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Electromagnetic Forces Acting on the Planar Armature of a Core-Type
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The core-type synchronous permanent-magnet planar motor (SPMPM) discussed in this paper includes one or more planar armatures
each of which contains two sets of three-phase windings named �-winding and �-winding. For each planar armature, a magnetic field
energy equation is established first. This equation describes the mechanism of the coupling between the permanent-magnet array, the
�-winding and the �-winding in the core-type SPMPM. By using virtual work principle, �-direction thrust force, �-direction thrust
force and vertical force acting on the planar armature are modeling analytically. For eliminating the coupling in these force models,
the excitation flux linkages and phase currents are all transformed into �-� synchronous reference frame. From the decoupling force
equations, some characteristics of the vertical component of force on the planar armature are obtained. The electromagnetic force model
is helpful for the design of the contactless planar bearing and the servo control system of the SPMPM.

Index Terms—Iron core, magnetic field energy, permanent magnet, planar motor, reference frame transformation, virtual work force.

I. INTRODUCTION

I N contrast to the induction planar motor and variable re-
luctance planar motor, the synchronous permanent-magnet

planar motor (SPMPM) has the advantages of low thrust ripple,
high efficiency, and capability of being designed for low speed
[1]–[9], [13]. According to whether or not the armature have
iron core or not, the SPMPM can be classified into core and
coreless (or ironless) types [4]. The core-type SPMPM has some
benefits such as higher power and larger thrust, because the peak
air-gap flux density of the core-type SPMPM is much higher
than that in the coreless SPMPM.

However, in the core-type SPMPM, the attraction force acting
on the mover is very large. It may lead to serious abrasion if
a contact-type planar bearing is used. Hence, the utilization of
some type of contactless planar bearings such as planar air bear-
ings or planar magnet bearings is very helpful. The levitation
force produced by the contactless planar bearing can balance
the vertical gravity force and the attraction force acting on the
mover very well. However, a good design of the contactless
planar bearing is difficult to be realized if the vertical attraction
force acting on the mover is not estimated precisely.

In this paper, an analytical model for calculating the vertical
electromagnetic force in a core-type SPMPM is proposed.
This core-type SPMPM is shown in Fig. 1, which has been dis-
cussed in [5]. Every planar armature includes two sets of wind-
ings called x-winding and y-winding, which are corresponding
to x-direction thrust force and y-direction thrust force , re-
spectively. Another topic of this paper is to discuss the analytical
model of x-direction thrust force and y-direction thrust force

. Both topics are based on a modified magnetic field energy
equation.
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Fig. 1. Outline drawing of a core-type SPMPM.

Fig. 2. Mover core and winding configuration.

II. A MODIFIED MAGNETIC FIELD ENERGY EQUATION FLUX

DENSITY EQUATIONS

For clarity, some assumptions to be used below are given first:
1) the magnetic saturation in the iron cores is little enough to be
neglected, i.e., the magnetic field has linear property; 2) the end
effect can be neglected; and 3) the flux leakage is small enough
to be neglected.

The core-type SPMPM discussed in this paper is an electro-
mechanical system including three electrical parts: magnet array
part, x-winding part, and y-winding part. There are six elec-
trical ports and three mechanical ports in this system. The in-
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puts of the electrical ports are the phase currents of x-winding
and y-winding which can be expressed as two vectors:

(1)

Due to the linear magnetic material, the magnetic field en-
ergy (MFE) of the core-type SPMPM can be expressed as
follows:

(2)

where is the magnetic field energy component generated by
the permanent-magnet array, and are inductance matrices
of x-windings and y-windings, and are the matrices
of mutual inductances between x-windings and y-windings,
and are the vectors of excitation flux linkage linking x-wind-
ings and y-windings. The detailed forms of the above matrices
or vectors are

where subscript or superscript x and y denote x-windings and
y-windings, subscript a, b, and c denote phase A, phase B, and
phase C of x-windings or y-windings. In (2), the term of
which describes the component of static magnetic field appears.
However this term is neglected before [5]. Therefore, the mag-
netic field (2) is more exact than that proposed before. In [5], the
characteristics of and were analyzed. The conclusion
is that . Thus, the MFE equation (2) can be
simplified as

(3)

