic theory, thereby establishing the limits
of applicability of the binary collision theory (inelastic or
elastic) [15]. Aggregation of such clusters in Brownian
dynamics simulation was described in [16].

Here we present a method for simulating overdamped
Brownian dynamics of hard rods in one dimension based
on particle clusters. It relies on an exact method to solve
the Langevin equation for this many-body system in ar-
bitrary continuous external force fields. Particle configu-
rations are evolved such that particle clusters are moved
coherently. The clusters are formed by particles that are
in contact. They can fragment into smaller or merge into
larger clusters, and the fragmentation and merging pro-
cesses are determined by conditions on the mean external
forces acting on the clusters.

In several applications, in addition to excluded vol-
ume interactions, attractive interaction forces need to be
taken into account. To this end, a simple generaliza-
tion of the hard-sphere model was introduced by Bax-
ter [17]. In this model of sticky hard spheres, adhesive
interactions are present when particles are in contact.
Equilibrium properties of this model can be studied an-
alytically in one dimension [18]. Beyond one dimension,
structural properties were studied extensively by Monte
Carlo simulations in the past [19–28]. Approaches with
a rate dynamics of contact breaking and formation be-
tween spheres were developed to describe nonequilibrium
kinetics of such systems [29].

For including the contact interaction into Brownian
dynamics simulations, we present a way of representing
the δ-singularity in the sticky hard-sphere interaction po-
tential. This allows one to tackle the contact interaction
in our cluster-based algorithm. One can use this method
also in other simulation procedures for the Brownian dy-
namics of hard spheres.
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II. LANGEVIN EQUATIONS FOR BROWNIAN
MOTION OF HARD RODS

The one-dimensional overdamped Brownian motion of
N hard rods of length σ with center positions at xi, i =
1, . . . , N , in an external force field f(x) is described by
the Langevin equations

dxi
dt

= µf(xi) +
√

2D ξi(t), (1)

where µ is the particle mobility, D is the diffusion co-
efficient, and ξi(t) are Gaussian white noise processes
with zero mean and correlation functions 〈ξi(t)ξj(t′)〉 =
δijδ(t− t′).

If the particles would exert continuously varying inter-
actions forces on each other, one could add these forces
to the right hand side of Eqs. (1) and simulate the par-
ticles’ motion by standard methods [30, 31], e.g. by the
Euler algorithm in the simplest approach. For hard rods,
however, the interaction cannot be described by a contin-
uously varying force. It enters the dynamics as a condi-
tion imposed on probability currents in the many-particle
Fokker-Planck equation (see supplementary material of
Ref. 32). The accurate and efficient treatment of this
interaction in the Langevin equations (1) needs special
care.

In the following we present a method to solve Eqs. (1),
which we refer to as Brownian cluster dynamics (BCD)
simulations. We will also consider Baxter’s sticky hard-
sphere interaction [17], which corresponds to an addi-
tional attraction between two hard rods when they get
in contact.

III. BCD SIMULATIONS FOR HARD RODS IN
EXTERNAL FORCE FIELD

Our new algorithm gives an approximate solution of
the Langevin equations (1) by evolving the system in
fixed time steps ∆t. It is based on conditions for cluster
movements. A cluster of size n is a local arrangement of
n rods that are mutually in contact, but not in contact
with other rods. We call such an arrangement an n-
cluster. Single rods in this description are 1-clusters.

In dense systems, there will be clusters of all sizes that
can fragment into smaller ones and/or collide with neigh-
boring clusters during their motion. The challenge is to
identify these fragmentation and collision events accu-
rately.

We do this by first identifying at a starting time t how
the clusters move. This “cluster analysis” takes into ac-
count the fragmentation events. It amounts to assign-
ing a velocity to each particle at time t, where particles
moving together as a cluster have the same velocity. An
attempt is then made to propagate the particle positions
with these velocities in a small time step ∆t. If there
is no collision of clusters in the interval [t, t + ∆t[, the
particles are displaced correspondingly, and the cluster

analysis is carried out for the new particle configuration
at time t+ ∆t.

In the case when there is a collision of clusters during
the interval [t, t+ ∆t[, the first collision event at time tc
is determined. For the clusters involved in that collision,
the cluster analysis is carried out, yielding updated veloc-
ities for the particles being part of the colliding clusters.
Then again it is attempted to propagate the particle po-
sitions with the fixed velocities for all particles until time
t + ∆t. If there is a further collision, this is taken into
account in the same manner as the first collision.

