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Abstract—The power supply reliability of the urban distri-
bution networks is being challenged by cable faults. Owing to
the complex factors, such as system neutral, fault condition,
and DG integration, it is difficult to detect and locate the fault
cable. In this paper, the equivalent circuit model of the distribu-
tion cable is firstly created by considering the multi-conductor
couplings. The mathematical relation of the amplitude differ-
ences between zero-sequence currents and those flowing in cable
sheaths and armors at the local end of the healthy and fault cables
are then derived in theory. Finally, according to the network
topology and measurement locations, a novel method for iden-
tifying the fault cable section is proposed by using the defined
space-measurement matrix. The simulation model of a real urban
distribution network is established in PSCAD/EMTDC. The effec-
tiveness and robustness of the proposed method are validated.
The results demonstrate that the method is barely affected by the
neutral grounding mode, fault initial condition, and distributed
generation (DG) penetration level.

Index Terms—Urban distribution cable, grounding line cur-
rent, zero-sequence current, fault identification.
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I. INTRODUCTION

W ITH the advances of urban distribution networks,
a large number of power cables have been laid

underground [1].
Due to the poor working environment, such as moisture,

contamination, and internal defects, the distribution cables are
prone to faults. However, finding a fault in the underground
cable is difficult due to the inconvenient line inspection. Fast
and reliable fault detection and location of the distribution
cable is of great significance to improving the efficiency of
repairment work and ensuring the reliability of power supply.

When a fault occurs in the distribution network, the volt-
ages and currents deviate from the normal ones, providing the
basis for fault detection. The three-phase and zero-sequence
voltages of the main bus at the substation are commonly used
to identify the faults. Since the voltages vary significantly prior
to and after the faults, all types of the faults can be detected
by setting appropriate thresholds of the monitored voltages.
However, such fault detection method is susceptible to fault
initial conditions, power disturbances, or some other factors.

After a fault is detected, it is necessary to identify the fault
line section. The algorithms for fault section identification
are generally divided into three main types: the impedance-
based methods, transient signal- based methods, and artificial
intelligent-based methods.

In the steady-state algorithms, the amplitudes and phases of
the electrical signals are generally employed to identify the
fault section [2]. The algorithm in [3] calculates the voltage
deviation of each candidate line to identify the fault section.
The voltage displacement of the neutral point is used to identify
the fault section in [4]. By using the voltage phasors at each
bus, a data bank is constructed to locate the fault section [5].
The steady-state methods have the advantages of easy imple-
mentation and low cost [6], but the reliability is easily affected
by system parameter change and fault initial condition.

The transient signals related to the fault location is gener-
ated when a fault occurs in power distribution networks [7].
Compared with the steady-state methods, the transient
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signal-based ones, widely adopted in the actual field, are not
impacted by the neutral grounding mode and fault initial con-
ditions. As for the transient signals-based methods, they can
be further divided into two types: traveling waves based and
non-traveling waves based methods, according to the transient
signal type.

As for the non-traveling waves based methods, the
fault section can be located based on the transient volt-
age difference [8], voltage or current energy [9], and zero-
sequence current [10], [11], [12]. As for the traveling waves
based methods, one of the most effective transient-state fault
location algorithms, have been extensively applied [13]. By
determining the arrival time of the traveling wave signals,
an identification matrix is built in [14]. The graph theory
is adopted in [15] to locate the fault section based on the
traveling waves generated by the circuit breaker actions. The
application of the traveling wave methods in the distribution
networks is limited due to the high cost. In addition, the loca-
tion results are not as good as those in transmission lines
since the reflection and refraction of the traveling waves in
the distribution network are more complicated [16].