According to electric machine theory, the concen-
trated-winding model is equivalent to a sine-distributed winding
model when a fundamental winding coefficient is taken. Being
similar to the principle of analyzing the induction matrix of the
rotary electric motors [5], [11], the approach to calculate the
inductions of the core-type SPMPM can be obtained:

(4)

(5)

(6)

(7)

(8)

where is the vacuum permeability, is width of each perma-
nent magnet (i.e., half of the pitch of the magnet array), is the
height of the permanent magnets, is the number of pole pair of
the x-winding and y-winding. is the equiva-
lent sine-distributed series turns per phase for the fundamental,

is fundamental winding coefficient, is the number of
turns in series per phase, is the length of the mover core, and

is named as equivalent air gap thickness.
The definition of is the same with that of the classic electric

machine theory. For the SPMPM in which some iron pieces
embbed into the magnet array, can be calculated by using
the following equation:

(9)

where is Carter’s coefficient corresponding to mover teeth,
is Carter’s coefficient corresponding to stator teeth. For the

SPMPM with surface magnet array, there are no iron pieces em-
bedded into the magnet array. Therefore, Carter’s effect corre-
sponding to stator teeth can be neglected, i.e., .

In [5], the equations for calculating and have been given:

(10)

(11)

where and is the electric angles, and
are the number of turns in series per phase of x-winding and

y-winding, respectively, and and are the x-direction length
and y-direction length of the armature iron core, respectively,

, and is given by

In fact, is approximately equal to the half of the peak flux
density in the bottom plane of the mover core, because from (31)
we can obtain

where

In the Appendix, the magnetic field energy of permanent-
magnet array is analyzed. It is found that is indepen-
dent of the mover center position and is the unary function
of the air-gap thickness . The expression of this function is

(12)
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where is the relative permeability of the permanent-magnet
material, and

In addition, is the coefficient of the Fourier series expan-
sion of the magnetization function of the magnet array [1]

where is the residual flux density of the permanent-magnet
material.

III. LATERAL THRUST FORCES EQUATION

Because for linear system, co-energy is equal to magnetic
field energy , the x-direction electromagnetic thrust can be
calculated by the virtual work principle

(13)

It has been concluded in Section II that and are con-
stant matrixes and is independent of the mover center posi-
tion . According to magnetic circuit theory, [5] points out
that and are unary functions of y and x, respectively [5].
Therefore, substituting (3) into (13) yields

By defining the d-q-0 synchronous transformation matrix
, the following transformation relationship is obtained:

(14)

(15)

The following equation can be derived:

(16)

where is the electric angle.
Since

If the d-axis is fixed on the axis of the magnetic pole, (15) can
be simplified as

Then (16) can be rewritten as

(17)

For y-windings, the similar expressions can also be obtained:

(18)

IV. VERTICAL FORCE EQUATION

According to the virtual work principle

(19)

From (4)–(9), we obtain

(20)

where

(21)

In this paper, and
. Hence, the partial derivatives of (10) and (11) with respect to

the variable are represented as

(22)

(23)

where

(24)

By substituting (4)–(9), (12), (14), (15), (22), and (23) into
(19), the vertical electromagnetic force (19) is simplified or
transformed as

(25)

where the expression of given by (21), the expression
of given by (24). in (25) denotes the static
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attraction force generated by the magnet array. Its model is as
follows:

(26)

The minus in (26) denotes that there is a static attraction force
between the stator and the mover. However, will tend to zero
as increases.

V. CHARACTERISTICS OF THE VERTICAL FORCE

In the control systems of synchronous permanent-magnet ro-
tary motors, the vector control method is used broadly. It is well
known that, for maximizing the ratio of torque to current, the
d-axis currents are usually kept nearly zero during the stable
operation period of the SPMPM controlled by the vector con-
trol method [12]. From (17) and (18), it can be seen that the
vector control method is also applicable in the SPMPM control
system. Similarly, we can assume that and when
the SPMPMs are during the stable operation period. Hence, the
vertical force equation (25) can be rewritten as

(27)

Equation (27) shows that the vertical force is the quadratic
function of d-axis currents and . Furthermore, it has been
concluded in Section IV that . Therefore, the vertical
force is lesser than zero. It means that there is an attraction
force between the mover and the stator of the SPMPM. Equa-
tions (25) and (27) can be used to estimate the attraction force
between the mover and the stator and may be helpful for the
design of the contactless planar bearing and the servo control
system of the SPMPM.