The process is repeated until the time t+∆t is reached.
Then all particle velocities are updated by a cluster anal-
ysis.

A. Cluster analysis

We consider n hard rods of diameter σ forming an n-
cluster at time t. In the cluster, the particles at positions
x1, x2 = x1 + σ, . . . , xn = x1 + (n− 1)σ can exert forces
on each other that must obey the following conditions:
– The interaction force F int

i,i+1 of particle i on particle

(i+1) must be non-negative, F int
i,i+1 ≥ 0.

– The force F int
i+1,i exerted by particle (i+1) on particle

i is F int
i+1,i = −F int

i,i+1.
We furthermore define by

F ext
i = f(xi) +

√
2D

µ
ξi (2)

the total external force, including the stochastic force
mediated by the surrounding fluid.

The particles in the n-cluster can move in different
ways. For example, in case of a 3-cluster, all particle
can move as single particles (1-clusters). Or only the left
particle moves as a single particle (1-cluster), while the
middle and right particle move together as a 2-cluster.
Or the left and middle particle move as a 2-cluster, and
the right one as a 1-cluster. Or all 3 particle keep in touch
and the 3-cluster moves as a whole. We can distinguish
between these possibilities by considering the 4 composi-
tions {1, 1, 1}, {1, 2}, {2, 1}, and {3} of the 3-cluster into
the respective subclusters.

For an n-cluster, there exist 2n−1 possible composi-
tions (fragmentations) {m1, . . . ,ms} into subclusters of
sizes m1, . . . ,ms, with 1 ≤ mj ≤ n,

∑s
j=1mj = n. A

possible fragmentation of a 10-cluster into 4 subclusters
is illustrated in Fig. 1 together with the conditions for
this fragmentation to occur. The conditions for a gen-
eral composition (fragmentation) {m1, . . . ,ms} to occur,
are explained next.

Let us first consider the condition for the jth subclus-
ter of size mj to become separated from the (j+ 1)th
subcluster of size and mj+1. All particles in a moving
subcluster must have the same velocity, and this velocity
must be the same as that of the center (of mass) of the
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FIG. 1. Illustration of a possible fragmentation of a 10-cluster
into a 2-, 5-, 1-, and 2-cluster. The conditions for the external
forces giving rise to such fragmentation are given in Eqs. (4)
and (5).

subcluster. The velocity of the jth subcluster is equal to
µF̄ ext

j , where

F̄ ext
j =

1

mj

mj∑
k=1

F ext
j,k (3)

is the mean external force exerted on the particles in this
subcluster. Here, F ext

j,k is the external force on particle k

in the subcluster j, i.e. it is equal to the force F ext
l on

particle l in the n-cluster, where l = k +
∑j−1
i=1 mi.

For the jth and (j+1)th subclusters to separate, the ve-
locity of the (j+1)th subcluster must be larger than that
of the jth subcluster, i.e. the condition F̄ ext

j < F̄ ext
j+1 must

be fulfilled. The same holds true for the other subcluster
separations, i.e. we obtain

F̄ ext
j < F̄ ext

j+1 , j = 1, . . . , s− 1 . (4)

as a first set of conditions for the composition
{m1, . . . ,ms} to occur.

In addition, the particles in the jth subclusters need
to keep in contact. This means that the condition (4) for
subcluster separation must be violated for all possible
fragmentations of this subcluster. We thus obtain

1

i

i∑
k=1

F ext
j,k ≥

1

mj − i

mj∑
k=i+1

F ext
j,k , i = 1, . . . ,mj − 1 .

(5)
The same holds true for all other subclusters, i.e. in-
equalities (5) must be obeyed for all j = 1, . . . , s. This
gives the second set of conditions for the composition
{m1, . . . ,ms} to occur.

For completeness, let us derive these conditions on the
forces in a more formal manner by considering the equa-
tions of motions of particles in a subcluster of size m.
For simplicity, we here label the particle coordinates in
the subcluster as x1 . . . , xm. The equations are:

ẋ1 = µ(F ext
1 − F int

1,2) , (6a)

ẋi = µ(F ext
i + F int

i−1,i − F int
i,i+1) , i = 2, . . . ,m−1 ,

(6b)

ẋm = µ(F ext
m + F int

m−1,m) . (6c)

All particles in the subcluster have the same velocity,

ẋ1 = . . . = ẋm = µF̄ ext , (7)

where F̄ ext =
∑m
i=1 F

ext
i /m is the mean external force.

