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Abstract— Millimeter wave (mmWave) massive multiple-input
multiple-output (MIMO) system has been recognized as a key
technique for 5G communications. In terms of power con-
sumption and hardware cost, it is hardly affordable to assign
one radio frequency (RF) chain to each antenna in massive
MIMO. Therefore, hybrid analog and digital beamforming is
often adopted to reduce the number of RF chains. In this letter,
we address the hybrid precoding and combining for multi-user
mmWave MIMO systems. The goal is to minimize the bit error
rate (BER) in downlink data transmission from the base station
(BS) to multiple users. To fulfill this, we choose the sum of
the users’ mean square errors (sum-MSE) as the optimization
objective, and develop an iterative algorithm to design the BS
precoding matrices and the combining matrices of each user by
gradually minimizing the sum-MSE. Compared with the current
hybrid beamforming schemes, the proposed scheme can achieve
much better BER performance.

Index Terms— Millimeter wave (mmWave), multiple-input
multiple-output (MIMO), hybrid analog and digital beamforming
(HBF), minimum mean square error (MMSE).

I. INTRODUCTION

DUE to the large bandwidth available, millimeter wave
(mmWave) system manifests a wide application prospect

in various wireless communications [1], [2]. To combat the
severe propagation loss (including path loss, penetration loss,
etc.) at the mmWave frequency band, massive multiple-input
multiple-output (MIMO) is generally required [3]. If one
dedicated radio frequency (RF) chain is assigned to each
antenna in mmWave MIMO, the power consumption and
hardware cost will be prohibitively high [4], [5]. As a result,
the traditional full-digital beamforming is no longer applicable
and the hybrid beamforming is preferred, which can effectively
reduce the number of RF chains in mmWave MIMO [6], [7].

The hybrid beamforming (HBF) design can be regarded as
an optimization problem. There are various design schemes
based on different objective functions and diverse optimization
criteria in the literature. So far, most existing schemes are
designed to maximize the achievable rate [8], [9], [10], [11],
[12], [13], [14], while the schemes for optimizing the bit
error rate (BER) performance are rather scare [15], [16].
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In [8], a spatially sparse beamforming algorithm via orthogo-
nal matching pursuit (OMP) method is proposed. In [9], the
hybrid beamforming problem is solved by resorting to the
alternating minimization approach. In [10], a heuristic hybrid
beamforming design is proposed. It is further extended to
orthogonal frequency division multiplexing (OFDM) transmis-
sion in [11]. It is noticed that the schemes in [8], [9], [10],
and [11] are designed mainly for mmWave single-user (SU)
MIMO systems.1 In [12], a two-stage zero-forcing (ZF) hybrid
beamforming scheme is developed for mmWave multi-user
(MU) MIMO systems. In [13], several hybrid beamforming
schemes are proposed for mmWave MU MIMO with the aim
of maximizing the system sum-rate. In [14], a linear successive
allocation (SLA) based method is used to design the hybrid
precoder and fully digital combiner for mmWave MU MIMO.
Observe that the mean square error (MSE) performance of
data symbols is closely related to the BER performance, the
authors in [15] and [16] try to improve the BER performance
by minimizing the symbol MSE. The hybrid precoding and
combiner schemes in [15] and [16] are applicable for SU
MIMO and MU MIMO, respectively.

In this letter, we will develop a hybrid beamforming scheme
for mmWave MU MIMO systems. The novel contributions
include:

(1) Unlike most of the existing hybrid schemes
(e.g., [12], [13]), which try to maximize the achievable
rate, we aim to minimize the BER. To achieve
this, we take the sum of symbol MSEs (sum-MSE) of
multiple users as the objective function. It is worthwhile
to point out that our sum-MSE objective is not exactly
the same as that in [16]. The main difference is that
our objective uses different scaling factors for different
users (see {βk} in (4) below), while the objective in
[16] uses the same scaling factor (denoted by β) for all
the users. Apparently, the objective in [16] is a special
case of ours. With the more tunable parameters {βk},
our objective function is more flexible than that in [16].

(2) We develop a novel iterative algorithm to design the
hybrid precoding matrices of the base station (BS) and
the hybrid combining matrices of each user. During
each iteration, we update {βk}, the precoding matrices
and the combining matrices in turn, by monotonically
decreasing the designed sum-MSE. Therefore, the devel-
oped algorithm is guaranteed to converge. Although
the generalized eigenvalue decomposition (GEVD) HBF
scheme in [16] adopts a similar sum-MSE objec-
tive, it obtains the receiver analog/digital combiner by

1In [10] and [11], multiple single-antenna users are also considered.
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minimizing the lower/upper bound of its sum-MSE.
In a nut shell, our algorithm is quite different from
that in [16].

