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Abstract—As grounding fault process of the transformer is 
complex, the traditional integer-order model cannot accurately 
reflect the transient characteristics of the transformer, which 
would make it difficult to develop the transformer real-time 
monitoring and detecting systems. This paper proposes and 
establishes a fractional order transient model for power 
transformer based on the improved Oustaloup filtering 
algorithm. The fractional order operator is introduced into 
transformer fault mathematic and simulation models under 
single-phase ground fault condition. Compared with integer 
order model, the fractional order model can accurately 
calculate the currents distribution of transformer windings 
and the dynamic characteristics under single-phase ground 
fault condition. The simulation results of the fractional order 
model of transformer verify the correction of the mathematic 
model.  

Keywords—transformer, fractional order, ground fault  

I. INTRODUCTION 

The ground fault of the transformer would directly 
threaten the power supply reliability of the power system and 
the safe and stable operation of the power grid, which would 
result in serious economic losses and fatal damage to the 
power system. Accurate modeling of the power transformer 
is very important for transformer real-time monitoring and 
prognosis systems. The traditional integer order transformer 
model would not accurately analyze the transient process 
while a ground fault occurs.  

The first application of fractional order calculus in 
physics would be found in [1], in which Richard L. Magin 
presented an excellent long review on fractional calculus in 
bioengineering. Jonscher pointed out that the capacitive 
reactance form of integer order capacitance violates the 
fractional order characteristics exhibited by dielectric 
materials [2], whereas integer order capacitance does not 
exist in fact.  Westerlund also pointed out that the actual 
inductance is also fractional in nature [3]. Now, fractional 
order calculus has been widespread used in different 
engineering applications. The research results show that the 
mathematical model of the actual system based on fractional 
calculus is more accurate than the mathematical model based 
on integer-order calculus. It also reflects the nature of these 
practical systems, and would achieve the unity of the 
mathematical model and the actual system.  

Some research started to apply fractional theory to power 
device recently. Reference [4] proposed a fractional order 
electric field optimization model for the design of power 
capacitors, which would well solve the problem of uneven 
electric field distribution in the insulation by integer-order 
model. Considering the capacitance fractional characteristics 
of insulation system and winding impedance, [5-7] 
established the models of fractional-order parameters for 
transformer windings with different voltage levels and the 
simulations results verified the model. In order to study the 
triggering conditions of the ferromagnetic resonance of the 
transformer and its performance, the integer-order 
ferromagnetic resonance circuit model of the transformer 
was further extended to the fractional calculus condition to 
obtain the system model [8-9]. But the above research did 
not consider that the inductance of the transformer is also 
fractional in nature. 

Considering the fractional feature of the inductance, this 
paper proposed a fractional order transient model for power 
transformer under grounding fault condition based on an 
improved Oustaloup filtering algorithm. The simulation 
model was set up to verify the mathematic model by 
comparing with the integer order model. 

II. FRACTIONLA ORDER TRANSFORMER MODEL 

There are generally two ways to simulate the fractional 
order capacitor and inductor [10]. The first way is directly 
using the definition to calculate the approximation of a 
equation from their voltage-current relationship [11]. The 
other is using various filtering algorithms to simulate the 
signals, whose function model cannot be formed [12]. These 
methods include Oustaloup’s, Carlson’s, and Charef’s. 

A. Fractional Order Operator and Rational Realization 

The unified calculus operator includes fractional order 
and integer order, which can be expressed by operator 
expression. 
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Where, a and t are the upper and lower limits of the 
operation, q is the order of calculus operator. While q>0, 

q
a tD is fractional differential and q

a tD− is fractional integral 
respectively. 

There is few researches about complex number and 
irrational number order calculus, and none of them is applied 
in industry so far. The common definitions of fractional 
calculus include Riemann-Liouville (RL), Grunwald-
Letnikov (GL) and Caputo. Among the three definitions of 
fractional order, the initial value condition of fractional order 
calculus defined by Caputo is integer order, which can be 
better fused with integer order. Therefore, this paper picks 
the fractional order calculus defined by Caputo as basic 
theory. 
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Where, 1n nα− < ≤ , Dα is a fractional differential operator, 
and ( )Γ ⋅  is a gamma function. 