Unless the external forces F ext
i acting on the particles in

the subcluster are all equal, the interaction forces F int
i−1,i

between the particles must enforce these conditions.
In fact, Eqs. (7) constitute m linear equa-

tions for determining the (m − 1) interaction forces
F int
1,2 , F

int
2,3 , . . . , F

int
m−1,m. Only (m−1) of these equations

are independent, since
∑m
i=1 ẋi does not depend on the

interaction forces. The solution of the system of linear
equations gives

F int
i,i+1 =

m−i
m

i∑
j=1

F ext
j − i

m

m∑
j=i+1

F ext
j . (8)

for i = 1, . . . ,m− 1. These interaction forces have to be
non-negative, yielding the (m−1) conditions in Eq. (5)
for the subcluster to move as a whole (with mj = m).

Moreover, each subcluster must become separated
from its neighboring subclusters. This gives the set of
conditions (4).

B. Algorithm

We consider the positions xi of the N rods to be or-
dered as

x1 < x2 < . . . < xN , (9)

where (xi+1 − xi) ≥ σ. In the absence of the hardcore
interaction, the particle positions could be propagated as

xi(t+ ∆t) = xi(t) + µf(xi)∆t+
√

2D∆tNi , (10)

when applying the Euler scheme with time step ∆t for
solving Eqs. (1). Here Ni are independent random num-
bers drawn from a Gaussian distribution with zero mean
and unit variance (standard normal distribution). Ac-
cordingly, the total external forces (2) at time t are ap-
proximated by

F ext
i (t) =

xi(t+ ∆t)− xi(t)
µ∆t

= f(xi(t)) +
1

µ

√
2D

∆t
Ni .

(11)
Knowing these forces, the cluster analysis is carried

out. For each cluster of touching particles, we iden-
tify the decomposition into subclusters according to the
condition (4). Specifically, for a k-cluster with k > 1,
we consider the fragmentation into each possible pair of
subclusters (j, k − j), j = 1, . . . , k − 1. For these sub-
clusters, we calculate the respective mean external forces
F̄ ext
j and F̄ ext

k−j , using Eq. (11) for the force exerted on
each individual particle of the subcluster. We split the
k-cluster into that pair of subclusters, for which the dif-
ference (F̄ ext

k−j − F̄ ext
j ) > 0 is the largest. Then we repeat
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this procedure for the two subclusters, and again for the
pair of subclusters resulting from the two subclusters and
so on. The procedure stops, if no further splitting into
subclusters occurs.

After this step, it is known which particles form clus-
ters that will move with the same velocity at the be-
ginning of the time interval [t, t + ∆t[. For particles
i = j, . . . , j + n forming such cluster with n particles,
the velocities according to Eq. (7) are

vi(t) =
µ

n

j+n∑
k=j

F ext
k (t) , (12)

with the F ext
k (t) from Eq. (11).

Knowing the velocities, all particle positions are propa-
gated within the time interval [t, t+∆t[ in an event-driven
procedure from a collision at time tc to a next collision
at time t′c.

Initially we set tc = t. A possible collision can occur
between neighboring rods, if their velocities satisfy

vi(tc) > vi+1(tc) . (13)

The time of this possible collision is

ti,i+1 = tc +
xi+1(tc)− xi(tc)− σ
vi(tc)− vi+1(tc)

. (14)

The next collision realized is the one occuring at the
smallest time in the set {ti,i+1}, i.e.

t′c = min
i
{ti,i+1} . (15)

If t′c < (t + ∆t), we determine the particle ic taking
part in this collision:

ic = argmin
i
{ti,i+1} . (16)

This collision leads to the merging of two clusters, where
in the first cluster the rod ic is the rightmost one and in
the second cluster the rod (ic +1) is the leftmost one. As
a consequence, after time t′c the particles in the merged
cluster move together and must have the same velocity,
which is determined by the average external force, see
Eq. (7). This implies that the velocities of the particles
in the merging clusters become equal and are given by the
weighted average of the velocities vic(tc) and vic+1(tc). If
the first and second cluster contain m rods and n rods,
respectively (merger of an m- with an n-cluster), the ve-
locities vj of the rods j = ic−m+1, ic−m+2, . . . , ic +n
at time t′c become

vj(t
′
c) =

mvic(tc) + n vic+1(tc)

m+ n
. (17)

This change of velocities means that the two clusters un-
dergo a perfectly inelastic collision. The velocities of all
other rods are kept, i.e. vi(t

′
c) = vi(tc) (no updating).