(3) The combination of the artfully designed objective
function and the novel iterative algorithm, enables us
to significantly lower the sum-MSE, thereby effec-
tively improving the BER performance. This is verified
through simulations.

The rest of the letter is organized as follows. The system
model is briefly introduced in Section II. In Section III,
we elaborately derive the MMSE hybrid beamforming scheme
for MU MIMO systems. In Section IV, simulation results are
provided to verify the advantages of the proposed scheme over
the counterparts. Finally, we conclude the letter in Section V.

Notations: For a matrix A, Tr{A} and |A| denote the trace
and the determinant of A, respectively. (·)T and (·)H denote
the transpose and Hermitian transpose, respectively. E{·}
denotes the expectation operator. vec(A) outputs a vector by
catenating the columns of A. Re{·} denotes the real part of the
argument. ⊗ denotes the Kronecker product. arg{·} extracts
the phase of the argument.

II. SYSTEM MODEL

Consider a downlink multi-user MIMO system, in which a
BS communicates with K independent users simultaneously.
The BS is equipped with Nt transmit antennas and NRF

t RF
chains, while each user is equipped with Nr transmit antennas
and NRF

r RF chains. In view of the high power consumption
and hardware cost of mmWave RF divices, we assume that
NRF

t ≪ Nt and NRF
r ≪ Nr.

The downlink channel Hk ∈ CNr×Nt from the BS to the
k-th user can be expressed as

Hk =

√
NrNt

L

L∑
l=1

αl,kar(θr
l,k)aH

t (θt
l,k), k = 1, 2, · · · , K,

(1)

where K is the number of users, the subscript ‘k’
corresponds to the k-th user, L is the number of mul-
tipaths, αl,k ∼ CN (0, 1) is the complex gain of the
l-th multipath, and θr

l,k (θt
l,k) is the angle of arrival

(departure) of the l-th multipath. Assume that uniform lin-
ear arrays (ULAs) are used at the BS and the users,
then ar(θr

l,k) = 1√
Nr

[1, ejπ sin θr
l,k , · · · , ejπ(Nr−1) sin θr

l,k ]T

and at(θt
l,k) = 1√

Nt
[1, ejπ sin θt

l,k , · · · , ejπ(Nt−1) sin θt
l,k ]T are

the array response vectors of the users and the BS, respectively.
Before data transmission, the BS first applies an NRF

t ×KNs

baseband digital precoding matrix VB, where Ns is the
number of data streams for each user. We can write VB

as VB = [VB1 , · · · ,VBK
], where VBk

corresponds to the
k-th user. Then an Nt × NRF

t RF precoding matrix VRF

is used. Each entry in VRF bears constant modulus, i.e.,
|VRF(i, j)|2 = 1,∀i, j. Therefore, the transmitted signal at
the BS can be expressed as

x = VRFVBs =
K∑

k=1

VRFVBk
sk, (2)

where sk is the Ns×1 symbol vector for the k-th user, and the
total information symbol s = [sT

1 , · · · sT
K ]T satisfies E[ssH ] =

I. To meet the power budget at the BS, the precoding matrices
Vk = VRFVBk

are constrained by
∑K

k=1 Tr
{
VkVH

k

}
≤ P ,

where P is the total transmitted power.
Similarly at the k-th user, it uses a Nr×NRF

r RF combining
matrix WRFk

, followed by a NRF
r × Ns baseband digital

combining matrix WBk
. The entries in WRFk

are also of
constant modulus, i.e., |WRFk

(m, l)|2 = 1,∀m, l. Let Wk =
WRFk

WBk
, the received signal vector at the k-th user can be

expressed as

yk = WH
k (Hkx + nk)

= WH
k HkVksk + WH

k Hk

K∑
i ̸=k

Visi + ñk, (3)

where the Ns × 1 vector nk ∼ CN (0, σ2
kINt) denotes the

additive complex Gaussian noise vector, and ñk = WH
k nk.

Since nk and sk are independent, we have E[sknH
k ] = 0.

