2084

IEEE WIRELESS COMMUNICATIONS LETTERS, VOL. 14, NO. 7, JULY 2025

A Novel Machine Learning Algorithm With Mathematical
Modeling for Channel Estimation in VLC Systems

Sara H. ElFar™, Member, IEEE, Maysa Yaseen

Abstract—In visible light communications (VLC), signal-
dependent shot noise (SDSN) significantly impacts the accuracy
of channel estimation. This letter introduces a simple yet novel
machine learning-based estimator to overcome this challenge. A
mathematical framework for the proposed estimator is developed,
enabling the computation of its mean square error (MSE). Results
show that, in the presence of SDSN, the proposed estimator
outperforms the traditional least squares estimator (LS). In the
ideal scenario without SDSN, the proposed algorithm remains
slightly more efficient and accurate.

Index Terms—Machine learning, visible light communication,
channel estimation, signal-dependent shot noise, least squares,
mean square error.

I. INTRODUCTION

N VISIBLE light communication (VLC), accurate chan-

nel estimation is essential for maintaining reliable data
transmission. However, signal-dependent shot noise (SDSN)
introduces significant challenges by degrading the accuracy
of conventional estimators [1], [2]. SDSN arises from the
quantum nature of light, where variations in photon arrivals
at the receiver cause fluctuations in the amplitude of the
received signal. These fluctuations lead to inaccuracies in
channel estimation, reducing the signal-to-noise ratio (SNR)
and increasing the bit error rate (BER), ultimately compromis-
ing VLC system performance.

Recent studies have explored machine learning for improv-
ing VLC channel estimation. Deep learning has shown
effectiveness in enhancing accuracy and robustness. For
instance, [3] proposed a deep neural network (DNN)-based
approach using a complex-valued neural network (CVNN)
for multiple-input multiple-output (MIMO) DC-biased optical
orthogonal frequency division multiplexing (DCO-OFDM)
VLC systems. Their method employs a CVNN, which is
specifically designed to process complex numbers directly.
Similarly, the study in [4] introduced a flexible denoising
convolutional neural network (FFDNet) for massive MIMO
(m-MIMO) VLC channel estimation, while another work [5]
proposed a deep residual convolutional denoising network
(ResCBDNet) to enhance estimation accuracy in indoor m-
MIMO VLC systems. ResCBDNet, trained with asymmetric
and reconstruction loss functions, exhibits strong general-
ization capabilities and effectively handles complex noise
environments.
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However, despite the advancements in machine learning-
based VLC channel estimation, existing approaches do not
consider the impact of SDSN or explore less complex machine
learning models. The dependence on highly complex neural
network (NN) architectures results in significant computational
overhead, limiting their practicality for real-time deployment
in resource-constrained environments.

Traditional least squares (LS) estimation is a computation-
ally efficient method for VLC channel estimation that requires
no prior channel knowledge [6], [7], [8], but its performance
degrades under SDSN. In this letter, we enhance LS accuracy
by integrating machine learning techniques, providing a more
robust and efficient solution for VLC systems. To the author’s
best knowledge, no work in the literature has considered using
machine learning to enhance the traditional LS estimation
method to be used in the indoor VLC channel with the
existence of the SDSN. Furthermore, no study has presented
a mathematical framework for a machine learning network
to estimate the channel in a VLC system, with or without
considering SDSN.

Contributions: This letter makes significant advancements by
moving beyond the traditional “closed-box” perspective of neural
networks and establishing a clear mathematical framework. In
particular, our key contributions are summarized as follows:

1) Machine Learning-Based Estimation and SDSN
Mitigation: We introduce a lightweight machine learning-
based estimator using shallow neural networks to
enhance LS and maximum likelihood estimators (MLE).
Our approach effectively mitigates SDSN, improving
estimation accuracy while providing insights into its
impact on mean square error (MSE) performance.

2) Mathematical Framework: We derive a polynomial repre-
sentation of the trained neural network, offering a deeper
analytical understanding of its behavior. Additionally,
we provide a closed-form MSE expression, enabling
theoretical benchmarking without repeated simulations.

3) Efficiency and Performance Comparison: Our model
eliminates retraining needs by leveraging its mathe-
matical formulation for direct estimation, improving
computational efficiency. It also achieves competitive
performance with complex models like multi-layer per-
ception (MLP) while outperforming traditional methods
in SDSN-affected scenarios.