Calculation of external forces [Eq. (11)]; tc ← t

Cluster analysis [Eqs. (4), (5)] based on known
cluster identification in previous time step

Calculation of velocities [Eq. (12)]

Calculation of set of times of possible collisions
[Eqs. (13), (14)]

Determination of next collision time t′c and
clusters taking part in collision [Eqs. (15), (16)]

t′c ≥ t+ ∆t?

Update of velocities of
merging clusters [Eq. (17)]

Update of rod positions [Eq. (18)]

tc ← t′c

Update of rod positions [Eq. (19)]

t ← t + ∆t

yes

no

FIG. 2. Flow diagram of the BCD simulation algorithm [35].

To keep the implementation simple, the positions xi of
all rods are updated at time t′c,

xi(t
′
c) = xi(tc) + vi(tc)(t

′
c − tc) , i = 1, . . . , N . (18)

This event-driven procedure given by Eqs. (13)-(18) is
repeated until t′c ≥ t+ ∆t. Then the positions of all rods
i = 1, . . . , N at time t+ ∆t are calculated using

xi(t+ ∆t) = xi(tc) + vi(tc)(t+ ∆t− tc) . (19)

Thereafter, updated external forces F ext
i (t + ∆t) at

time t + ∆t are calculated, the cluster analysis is per-
formed again, and the event-driven procedure is carried
out for the next time step.

We note that one could also update the external forces
and perform the cluster analysis after each collision. This
would lead to an implementation of the BCD algorithm
with a variable time step. However, the use of a fixed
time step becomes more efficient in particular in dense
systems with high collision rate because the external
forces do not need to be updated during a time inter-
val ∆t.

A flow diagram illustrating the algorithm is given
in Fig. 2. A C++ code implementing this BCD algo-
rithm, which uses vector manipulation procedures from
Refs. [33, 34], is available on [35].
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C. Validation: Comparison with exact
analytical results

For testing our algorithm, we compare simulation re-
sults for density profiles %(x) and two-particle densities
%2(x, x + σ) at contact with analytical results derived
from the exact density functional [36]

Ω[%(x)] (20a)

=

∫
dx %(x)

{
U(x)− µch − kBT

[
1− ln

(
%(x)

1− η(x)

)]}
of hard rods in equilibrium, where U(x) is an external
potential, µch is the chemical potential, and

η(x) =

x∫
x−σ

dy %(y). (20b)

We choose the periodic potential

U(x) =
U0

2
cos

(
2πx

λ

)
, (21)

for which the integration limit in Eq. (20a) can be taken
from zero to the wavelength λ.

The equilibrium density profiles follow by minimiza-
tion of the density functional Ω[%(x)]. Numerically,
we perform this minimization by evolving an initial
profile using the dynamical density functional theory
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FIG. 3. Equilibrium density profiles of hard rods in the co-
sine potential (21) obtained from BCD simulations (symbols)
and from calculations based on the exact density functional
[Eq. (20a)]. The panels show results for various filling factors
%̄ and rod lengths σ. The potential amplitude is U0 = 6 kBT .

[37, 38] until the stationary equilibrium profile is ob-
tained. As initial profile, we used the Boltzmann one
%(x) ∝ exp[−U(x)/kBT ] of noninteracting particles with
a normalization

%̄ =
1

λ

∫ λ

0

dx%(x) =
N

L
, (22)

where the system length L is a multiple of λ.
The two-particle density at contact is [36, 39]:

%2(x, x+ σ) =
%(x)%(x+ σ)

1− η(x+ σ)
. (23)

To determine the density profile from our simula-
tions, we discretize our periodicity interval into Mbin bins
[xα, xα + ∆x) with

xα = α∆x , ∆x = 1/Mbin . (24)

After each time step ∆t in the simulation, we increase a
counter pα by the number of particles in bin α. We thus
obtain