The MSE between the received signal and the transmitted
signal at k-th user can be defined as

MSEk ≜ E
{∥∥sk − β−1

k yk

∥∥2
}

= Tr
{
(sk − β−1

k yk)(sk − β−1
k yk)H

}
= Tr

{
β−2

k WH
k HkVkVH

k HH
k Wk

+β−2
k WH

k Hk

K∑
i ̸=k

(ViVH
i )HH

k Wk

−β−1
k WH

k HkVk − β−1
k VH

k HH
k Wk

+β−2
k σ2

kW
H
k Wk + INs

}
, (4)

where βk is a scaling factor. Then the sum-MSE for K users
can be written as

∑K
k=1 MSEk.

As a result, the optimization problem for hybrid beamform-
ing design can be formulated as

minimize
{VBk

},VRF,{WBk
},{WRFk

},{βk}

K∑
k=1

MSEk

subject to
K∑

k=1

Tr
{
VkVH

k

}
≤ P

|VRF(i, j)|2 = 1, ∀i, j
|WRFk

(m, l)|2 = 1, ∀m, l.

(5)

In this letter, we assume that {Hk} are known. This is
reasonable since accurate channel estimation is available for
mmWave hybrid MIMO systems (see e.g., [17]). Besides,
although we focus on flat-fading channels, the proposed
scheme can be easily extended to the OFDM system over
frequency-selective channels.

III. MMSE HYBRID BEAMFORMING DESIGN

A. Hybrid Precoder Design

In this subsection, we temporarily assume that the com-
bining matrices WBk

and WRFk
are known and fixed, and
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thus focus on the hybrid precoding design. The optimization
problem can be reduced to

minimize
VBk

,VRF,βk

K∑
k=1

MSEk

subject to Tr
{
VkVH

k

}
= Pk,∀k,

K∑
k=1

Pk ≤ P,

|VRF(i, j)|2 = 1, ∀i, j. (6)

where Pk is the transmit power for the k-th user. For brevity,
let H̄k = WH

Bk
WH

RFk
Hk be the equivalent channel, and

VDk
= β−1

k VBk
be the unnormalized baseband precoder,

hence the MSEk for the k-th user in (4) can be rewritten as

MSEk = Tr

{
H̄kVRF

K∑
i=1

(VDiV
H
Di

)VH
RFH̄H

k

−H̄kVRFVDk
−VH

Dk
VH

RFH̄H
k

+β−2
k σ2

kW
H
k Wk + INs

}
. (7)

Based on the first constraint in (6), we have

β−1
k =

√
Tr
{
VRFVDk

VH
Dk

VH
RF

}
Pk

, (8)

By substituting {β−1
k }K

k=1 into (7) and (6), and using
the Cauchy inequality, we can readily obtain the opti-
mal {Pk}K

k=1: Pk = σkakP/(
∑K

k=1 σkak), where ak =√
Tr
{
VRFVDk

VH
Dk

VH
RF

}
Tr
{
WH

k Wk

}
.

Substituting (8) into (7), we can use the Karush-Kuhn-
Tucker (KKT) conditions to obtain the optimal VDk

in terms
of VRF, as shown below

VDk
=(

VH
RF

(
K∑

i=1

H̄H
i H̄i

)
VRF + σ2

kwkVH
RFVRF

)−1

VH
RFH̄H

k ,

(9)

where wk ≜
Tr{WH

k Wk}
Pk

.
With {VDk

} and {βk}, let us consider VRF. Due to the
non-convex unit-modulus constraints, it is hard to obtain VRF

by directly solving (6). Using the identity that Tr(ABCD) =
vec(AT )T (DT ⊗ B)vec(C), we can rewrite the objective
function in (6) as

f(v) =
K∑

k=1

MSEk(VRF) = vHAv − 2Re(vHB), (10)

where v = vec(VRF), B =
∑K

k=1 H̄H
k VH

Dk
, A =

(
∑K

k=1 VDk
VH

Dk
)T⊗(

∑K
k=1 H̄H

k H̄k), and the constants inde-
pendent of VRF are ignored.

We adopt the majorization-minimization (MM) algorithm
[18] to obtain VRF by iteratively minimizing f(v). At the
t-th iteration of the MM algorithm, we need to con-
struct a surrogate function g(v,vt−1), which satisfies that
g(v,vt−1) ≥ f(v),∀v and g(vt−1,vt−1) = f(vt−1) with

vt−1 representing the v obtained in the (t−1)-th MM iteration.
By using the results in [18], we can construct the surrogate
function as

g(v,vt−1)= λmax(A)vHv + 2Re(vH(A− λmax(A)I)vt−1)