B. Fractional Order Transformer Model 

The fractional order relationship of the voltage and 
current for the inductance is: 

L
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U LD I L
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α= =                         (3)
 

Where, 0<α<1. 

Thus, the fractional order transformer model is: 

[ ] [ ][ ] [ ] [ ]U R I L D Iα= +                    (4) 
Usually, the circuit of the three-phase double-winding 

power transformer would be simplified into six branches 
with mutual inductance, as shown in fig. 1. 

 
Fig. 1 Transformer multiphase coupling branch model 

The transformer mathematic model would be a sixth-
order resistance matrix [ ]R

 
and a sixth-order inductance 

matrix [ ]L . 

[ ] [ ]1 2 3 4 5 6R Diag R R R R R R=           (5) 
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Where, iR and iL are respectively the resistance and 

inductance of winding i  itself; ijM  is the mutual inductance 

between windings i  and j ( 1,2,3,4,5,6i j i j= ≠， ). 

Considering the symmetry of the transformer, any phase 
winding would be selected as the fault occurring one. As the 
grounding fault occurs in one phase winding of the 
transformer, the fault winding can be regarded as two sub-
windings, as shown in Fig. 2. 

 
Fig. 2 Model diagram of transformer ground fault 

While the ground fault occurs, there would also appear a 
magnetic field coupled between the two sub-windings, and 
the resistance  matrix of the transformer is changed to the 
seventh order. 

[ ] [ ]2 3 4 5 6a bR Diag R R R R R R R=         (7) 

The inductance matrix [ ]L  is also changed to the seventh 

order.  Inductance 1L   is divided into aL  and bL  , which have 
mutual inductance with the inductance of other windings. 

Thus, the mathematic model of the transformer is: 

[ ] [ ] [ ]1 1

6 6

6

... ...
...

a

a a

b
b b

d I

dt U I
d I U I

L L Rdt

U I
d I

dt

α

α

α

α

α

α

− −

 
 
     
     
     = −     
     
     
 
  

                (8) 

C. Ground Fault Equivalent Circuit 

Following the above analysis, if the ground fault occurs 
at the primary coil of a double-winding transformer, the 
primary coil can be divided into two sub-coils, which is 
equivalent to a three-winding transformer having a short 
circuit in the third winding. The composite sequence 
network diagram of the fault phase can be drawn as shown in 
Fig. 3. 

 
Fig. 3 Composite sequence network diagram of fault components 
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In Fig.3, HZ , LZ  and  KZ respectively represent the 
impedances on the high voltage side, the low voltage side 
and the short circuit winding side, and 1LDZ  and 2LDZ  
respectively represent the positive and negative sequence 
impedances on the low voltage side.

 

III. TRANSFORMER GROUND FAULT SIMULATION 

A. Fractional order Module 

Oustaloup filtering algorithm uses integer order transfer 
function model to approximate fractional calculus operator, 
which is currently the most commonly used filtering 
approximation method[13]. Assuming that the frequency 
segment to be fitted is [wb, wh], the standard form of the 
filter is as follows: 
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                        (9) 

 Although the algorithm has good approximation effect 
in the overall fitting frequency band, it is not particularly 
ideal at both ends of the frequency band. Therefore, the 
improved Oustaloup filtering algorithm is applied to the 
relationship between current and voltage of inductances in 
the transformer.  

The expression of the improved Oustaloup filtering 
algorithm is: 
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Since the numerator and denominator of the filter 
designed by this algorithm are of the same order, in order to 
avoid algebraic loop, a low-pass filter is added behind this 
filter. 

The fractional order integration inductance subsystem 
model can be seen in Fig. 4. 