%(xα + ∆x/2) =
pα

Msmp∆x
+O(∆x,M

−1
smp) , (25)

where Msmp is the number of time intervals used in the
sampling. Equation (25) allows one to calculate the den-
sity at position x = xα + ∆x/2 with controlled accuracy.
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FIG. 4. Two-particle density at contact in equilibrium for
hard rods in the cosine potential (21) obtained from BCD
simulations (symbols) and from calculations based on the ex-
act density functional [Eq. (20a)]. The panels show results
for various filling factors %̄ and rod lengths σ. The potential
amplitude is U0 = 6 kBT .
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For determining the two-particle density at contact,
we check after each time step whether one particle with
coordinate x falls into the bin α and another particle
coordinate falls into the interval (x+σ, x+σ+∆′], where
∆′ � 1 is a small length. If this is the case, we increase
a counter qα for the bin α by one. We thus obtain

%2(xα + ∆x/2, xα + ∆x/2 + σ) = (26)
qα

Msmp∆x∆′
+O(∆x,∆

′,M−1smp)

for calculating the two-particle density at contact if the
left particle is at position x = xα + ∆x/2.

In the following we take λ as length unit, λ2/D as time
unit, and kBT as energy unit (λ = 1, D = 1, kBT = 1).
Furthermore we must set D = kBTµ for simulating equi-
librium properties, i.e. µ = 1 in our units. We consider a
high amplitude U0 = 6 of the external potential. In the
simulations, we used the system length L = 100 with pe-
riodic boundary conditions, and chose ∆x = ∆′ = 10−3

for the discretization lengths. The time step is reduced
with increasing particle density %̄ to properly resolve col-
lisions between clusters. For the largest simulated %̄ = 0.8
here, we chose ∆t = 10−7.

In Figs. 3 and 4 we compare simulated equilibrium
density profiles %(x) with the theoretical profiles derived
from the Percus functional. These figures show an excel-
lent agreement between theory and simulation for various
representative values of rod lengths σ and mean particle
densities %̄.

IV. ADDITIONAL INTERACTIONS

If there are additional interaction forces between the
hard rods, it is straightforward to include them in the nu-
merical treatment as long as the interactions are contin-
uous functions of the particle coordinates. We focus here
on pair interactions and denote by f int(xi, xj) the force of
rod j exerted on rod i. Such interactions can include van
der Waals, electrostatic, magnetic, steric and/or deple-
tion forces [40]. The Langevin equations for overdamped
Brownian motion of the rods then are

dxi
dt

= µf(xi) + µ

N∑
j=1

f int(xi, xj) +
√

2D ξi(t) , (27)

where we set f int(xi, xi) = 0.
When applying the algorithm discussed in Sec. III B,

the only change is that the external forces in Eq. (11)
need to be replaced by

F ext
i (t) = f(xi(t)) +

N∑
j=1

f int(xi(t), xj(t)) +
1

µ

√
2D

∆t
Ni .

(28)
The prominent potential for sticky hard spheres con-

tains a δ-singularity and accordingly does not give a con-
tinuous interaction force between the rods. It therefore
requires a special treatment.

A. Treatment of Baxter’s sticky hard-sphere
potential

Baxter introduced his model of sticky hard spheres to
capture major characteristics of real interactions, which
exhibit a repulsive core and attractive part. If the at-
tractive part is a short-range surface adhesion between
particles, the pair interaction potential Vint(r) may be
modeled by including a δ-function in the corresponding
Boltzmann factor,

exp[−Vint(r)/kBT ] = Θ(r − σ) + γδ(r − σ) . (29)

Here, Θ(.) is the Heaviside step function, kBT is the ther-
mal energy, and r is the distance between particle posi-
tions. The parameter γ is a measure for the strength of
the adhesive interaction. This yields the potential [17, 18]

Vint(r) =

{
∞, r < σ,

−kBT ln[1 + γδ(r − σ)], r ≥ σ . (30)

In the recent literature, particles with this type of inter-
action are often referred to as adhesive hard spheres.