With the fast development of artificial intelligence, the arti-
ficial intelligent-based algorithms have been gradually applied
to fault location in power distribution lines. In [17], the
wavelet energy spectrum entropy was employed to extract the
fault features and establish the artificial neural network to iden-
tify the fault section of a power distribution network. The
time-frequency features of the transient zero-sequence cur-
rent signals is trained by the convolutional neural network
to identify the fault line in [18]. To locate the fault section
of the distribution network, the method in [19] used a one-
dimension convolutional neural network to train the features of
characterized zero-sequence current waveforms. The artificial
intelligent-based methods have shown good performance in
extracting the complex fault features. However, large amount
of data and time-consuming training limit the application of
these methods.

To automatically locate the fault section, many smart
devices, such as the fault indicators [20], feeder terminal
units [21], and µPMUs [22], [23], have been widely adopted
in power distribution networks. The data from smart meters
and fault indicators are jointly used for fault location in [24].
The method in [25] extracts the information of the smart
meters and uses the fuzzy petri net to locate the fault sec-
tion. However, the current smart units can be only applied to
the severe faults and the complex faults cannot be identified
by these units.

The underground cables in urban distribution networks
have a complex structure where the significant electromag-
netic couplings exist in the multiple conductors of the cables.
The electrical model of the distribution three-core cable built
in [26] does not consider the cable armor which commonly
connects with the metallic sheath at terminals. Thus, the
grounding line currents flow through the armors are also
neglected in the analysis.

The topology of the urban distribution network is com-
plex with many short cable feeders and branches. The fault
conditions of the distribution cable are also complicated with

different fault types, fault resistances and DG penetration lev-
els. Most of the fault section identification methods are not
applicable to such complex scenarios. Additionally, the three-
phase voltages or currents cannot be easily measured in the
distribution cables due to the special structure of the cable
terminals. The accuracy and reliability of the fault section
identification of the current methods cannot be guaranteed with
low sampling rate and synchronous errors.

To address the above problems, this paper proposes a novel
method for identifying the fault cable section in urban distri-
bution network. The method uses the grounding line current
and zero-sequence currents which can be measured at the
local ends of the distribution cables. The method is verified
by various simulations to be effective with different neutral
grounding modes, fault conditions, and DG penetration. The
main contributions of this paper are expressed as follows:

(1) The electrical model of the distribution three-core cable
usually does not consider the cable armor which commonly
connects with the metallic sheath at terminals. In this paper,
an equivalent circuit model considering multiple conductors
including the three-phase core conductors, sheath, and armor
of the real three-core armored distribution cable is created
in different conditions. The electromagnetic couplings among
the cable conductors is considered by using the electrical
parameters of the cable.

(2) The relationship between grounding line currents and
zero-sequence ones of the distribution three-core cable is
unclear. In this paper, the mathematical relation of the ampli-
tude differences between the grounding line currents and
zero-sequence ones of the healthy and fault cables are derived
in theory. In detail, the amplitude difference between the
grounding line and zero-sequence currents at the local end of
the fault cable is larger than that of the healthy cable, which is
the theoretical basis of the proposed fault section identification
method.

(3) Most of the fault section identification methods are not
applicable to the complex scenarios, such as intermittent faults
and unbalanced loads and laterals. And the accuracy and relia-
bility of the fault section identification of the current methods
cannot be guaranteed with low sampling rate and synchronous
errors. Compared with the current methods, the advantages of
the proposed method in this paper include convenient measure-
ment, low sampling rate, no need for synchronization or the
prior knowledge, and short computation time. The proposed
method is effective in both the permanent and the intermittent
arc faults. It is not affected by unbalanced loads and different
laterals.