II. SYSTEM AND CHANNEL MODELS

This letter presents a SISO-VLC downlink transmission
model with an LED transmitter and a user within a circular
coverage area, focusing on the line-of-sight (LoS) link between
the transmitter and photodetector (PD) [9]. The model assumes
static user positioning and includes both downlink and uplink
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Fig. 1. The SISO VLC system and channel models.

transmission. In indoor environments, the LoS signal typically
has a 7 dB advantage over the strongest Non-line-of-sight
(NLoS) component [2], [10] and references therein.

The signal-dependent noise, SDSN, typically following a
Poisson distribution, can be approximated by a Gaussian
distribution under certain conditions, based on the central limit
theorem. In the system model, the received signal at the PD
is given by:

y = hx + Vhxngg + n, (1)

where x is the transmitted (pilot) signal, n ~ N (0,02) is the
thermal noise, and v hzngg represents the SDSN with ngg ~
J\/’(O,aflﬁ). SDSN is modeled as nqs ~ N(0,02¢?), where

¢z = % is the shot noise scaling factor, typically ranging
from 1 to 10. The power of SDSN is proportional to both the
input power x and the channel gain A, unlike thermal noise,
which is independent of these factors [11], [12].

The channel gain h, representing the transmission link
between the LED transmitter and the PD receiver, is modeled
as described in [13], [14] and references therein:

A m+1

%cosm(@)ﬂ(\?)g(\l’) cos(0), 2)
where W denotes the angle of incidence relative to the surface
normal of the PD, and © is the angle of irradiance with
respect to the transmitter’s surface normal. In this equation,
Ts (W) represents the gain of the receiver’s optical filter, and
: is the gain of the optical concentrator.

h:

9(¥) = Sinz(%FOV)
The gain ¢g(V¥) depends on the refractive index n of the
concentrator and the field of view (FOV) angle ®rgy. Note
that g(0rx) = 0 when 6x > ®poy. Additionally, it A,;
represents the detection area of the PD, and 7 denotes the
average responsivity of the receiver. The Euclidean distance
between the transmitter and the receiver, D, is D = vV L2 + r2,
where L is the vertical distance from the LED to the PD surface
and r is the horizontal distance from the center of the LED
cell to the PD, as illustrated in Fig. 1. Finally, the Lambertian
emission order m is expressed as m = —1 , where

] logy (cos(®1/2))
® /9 denotes the semi-angle of the LED’s emission.

III. CHANNEL ESTIMATION

Traditional RF-based communication methods, such as
LS, MLE, maximum a posteriori (MAP), minimum mean
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square error (MMSE), and least minimum mean square error
(LMMSE) estimators, can also be applied to VLC systems.
However, VLC channels possess unique characteristics, such
as positive and real signal requirements and the impact of
SDSN [5], [15], which can limit the effectiveness of these
techniques. Advanced methods like MAP and LMMSE require
prior statistical information about the channel, which is often
unavailable in practical VLC systems, particularly in large
m-MIMO scenarios. Additionally, optimal methods such as
MMSE rely on long pilot sequences, further increasing com-
putational complexity and reducing practicality [5], [16].

This letter addresses channel estimation in VLC systems by
integrating an NN with the conventional LS estimator. The
neural network mitigates SDSN-related performance degrada-
tion in LS estimation. After training, polynomial regression
approximates the NN output, enabling a closed-form MSE
calculation. This provides an efficient and accurate solution
for VLC channel estimation.

We assume that the number of pilot symbols is denoted by
N, and the LED transmits a pilot vector x = [z1, 22, . .., Zy] T
where []T represents the transpose operation. As a result,
the received signal vector y = [y1,42,...,yn]’ can
be expressed as:

y = hx + /h diag(x)ngs + n, 3)

where diag(x) is a N X N diagonal matrix containing
the elements of the transmitted signal vector x along
the main diagonal. The vectors n = [ng,ng,...,ny]%,
Ngs = [7dsls Mds2, - - -» NdsN] | represent independent noise
components. The entries of n are independent and iden-
tically distributed (i.i.d.) random variables, following n ~
N (0,02 Iy),where Iy is the identity matrix of size N. Similarly,
the entries of ng follow ngg ~ N(0,¢2021y), where (2
represents the scaling factor for the SDSN. Finally, an important
characteristic of VLC systems is that the transmitted signal
must be both positive and real. Therefore, all pilot symbols
must satisfy the condition z; > 0,Vi € {1,2,..., N}.