For explaining the characteristics of the vertical force
of SPMPM more exactly, an SPMPM which contains an
Askawa’s magnet array is analyzed by using (27) and (21).
The parameters of this SPMPM are shown in Table I. Fig. 3
shows the variation of the vertical force in terms of the d-axis
currents. For simplicity, Carter’s effect is not considered in.
That is . The coordination of the extreme point
of the quadratic surface is (0 A, 0 A, 140 N).

A 3-D finite-element model is established by using Maxwell
3D. In this model, the teeth and slots of the armature are can-
celled, i.e., the armature core is modeled as an iron plate. In addi-
tion, only one d-axis equivalent coil for every pole-pair winding
is included in the FEM model. The current of the d-axis equiv-
alent coil is equal to the d-axis current or . In FEM calcu-
lation, is set to 0 A, 5 A, or 10 A and is set to 0 A, 5 A, or
10 A, respectively. Then a series of results shown in Fig. 4 are
obtained. The surface generated by these FEM results has the
properties of quadratic surface relative to .

By comparing the analytical result with the FEM result, an
error surface shown in Fig. 5 can be obtained. When
and , the error is equal to 10 N approximately. In addi-
tion, the relative error of the results from the analytical method

Fig. 3. Variation of the vertical force in terms of the d-axis currents.

TABLE I
PARAMETERS OF THE MAGNET ARRAY AND PLANAR ARMATURE

Fig. 4. Variation of the vertical force in terms of the d-axis currents which is
obtained by FEM.

proposed in this paper is also evaluated. Fig. 6 shows the rel-
ative error surface. For and , the error is equal
to %. Observing Fig. 6, we can see that when

A and A, i.e., A Turns and
A Turns, the relative error is less than 10%. It

can be concluded that for the ordinary current range, the results
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Fig. 5. Absolute error of the vertical force calculated by analytical method.

Fig. 6. Relative error of the vertical force calculated by analytical method.

obtained by the method proposed in this paper is equal approx-
imately to the results obtained by FEM.

VI. CONCLUSION

The core-type SPMPM discussed in this paper is an electro-
mechanical system including electrical parts: magnet array
part, x-winding part and y-winding part, and so on. Corre-
spondingly, the magnetic field energy in a core-type SPMPM
is the result of the coupling between three electrical parts.
According to electromechanical theory, a magnetic field energy
equation for describing the electromagnetic coupling can be
established. By using virtual work principle, x-direction thrust
force, y-direction thrust force, and vertical force acting on the
planar armature are modeling analytically. When the excitation
flux linkages and phase currents are all transformed into d-q
synchronous reference frame, a decoupling force models is ob-
tained. From the decoupling force equations, it can be seen that
the x-direction thrust force and y-direction force are the linear
function of d-axis currents, and the vertical attraction force is
the quadratic function of d-axis currents. The decoupling force

Fig. 7. Cut-view of analysis model [1].

model will be helpful for the design of the contactless planar
bearing and the servo control system of the SPMPM.

APPENDIX A

A geometry model of Asakawa’s magnet array is given in
Fig. 7. According to Ampere’s circuital law, the following scalar
magnetic potential equation for Asakawa’s array can be derived
[1]:

where is the pitch of the array. is a piece-
wise function given by

(28)

In (28), is the thickness of the air gap, is the height of the
magnet array, and . and are expressed by

where is the relative permeability of the magnets and is
retentivity.

The magnetic flux density vector and the magnetic inten-
sity satisfies and in the air gap and
in the magnetic array, respectively. It is known that the magnetic
intensity vector . Therefore, the equations for



3150 IEEE TRANSACTIONS ON MAGNETICS, VOL. 45, NO. 8, AUGUST 2009

calculating the projections of can be derived:

(29)

(30)

(31)

where

According to the theory of magnetic field energy, the equa-
tions for calculating he magnetic field energy of permanent-
magnet array :

(32)

and denote the spaces of the air gap and the mag-
netic array, respectively. Consequently, substituting (29)–(31)
into (32) yields
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