 
Fig. 4 Fractional subsystem 

B. Flux Linkage Calculation Module 

To simulating the short-circuit fault in the transformer 
accurately, this paper uses the winding flux linkage of the 
transformer as the state variable to build the simulation 
model of the three-phase transformer. Converting the 
transformer terminal voltage equation into a flux linkage 
related equation,  there are: 
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Where iψ  is the winding flux linkage, sat
mψ is the saturation 

value of flux linkage,  bω  is the reference angular frequency 

when calculating reactance, and ix σ  is leakage reactance of 
winding. 

The module calculates the value of the state variable flux 
linkage according to the terminal voltage and the main flux 
linkage of the three windings, and replaces the integrator 
with a fractional order module.  

It can be obtained from equation (11) and equation (12): 
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The structural framework is shown in fig. 5 

 

Fig. 5 Flux linkage calculation module 

C. Current and Load Module 

The current of each winding is calculated according to 
the flux linkage and the main flux linkage calculated by the 
flux linkage calculation module. The functional relationship 
between current and flux linkage is: 
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The input of the load module is the winding current and 
the output is the winding terminal voltage. By modifying the 
parameters of the load module, the simulation of the 
transformer under various operating conditions can be 
conveniently implemented, such as setting a larger load gain 
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k, which is equivalent to the open-circuit operation of the 
winding terminal. Setting the load gain k to zero is 
equivalent to winding short circuit operation. 

The current and load structural frame are shown in Fig.6 
and Fig.7. 

 
Fig. 6 Current calculation module 

 
Fig. 7 Load module 

D. Transformer Simulation Model 

The three-phase transformer model built in this paper 
consists of three independent single-phase transformer 
modules, as shown in Fig. 8. Each single-phase transformer 
module comprises a fractional order module, a flux linkage 
calculation module, a current calculation module and a load 
module.  

 
Fig. 8 Three-phase transformer model 

The internal structure of each single-phase transformer is 
shown in fig. 5. Subsystem is the packaged three fractional 
order module. 

 
Fig. 9 Internal modules of single-phase transformer 

IV. SIMULATION RESULTS AND ANAYLSIS 

In order to appreciate the interest of fractional model 
with the modal representation of the fractional integrator, 
simulation results under turn-to-ground fault state are 
compared with the integer-order model simulation ones and 
experimental dates in [14].The integer order model of the 
transformer is the model when the fractional order module 
takes the first order. At this time, the integrator module can 
be directly used for simulation. 

When the transformer has a turn-to-ground fault in phase 
A, the primary side current waveforms simulated by its 
fractional order are shown in Fig. 10. The fractional order 
integral part is accomplished by the modified Oustaloup 
filtering algorithm. After comparison, the fractional order is 
chosen as 0.721. 

 
Fig. 10 Fault phase current waveforms  

From Fig.10, it can be found there is an increase of phase 
A current because of the decrease of phase A voltage caused 
by ground fault. The phenomena of waveform offset and 
discontinuity angle appear in all three-phase currents. The 
waveforms bias to one side because of the non-periodic 
components and the waveforms have obvious discontinuity 
angle because of the second harmonic component. The 
results are consistent with those of the fault recorder in [14]. 

The fault current simulation results by integer order and 
fractional order are compared in Fig.11. 
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Fig. 11 Fault current waveforms comparison 

From Fig.11， it can be seen that waveform bias and  
discontinuity angle caused by the ground fault do not appear 
in the integer order simulation results while the fractional 
order model of the transformer would describe the characters 
of currents accuracy.  The correctness of the fractional order 
model is verified. 
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V. CONCLUSION 

This paper proposes a fractional calculus-based transient 
model for power transformer. The currents of transformer 
windings and the dynamic characteristics of magnetic field 
under single-phase ground fault condition are calculated and 
simulated by the fractional model. Through the comparison 
with the integer order model and experimental results , here 
are the conclusions: 

1) The fractional order induction model would accurately 
reflect the transient characteristics of the transformer and 
help to improve the accurate and real-time fault detection 
system of the transformer; 

2）The winding flux linkage of the transformer is selected 
as the state variable to build the simulation model by 
converting the transformer terminal voltage equation into 
a flux linkage related equation, which describe the 
dynamic characteristics of magnetic field more easily in 
the simulation model. 
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