i

A. Least Squares Estimator

LS is a low-complexity estimator that does not need prior
information. The estimated h using the LS estimator can be
expressed as:

g = Y )
B P

To derive the MSE of the LS estimator, we first substitute (3)
into (4). This allows us to express the LS estimator of the
channel gain, A, as:

. xTy <7 _ <7

R PR AR PR
The error of the LS estimator can be expressed as:

T

~ X -
e.s =hs—h= W( h diag(x)ngg + n). 6)

From (6), we can deduce that the error is a Gaussian random
variable with zero mean and variance JEQLS, ie., €,y ~
N(0, O'?LS ). Therefore, the MSE of the LS estimator is simply

the variance of the error, which can be expressed as:
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MSELS = 0'2 — n Zl 1L (1 + C2h$l) )

€LS ( N 2) 2
i=17T
Assuming, without loss of generality, that the transmitted
pilots z; = p for all i, the MSE can then be written as [2]:
oZ(1+¢%h
MSEpg = 02, = ”(Npgp). (8)
It is worth mentioning that in the absence of the SDSN, i.e.,
¢? = 0, the MSE is inversely proportional to p? while, in
the presence of the SDSN, the MSE is inversely proportional
to p, indicating the harmful effect of the SDSN. Furthermore,
increasing the number of pilots, N, will improve the estimation
performance, and the presence or absence of the SDSN has
no relation impact on the number of pilots.

B. Integrated Machine Learning and Least
Squares Estimator

The proposed method begins by estimating the channel gain
through a straightforward traditional estimator, such as the LS
estimator, or another common approach like the MLE. In this
letter, the LS estimator is applied initially. The output from
the LS estimation is then refined and improved by passing it
through an NN.

Consider a feed-forward NN consisting of a single hidden
layer with Nj, neurons and a single output layer with one neu-
ron. The output layer uses a linear activation function, while
the hidden layer utilizes a nonlinear activation function. The
hidden layer’s output for each training sample is computed as:

y, = AW (szLS + b). )

where A1) represents the hidden layer’s activation function,
W =[w,...,wg,... th]T is the weight matrix of dimen-
sions Nj x1,and b = [by,..., bk, ... bNh]T is the bias vector
of size N, x 1. Next, the output layer generates the final
output for each input as han = A®?) (Vyy, + 8), where A2
serves as the activation function of the output layer, V =
[v1,...,V, ... vy, ] is the weight matrix of dimensions 1x Np,,
and (3 is the scalar bias for the output layer.

In the training process of the ANN model, the set of param-

eters T 2 {W, V,b,3} is adapted to achieve the optimum
I'opt that minimizes the cost function, which is the MSE
between the output of the ANN and the real value of the
channel gain; i.e., i therefore, the optimum set of parameters
of the ANN model can be optimized as:

Topt = mI;n]E{ (h - HNN)Q}.

It is worth mentioning that the model’s weights and biases are
adjusted iteratively with each training sample. Considering M
training samples, the optimal parameter I'op¢ 18 averaged over
all samples, allowing for continuous refinement and improved
accuracy.

(10)

IV. COMPREHENSIVE MATHEMATICAL FRAMEWORK
AND MSE ANALYSIS

In this section, we analyze the neural network by examining
its layers at the neuron level to derive an equivalent polynomial
form. Using a Taylor series expansion, we approximate the
network’s behavior and derive a closed-form expression for the
theoretical MSE of the estimated channel output, hyny, during
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the testing phase. This approach utilizes the fixed weights
and biases from the training phase, enabling precise MSE
performance assessment under the trained model parameters.
As previously mentioned, we consider a feed-forward neural
network with a single hidden layer containing NN}, neurons and
an output layer with a single neuron [17].

The output of the k*™ neuron in the hidden layer, given that
the activation function for the hidden layer is tanh, is!:
e — e Uk
e + e~ Uk
where up, = wy, fLLS+bk, wy, and by, are the weights and bias at
the k" neuron in the hidden layer, respectively. The output of
the NN, hny is a linear combination of the activations of the
hidden neurons multiplied by linear weights of the output layer
v plus the output layer bias S [18]. It can be expressed as:

yp = tanh(uy) = tanh(wkﬁLs + bk) = , (1D

Ny, Ny,
NN = Z vy + 08 = Z Uk tanh(wkhLS + bk> + 6.
k=1 k=1

12)

To find an approximate equivalent to the NN we use the Taylor
expansion series.