+ vH
t−1(λmax(A)I−A)vt−1 − 2Re(vHB),

(11)

where λmax(A) represents the largest eigenvalue of A.
At the t-th MM iteration, vt can be obtained by minimizing

g(v,vt−1) under the unit-modulus constrains. This is equiva-
lent to solve the following:

minimize
v

g̃(v,vt−1) = 2Re(vHqt−1)

subject to |vm|2 = 1, ∀m = 1 · · ·Nt ×NRF
t , (12)

where qt−1 = (A− λmax(A)INt×NRF
t

)vt−1 −B, we obtain
g̃(v,vt−1) from g(v,vt−1) by using the fact that the entries
in v bear unit modulus and by keeping only the terms revelent
to v. The optimal solution to (12) can be easily obtained as

vt = −ejarg(qt−1). (13)

Obviously, we have f(vt) ≤ g(vt,vt−1) ≤ g(vt−1,vt−1) =
f(vt−1). That is, each MM iteration will monotonically
decrease the sum-MSE. After sufficient MM iterations, we will
obtain the new VRF.

B. Hybrid Combiner Design

With the obtained {VBk
}, VRF and {βk} in the above

subsection, we move to derive the optimal combiner at each
user. That is, in this subsection we assume that {VBk

}, VRF

and {βk} are fixed. It is worthwhile to point out that the com-
bining matrices WBk

and WRFk
are only included in MSEk.

Hence the optimization of WBk
and WRFk

is equivalent to the
minimization of MSEk. As a result, we consider the following
minimization problem:

minimize
WBk

,WRFk

MSEk

subject to |WRFk
(m, l)|2 = 1, ∀m, l. (14)

Let Ĥk,k = β−1
k HkVRFVBk

be the equivalent channel, and
Ĥk,i = β−1

k HkVRFVBi be the interference information,
therefore the MSEk for the k-th user can be rewritten as

MSEk = Tr
{
WH

Bk
WH

RFk
Ĥk,kĤH

k,kWRFk
WBk

+WH
Bk

WH
RFk

K∑
i̸=k

(Ĥk,iĤH
k,i)WRFk

WBk

−WH
Bk

WH
RFk

Ĥk,k − ĤH
k,kWRFk

WBk

+β−2
k σ2

kW
H
Bk

WH
RFk

WRFk
WBk

+ INs

}
. (15)

According to the KKT conditions, we can obtain the optimal
WBk

as shown below:

WBk
=(

WH
RFk

(
K∑

i=1

Ĥk,iĤH
k,i

)
WRFk

+ β−2
k σ2

kW
H
RFk

WRFk

)−1

×WH
RFk

Ĥk,k. (16)
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TABLE I
PROPOSED HYBRID BEAMFORMING DESIGN

Similar to the updating of VRF, we can use the MM
algorithm to obtain WRFk

. Since the derivations are quite
similar to VRF, we ignore the details and directly provide the
results. Specifically, at the s-th MM iteration, we need to solve
the following:

minimize
w

2Re(wHps−1)

subject to |wm|2 = 1, ∀m = 1 · · ·Nr ×NRF
r , (17)

where ps−1 = (C − λmax(C)INr×NRF
r

)ws−1 − D, w =
vec(WRFk

), D = Ĥk,kWH
Bk

, and C = (WBk
WH

Bk
)T ⊗

(β−2
k σ2

kI+
∑K

i=1 Ĥk,iĤH
k,i). The optimal solution is given by

ws = −ejarg(ps−1) (18)

According to the MM algorithm, the sum-MSE will decrease
after each iteration. After sufficient MM iterations, we can
obtain the new WRFk

.

C. Summary

The proposed hybrid beamforming scheme is summarized
in Table I. It runs in an iterative manner. For the initial-
ization, we set W0

Bk
= INRF

r ×Ns
, which is composed of

the first Ns columns of the identity matrix INRF
r

, and set
V0

Bk
= INRF

t ×Ns
. Denote Ar

k = [ar(θr
1,k), · · · ,ar(θr

L,k)].
When NRF

r > L, we set W0
RFk

= [Ar
k,0Nr×(NRF

r −L)] with
0m×n being an all-zero matrix of size m × n. Otherwise,
we choose NRF

r columns in Ar
k to construct W0

RFk
. Besides,

we set V0
RF in a similar way to W0

RFk
.

During each iteration, the proposed scheme updates
{βk},{VBk

}, VRF, {WBk
}, {WRFk

} in turn. Each updating
operation (see (8), (9), (13), (16) and (18)) will monotonically
decrease the sum-MSE objective. Therefore, after sufficient
iterations, the proposed scheme is guaranteed to converge.