Baxter’s model has been applied as an approxima-
tion to understand properties of Lennard-Jones fluids
[41, 42]. Interestingly, when increasing the exponents
in the Lennard-Jones potential, possible cluster forma-
tions approach the ones of Baxter’s model [43]. It was
considered also to uncover effects of adhesive interaction
on percolation behavior [19, 44–47]. Further applications
include analysis of colloid sedimentation on liquid-solid
[48] and fluid-fluid interfaces [49], different types of se-
quential adsorption [50], gelation [21, 23, 24, 51] and
gel elasticity [25], aggregation of biomolecules [52, 53],
crystallization of macromolecules [54], self-assembly of
inactive [55] and active [56, 57] particles, detachment
dynamics of colloidal spheres [58], viscosity of adhesive
hard sphere dispersions [59, 60], and charge regulation
of colloids inside electrolyte solutions [61]. Another im-
portant application pertains to the analysis of scattering
experiments on colloids [62, 63] and nanoparticle mix-
tures [64–69]. The model has been used also to describe
dynamics in glassy states and liquid-glass phase transi-
tions [70–73]. The model has been extended to binary
mixtures of particles with different strength of Baxter’s
interactions [74, 75] and binary mixtures of different par-
ticles sizes [76]. Under certain conditions (size disparity
and high concentrations), such mixtures can undergo a
fluid-fluid phase separation [77]. Furthermore, models
based on Baxter’s model have been suggested for mix-
tures of colloids and telechelic polymers [78, 79] and for
protein-protein interactions between proteins of different
size [80].

In order to deal with the δ-singularity in Eq. (30), we
use a power-law representation δε(r) of the δ-function:

δε(r) =
p+ 1

εp+1
(ε− r)p[Θ(r)−Θ(r − ε)] , (31)

where p > 1. For p ≤ 1, the force would no longer be
continuous at r = σ + ε. The virtual interaction range
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ε > 0 needs to be much smaller than the average distance
between neighboring particles. For ε→ 0, δε(r)→ δ(r).

In Baxter’s original work [17], the δ-singularity in
Eq. (30) was represented by a rectangular well, corre-
sponding to p = 0 in Eq. (31). This was particularly
suitable for the solution of the Percus-Yevick equations.
However, a rectangular potential well would yield δ-
singularities in the forces and is thus not a useful rep-
resentation for simulation of Brownian dynamics based
on Langevin equations.

By inserting this representation in Eq. (30), we obtain
the interaction force

f intp (r) =

 −kBT
γp(ε+ σ − r)p−1

εp+1

p+1 + γ(ε+ σ − r)p
, σ ≤ r < σ + ε ,

0, r ≥ σ + ε .
(32)

Because of the constant one introduced in the argument
of the logarithmic function in Eq. (30), this interaction
force is continuous at r = σ + ε.

While γ is a physical parameter characterizing the
strength of the adhesive interaction, p and ε are auxiliary
parameters defining the representation of the δ-function
in Eq. (30). What is a good choice of these auxiliary
parameters?

The parameter ε gives a virtual range of the attrac-
tive contact interaction and should be much smaller than
all relevant length scales in the system like the particle
size, mean distance between particles, and characteristic
lengths of the external force field, as, e.g., the wavelength
in a periodic field. At the same time, ε should not be
taken too small in order to resolve the virtual interaction
range, when particles come close to each other and are
driven by f intp towards each other. This can be accounted
for by imposing the condition

µmax
r
{
∣∣f intp (r)

∣∣}∆t� ε , (33)

which means that the maximum displacement caused by
the adhesive interaction in a time step ∆t is much smaller
than ε.

In Fig. 5(a), we plot f intp (r) for ε = 0.05 and various

p. For this ε, Fig. 5(b) shows that maxr{
∣∣f intp (r)

∣∣} is
smallest for p ∼= 2.95. As ε should be as small as possible
in Eq. (33), this value for p is preferable. For this rea-
soning, we used that maxr{

∣∣f intp (r)
∣∣} is a weakly varying

function of ε.

B. Validation: Comparison with exact
analytical results

Similarly as in Sec. III C, we test our treatment of Bax-
ter’s potential in connection with the algorithm described
in Sec. III B by comparison with exact analytical results
for equilibrium density profiles. These profiles are gen-
erated for the periodic potential in Eq. (21) by applying
the dynamic density functional theory, where now the

0.19 0.20 0.21 0.22 0.23 0.24 0.25 0.26
r

−250

−200

−150

−100

−50

0

f
in

t
p

(r
)

h
a
rd

c
o
re

(a)

p = 2

p = 3

p = 4

p = 5

p = 6

p = 7

2 4 6 8 10
p

0

200

400

600

800

m
a
x

r
{∣ ∣ ∣
f

in
t

p
(r

)∣ ∣ ∣
} (b)