A. Taylor Series Approximation of tanh(uy)

The tanh function can be approximated by its Taylor series
expansion around u;, = 0. The Taylor expansion of tanh(ug)
can be obtained as:

o0
d"tanh(0) u
tanh(uy) = Z du”( ) nk' ; 13)
n=0 k
d"tanh(0)

where dur Tepresents the n*® derivative of tanh(uy)
evaluated around w; = 0 and n represents the order of Taylor
expansion. Using this series for the activation function, the
output of the network can be rewritten as:

Ny,

ENN _ Z o Z d"tanh ' + 8.
k=

Therefore, the MSE of hNN at the testing phase after training
is calculated as MSExy = E{(h — hnn)?}. After some
mathematical manipulations, the MSE can be expressed as:

MSEnNn = E[h?]
n
+ B)]
~ n 2
>, d"tanh(0 (wkhLS + bk)
Z +8| |
g dup n!

15)
where (wphrs + by)™ the term can be represented by a
polynomial as (wyhrg + by)™ = ] —0 ( )(wkhLS)("*J)b]
After applying the expectation and performmg the necessary
calculations on (15), the closed-form expression for MSEny
can be calculated as in (16) at the bottom of the next page,

where the binomial function is defined as (Z) = s'(aails)' and

since hr,g is a Gaussian random variable with mean 4 and

(14)

(wk hs + bk)

Ny,

—ElQh (2}: 'Ukz d"tanh(0 —
Np,
2|8
k=1

IThe generalization to any activation function or additional hidden layers
is straightforward and is omitted here due to space constraints.
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Algorithm 1 Integrated Machine Learning and Least Squares
Estimator

Data Preparation:

1) Generate the training data, we consider an indoor area of size
4m X 4m, and divide it into small blocks of 4cm X 4 cm.
We then calculate the true channel for each block, a§suming
PD in this block. After adding noise, we estimate hyg for
each block from the received signal. This forms the training
dataset, where hy g is the input, and the true channel & serves
as the output.

2) Normalize the generated data and divide it into training
(80%) and testing (20%) (The proposed algorithm can be
directly applied to similar datasets.)

Neural Network Training and Testing:

1) Initialize all NN state weights and biases.

2) Use hy,g as input to the NN with the true channel values A
as targets from the generated dataset.

3) Train the NN with stochastic gradient descent (SGD) to
minimize the MSE between /& and hp Ny, using the cost
function in (10) averaged over all training samples.

4) Update the NN’s weights and biases to minimize the MSE.

5) Save the trained model with optimized weights and biases
for testing.

variance o2 th

: S hLS ~ N(h, O'GLS), its n*™ moment, i.e.,
E[(h1s)™], can be found in many references, e.g., [19].

It is worth mentioning that, as we will see in Section V, it
is sufficient to use only the first two terms of the infinite series
represented in (16). In fact, the first two terms will provide an
accuracy of more than 99%.

A second remark is that we can see from equations (16)
that the final MSE depends on the value of i as well as
the weights and biases of the trained NN. Finally, to apply
our proposed integrated estimation technique, the steps in
Algorithm 1 should be followed. It is beneficial to note that
for multiple test samples, the average MSEnyN should be
computed across all samples to assess overall performance.
Moreover, our algorithm can be applied to enhance other
estimation methods such as MLE, LMMSE, and MMSE;
however, this increases complexity due to their need for more
statistical information.

V. SIMULATION RESULTS AND DISCUSSION

This section presents a numerical analysis of SISO-VLC
systems, examining the impact of SDSN on channel esti-
mation between the transmitter and the PD. We assess the
LS estimator and its hybrid integration with an NN through
both simulations and analytical evaluations. Furthermore, to
generalize our proposed algorithm, we investigate how the
NN enhances the performance of the MLE (which is a
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TABLE I
THE PARAMETERS OF THE NN

Parameters Values
Size of the training data 8000
Size of the validation data 2000
Number of epochs 100
Number of hidden layers 1
Learning rate 0.001
Number of hidden layer neurons (Ny) 10
Loss function MSE
Activation function tanh

10°F
=+ (LS-NN)MSE

Mean Squared Error (MSE)

HLS MSE

|
2 4 6 8 10 12 14 16 18 20
Transmited Power(W)

Fig. 2. Comparison of the LS estimator and the integrated LS-NN estimator
at different values of C

direct extension to the presented approach). Furthermore, we
compare the effectiveness of the proposed LS-shallow NN
with the LS-MLP NN. The MLP, commonly used in channel
estimation, features two hidden layers or more to analyze the
impact of deeper architectures.