Suppose that I iterations are used, it is easy to know
that the computational complexity of the proposed scheme is
O(IKTMN2

t (NRF
t )2), where TM represents the number of

MM iterations to compute VRF and WRFk
. This complexity

is close to those of the schemes in [12], [13], and [16].

Fig. 1. K = 2, Sum-MSE Performance comparison for different schemes
over varying SNR, QPSK.

IV. SIMULATION AND DISCUSSION

During simulations, the multipath channels are randomly
generated with L = 4, αl,k ∼ CN (0, 1), θr

l,k(θt
l,k) ∼ U [0, 2π],

where U [a, b] denotes the uniform distribution over the range
[a, b]. Besides, we use Nt = 64, NRF

t = 4, Nr = 16,
NRF

r = 2 and Ns = 2. If not specified elsewhere, we consider
K = 2 users. The total transmitted power P = 1 and thus the
signal-to-noise ratio (SNR) is defined as 1/σ2. To generate the
BER figures below, we use QPSK and 16QAM.

Fig.1 presents the sum-MSE performance of the proposed
hybrid beamforming scheme. Here the sum-MSE is uniformly
defined as:

∑K
k=1 E{∥sk−s̃k∥2}, where s̃k is the output of the

receiver combiner and s̃k = β−1
k yk for the proposed scheme.

For comparison, we consider the counterpart schemes in [12],
[13], and [16]. Note that the scheme in [12] is the same as
the ‘two stage hybrid ZF’ scheme in [13], we thus choose not
to mention [12] in the figure. Moreover, in [13], the ‘digital
precoder MMSE’ scheme adopts fully digital precoder at the
BS and hybrid combiner at each user, while ‘hybrid MMSE’
scheme adopts hybrid precoder and hybrid combiner. Among
the hybrid schemes, the proposed scheme performs the best
sum-MSE performance. This is reasonable since the schemes
in [13] are designed to maximize the sum-rate rather than to
minimize the sum-MSE. Although the scheme in [16] consid-
ers a similar sum-MSE metric, it obtains the transmitter analog
precoder based on the assumption that VH

RFVRF ≈ NtINRF
t

,
obtains the receiver analog/digital combiner by minimizing
the lower/upper bound of its sum-MSE. As mentioned in the
introduction section, our sum-MSE is more flexible than that
in [16]. Moreover, the proposed scheme is derived by directly
minimizing the sum-MSE. Therefore, the proposed scheme
remarkably outperforms the scheme in [16] in terms of sum-
MSE performance.

In Fig.1, three fully digital (FD) schemes are used for
comparison. The ‘Proposed-FD’ scheme is obtained from the
proposed hybrid scheme by setting NRF

t = Nt, NRF
r = Nr,

VRF = INt
and WRF = INr

. The total-MMSE (T-MMSE)
FD scheme and the modified T-MMSE (MT-MMSE) FD
scheme try to minimize the objectives:

∑K
k=1 E{∥sk−yk∥2}

and
∑K

k=1 E{∥sk−β−1yk∥2}, respectively [16], [19]. Due to
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Fig. 2. K = 2, BER Performance comparison for different schemes over
varying SNR, QPSK.

Fig. 3. K = 2, BER Performance comparison for different schemes over
varying SNR, 16QAM.

our more flexible objective (see (4)), the proposed FD scheme
can achieve lower sum-MSE than the other two FD schemes.
Besides, the sum-MSE performance of the proposed hybrid
scheme is close to that of the proposed FD scheme.

We compare the BER performance for the proposed scheme
and the counterpart schemes in Fig.2 and Fig.3, where QPSK
and 16QAM are considered, respectively. The BER curves are
obtained by averaging the BER results over the two users.
As mentioned above, the BER performance is closely related
to the sum-MSE performance [15], [16]. Specifically, the lower
sum-MSE, the better BER performance. Consistent with the
observations in Fig.1, the proposed scheme bears the best BER
performance among the hybrid scehmes.

V. CONCLUSION

In this letter, we proposed a hybrid beamforming scheme
for multi-user mmWave MIMO systems. To optimize the BER
performance, we chose the symbol sum-MSE of multiple users
as the objective function. Then we developed an iterative

method to obtain the analog/digital precoder at the BS and the
analgo/digital combiner at each user, by monotonically mini-
mizing the sum-MSE objective function. Compared with the
hybrid counterparts, the proposed scheme can provide much
better BER performance while bearing a similar computational
complexity.
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