FIG. 5. (a) Interaction force f int
p (r) [Eq. (32)] exerted on a

particle at distance r by a particle at the origin for various
p, ε = 0.05, γ = 1, and σ = 0.2. The hardcore regime r ≤
σ is marked by the shaded area. The vertical dashed lines
indicates the end of the virtual interaction interval at σ+ ε =
0.25. The interaction forces are continuous at this point and
become zero for larger r, as indicated by the grey horizontal
line. (b) Maximum of

∣∣f int
p (r)

∣∣ as a function of the exponent
in the power-law representation δε(r) in Eq. (31) for the same
parameters as in (a).

exact functional derivative of the density functional for
hard rods with contact interaction [18] is used:

δΩ[%(x)]

δ%(x)
= ln

(
K(x+ σ)K̂(x− σ)

%(x)

)
+
U(x)− µch

kBT

+
1

2
ln (1− η(x)) (1− η(x+ σ))− σ

2γ
(34a)

+

x∫
x−σ

dy

2γ

√
1+2γ

%(y+σ)+%(y)

1− η(y+σ)
+ γ2

[
%(y+σ)− %(y)

1− η(y+σ)

]2

with

K̂(x) =
1

2γ

[
−
(

1− γ %(x+ σ)− %(x)

1− η(x+ σ)

)
(34b)

+

√(
1− γ %(x+ σ)− %(x)

1− η(x+ σ)

)2

+ 4γ
%(x+ σ)

1− η(x+ σ)


and

K(x) = K̂(x− σ)− %(x)− %(x− σ)

1− η(x)
. (34c)

In the simulations, all parameters are chosen as for
the hard rods without contact interaction considered in
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FIG. 6. Equilibrium density profiles of sticky hard rods in the
cosine potential (21) obtained from BCD simulations (sym-
bols) and from calculations based on Eqs. (34). The panels in
each column refer to equal values of the mean particle density
%̄ and rod length σ given at the top of the figure. The rows
refers to equal values of the strength γ of the contact interac-
tion (30). Its values are given on the right side of the figure.
The amplitude of the cosine potential is U0 = 6 kBT .

Sec. III C. To represent the contact interaction we use
the integer exponent p = 3 in Eq. (31) and set ε = 0.05.

In Fig. 6, simulated equilibrium density profiles %(x)
are compared with theoretical profiles calculated from
Eqs. (34) for three strengths γ of the contact interaction
and various representative rod lengths σ and mean par-
ticle densities %̄ = 0.2, 0.5, and 0.8. The highest %̄ = 0.8
demonstrates a case, where the average particle distance
is not much smaller than the chosen virtual range of the
interaction ε = 0.05. Accordingly, the simulated data
and the results calculated from Eqs. (34) do not perfectly
agree. For %̄ = 0.2 and 0.5, by contrast, the simulated
data show an excellent agreement.

V. SUMMARY AND CONCLUSION

Overdamped Brownian motion of particles is ubiqui-
tous in soft matter and biological systems and clustering

of particles is widely observed in the dynamics observed
at high densities. Here we have presented a new method
to simulate Brownian dynamics of clusters formed by
hardcore interacting particles in one dimension. This
method can be applied to the motion in arbitrary exter-
nal force fields and allows one to determine interaction
forces between particles in contact. It relies on a fragmen-
tation and merging of clusters based on the evaluation
of mean external forces acting upon individual clusters.
This includes the random forces exerted by the fluid en-
vironment. We proposed an algorithm to implement the
fragmentation and merging processes in an event-driven
scheme.

Particle interactions beyond hardcore can be straight-
forwardly included into the algorithm as long as the cor-
responding interaction forces are continuous functions of
the particle coordinates. Other types of interactions need
addition considerations. In particular, Baxter’s sticky
hard-sphere interaction for describing adhesive forces is
an important case. We developed a method to tackle the
δ-singularity in this model which occurs when particles
get in contact.

Our event-driven numerical method for treating clus-
ter dynamics in collective overdamped Brownian motion
has been successfully tested by comparison with theoret-
ical results derived from exact density functionals, both
for hardcore interacting systems and in the presence of
the additional attractive contact interaction in the sticky
hard-sphere model.

In view of the existing methods for treating Brownian
motion of hard spheres, we consider our new method to
fill a gap when it becomes necessary to model collective
dynamics of particle clusters, as they can manifest them-
selves, for example, as Brownian solitons [81]. As for fur-
ther developments of the method, a challenging task its
extension to higher dimensions. This requires a refined
procedure of cluster analysis and the cluster dynamics
may be treated similarly as in the one-dimensional case
by decomposing forces in the directions normal to the
hard spheres at contact points and perpendicular to it.
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[15] G. Lois, A. Lemâıtre, and J. M. Carlson, Emergence of
multi-contact interactions in contact dynamics simula-
tions of granular shear flows, Europhys. Lett. (EPL) 76,
318 (2006).