The simulations, conducted in MATLAB, involve approx-
imately 10% repeated Monte Carlo iterations per figure.
The system parameters are set as follows: a field of view
OFOV =700, transmission distance L = 2 m, and a responsivity
factor n = 0.4A/W. For the NN parameters, refer to Table 1.

In Fig. 2, the average MSEyNN and, MSE; g for all testing
samples, the corresponding estimated channels fLNN and fLLS,
are plotted against the transmitted power at thermal noise
variance 0’% = 0.1. From this figure, we observe that as
the SDSN scaling factor C2 increases, the MSE rises across
all estimation methods. However, the proposed NN-based
algorithm effectively reduces the MSE, particularly at higher
¢2 values, outperforming the LS estimator. Additionally, at
lower transmitted power levels, the NN-based method shows
superior performance. Even in the absence of SDSN, it slightly
outperforms the LS estimator, highlighting its robustness in
handling material imperfections.

Fig. 3 compares the MSE from the NN estimation using the
full tanh activation function and its Taylor expansion with the
theoretical mathematical expression of the MSE at (? = 5. The
results demonstrate that the MSE obtained using the NN agrees
with the theoretical MSE from (16), making it applicable for

st = 21 3 55 S A O (0 -0 i) "] )

kanjO
Np Np oo

an an v (0 1t ~ n'=5") .\ (n=3)
3535 3)3pBpare L LHY 2 () g 2O (0 08 i) )

k=1k'=1n=035=0n'=035'=0
Ny oo n

I 25 Z Z Z am tanh n' (]) (wk)(nfj)Eli(ﬁLs)(n—j)} bi + ﬁ2~

k=1n=035=0

(16)
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Fig. 3. Comparison of NN simulation MSE with analytical MSE across
varying terms in the Taylor expansion at different values of O’%.
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Fig. 4. Comparison of MLE and integrated MLE-NN estimator at different
values of ¢ 2,
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Fig. 5. Comparison of LS, LS-NN, and LS-MLP at different values of O’%.

practical use. Additionally, you can see from the figure that
when the o2 increases, the MSE increases in all techniques.
Furthermore, the figure shows that, although the analytical
expression for the MSE involves an infinite series, using only
the first two terms yields highly accurate results. This trend
also holds true for other activation functions.

Fig. 4 illustrates that the proposed algorithm, utilizing a
shallow NN, enhances the MLE performance at different (2
values when o2 = 0.1. This figure demonstrates that incor-
porating NN improves estimation accuracy in the presence
of SDSN noise. Additionally, increasing the SDSN scaling
factor leads to a higher MSE, while the NN further enhances
estimation performance. The MLE estimator in the presence of
SDSN is more complex to find, as described in [2]. Moreover,
it requires knowledge of the likelihood function of the received
signal, making it computationally demanding. In contrast, the
LS estimator is less complex and mathematically tractable.

Fig. 5 presents a performance comparison of LS estima-
tion, LS-NN, and LS-MLP across different values of a% for
¢2 = 10. The results indicate that both LS-NN and LS-MLP
consistently outperform LS alone at any a%. The MLP model
comprises two hidden layers with 10 neurons each. However,
the performance improvement of LS-NN and LS-MLP remains
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closely similar. Therefore, given the problem constraints, a
single-layer NN is sufficient, avoiding unnecessary complexity
in the neural network.

VI. CONCLUSION

In this letter, we introduce the first integrated technique that
combines traditional LS estimation with an NN to estimate the
channel in environments affected by SDSN, which degrades
LS estimator performance. We derive the closed-form expres-
sion for the MSE of the estimated channel parameter using this
integrated approach and validate it against simulation results,
which closely align with our theoretical predictions. This
validation enables the direct application of the MSEyy rule
once the neural network’s weights and biases are determined,
offering an efficient way to combine traditional estimation and
machine learning for improved channel estimation.
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