[16] M. Watanabe and D. Tanaka, Brownian dynamics simu-
lation of the aggregation of submicron particles in static
gas, Comput. Chem. Eng. 54, 151 (2013).

[17] R. J. Baxter, Percus–Yevick equation for hard spheres
with surface adhesion, J. Chem. Phys. 49, 2770 (1968).

[18] J. K. Percus, One-dimensional classical fluid with
nearest-neighbor interaction in arbitrary external field,
J. Stat. Phys. 28, 67 (1982).

[19] N. A. Seaton and E. D. Glandt, Monte Carlo simulation
of adhesive spheres, J. Chem. Phys. 87, 1785 (1987).

[20] M. A. Miller and D. Frenkel, Phase diagram of the adhe-
sive hard sphere fluid, J. Chem. Phys. 121, 535 (2004).

[21] M. A. Miller and D. Frenkel, Simulating colloids with
Baxter’s adhesive hard sphere model, J. Phys.: Condens.
Matter 16, S4901 (2004).

[22] G. Foffi, C. D. Michele, F. Sciortino, and P. Tartaglia,
Scaling of dynamics with the range of interaction in
short-range attractive colloids, Phys. Rev. Lett. 94,
078301 (2005).

[23] E. Zaccarelli, Colloidal gels: equilibrium and non-
equilibrium routes, J. Phys.: Condens. Matter 19, 323101
(2007).

[24] G. Wang and J. W. Swan, Surface heterogeneity affects
percolation and gelation of colloids: dynamic simula-

tions with random patchy spheres, Soft Matter 15, 5094
(2019).

[25] K. A. Whitaker, Z. Varga, L. C. Hsiao, M. J. Solomon,
J. W. Swan, and E. M. Furst, Colloidal gel elasticity
arises from the packing of locally glassy clusters, Nat.
Commun. 10, 2237 (2019).

[26] D. Stopper, H. Hansen-Goos, R. Roth, and R. Evans, On
the decay of the pair correlation function and the line
of vanishing excess isothermal compressibility in simple
fluids, J. Chem. Phys. 151, 014501 (2019).

[27] N. Bou-Rabee and M. C. Holmes-Cerfon, Sticky Brow-
nian motion and its numerical solution, SIAM Rev. 62,
164 (2020).

[28] M. Holmes-Cerfon, Simulating sticky particles: A Monte
Carlo method to sample a stratification, J. Chem. Phys.
153, 164112 (2020).

[29] S. Babu, J. C. Gimel, and T. Nicolai, Phase separation
and percolation of reversibly aggregating spheres with
a square-well attraction potential, J. Chem. Phys. 125,
184512 (2006).

[30] P. E. Kloeden and E. Platen, Numerical Solution of
Stochastic Differential Equations (Springer Berlin, Hei-
delberg, 1992).

[31] Y. Saito and T. Mitsui, Simulation of stochastic differen-
tial equations, Ann. Inst. Statist. Math. 45, 419 (1993).

[32] D. Lips, A. Ryabov, and P. Maass, Brownian asymmetric
simple exclusion process, Phys. Rev. Lett. 121, 160601
(2018).

[33] C. Sanderson and R. Curtin, Armadillo: a template-
based C++ library for linear algebra, J. Open Source
Softw. 1, 26 (2016).

[34] C. Sanderson and R. Curtin, A user-friendly hybrid
sparse matrix class in C++, in Mathematical Software
– ICMS 2018 , edited by J. H. Davenport, M. Kauers,
G. Labahn, and J. Urban (Springer International Pub-
lishing, Cham, 2018) pp. 422–430.

[35] C++ implementation of the Brownian cluster dynam-
ics (BCD) algorithm available from GitHub repos-
itory, https://github.com/soeren802/Brownian-cluster-
dynamics.

[36] J. K. Percus, Equilibrium state of a classical fluid of hard
rods in an external field, J. Stat. Phys. 15, 505 (1976).

[37] U. M. B. Marconi and P. Tarazona, Dynamic density
functional theory of fluids, J. Chem. Phys. 110, 8032
(1999).
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