II. FAULT SECTION LOCATION METHOD FOR

THREE-CORE DISTRIBUTION CABLES

A. Equivalent Circuit Model of the Three-Core Distribution
Cable Considering Conductor Coupling

As for a three-core distribution cable, the three-phase con-
ductors together with the metallic sheath are arranged in an
equilateral triangle. The mutual impedance between any two
core-conductors are different from that between the core-
conductor and sheath. Thus, the arrangement of the three-core
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cable is not asymmetrical. The impedance and admittance
matrices Z and Y of the three-core cable can be expressed by
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Z =

⎡

⎢
⎢
⎢
⎢
⎣

ZAA ZAB ZAC ZAS ZAM

ZBA ZBB ZBC ZBS ZBM

ZCA ZCB ZCC ZCS ZCM

ZSA ZSB ZSC ZSS ZSM

ZMA ZMB ZMC ZMS ZMM

⎤

⎥
⎥
⎥
⎥
⎦

Y =

⎡

⎢
⎢
⎢
⎢
⎣

YAA YAB YAC YAS YAM

YBA YBB YBC YBS YBM

YCA YCB YCC YCS YCM

YSA YSB YSC YSS YSM

YMA YMB YMC YMS YMM

⎤

⎥
⎥
⎥
⎥
⎦

ZAA = ZBB = ZCC = z1, YAA = YBB = YCC = y1
ZAB = ZBC = ZCA = z2, YAB = YBC = YCA = y2 = 0
ZAS = ZBS = ZCS = z3, YAS = YBS = YCS = y3
ZAM = ZBM = ZCM = z4, YAM = YBM = YCM = y4 = 0
ZSS = z5, YSS = y5, ZSM = z6, YSM = y6
ZMM = z7, YMM = y7

(1)

where ZPP and YPP represent the self-impedance and self-
admittance of the core conductor of phase P (P ∈ {A, B, C})
in per unit length of the cable. ZSS and YSS denote the self-
impedance and self-admittance of the metallic sheath in per
unit length of the cable. ZMM and YMM denote the self-
impedance and self-admittance of the armor in per unit length
of the cable. ZPQ and YPQ represent the mutual impedance
and admittance between the core conductors of phases P and
Q (Q ∈ {A, B, C}) in per unit length of the cable. ZPS and YPS

denote the mutual impedance and admittance between the core
conductor of phase P and metallic sheath in per unit length
of the cable. ZPM and YPM represent the mutual impedance
and admittance between the core conductor of phase P and
armor in per unit length of the cable. ZSM and YSM are the
mutual impedance and admittance between the metallic sheath
and armor in per unit length of the cable.

Based on the finite element method, the mutual coupling
capacitances and inductances of the three-core distribution
cable can be computed. In theory, it takes total conductor
current I as known and boundary condition to compute the
current density Js. Then the impedance matrix Z can be
acquired by

Js = σZI (2)

where σ denote diagonal matrix of the conductor conductivity.
According to the finite element analysis, any element Ym,n in
admittance matrix Y can be computed by

Ym,n =
nm∑

im=1

Kim.n (3)

where nm denotes the total number of the discrete points on
dielectric m surface, im denote the discrete point code, Kim,n

denote the element in matrix of the finite element coefficient.
Taking the three-core distribution cable (YJV22-6/10kV-

3*70mm2) as an example, the computed result of elements
of the impedance matrix Z and admittance matrix Y in per

Fig. 1. Diagram of the three-core cable in normal and fault conditions.

unit length is
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z1 = 3.61 ∗ 10−4 + j1.41 ∗ 10−3� /m, y1 = j3.90 ∗ 10−8S/m
z2 = 1.09 ∗ 10−4 + j1.24 ∗ 10−3� /m, y2 = 0
z3 = 3.77 ∗ 10−5 + j4.38 ∗ 10−4� /m, y3 = −j3.90 ∗ 10−8S/m
z4 = 7.97 ∗ 10−5 + j9.38 ∗ 10−4� /m, y4 = 0
z5 = 3.18 ∗ 10−4 + j4.38 ∗ 10−4� /m, y5 = j5.29 ∗ 10−7S/m
z6 = 2.66 ∗ 10−5 + j3.13 ∗ 10−4� /m, y6 = −j1.28 ∗ 10−7S/m
z7 = 5.80 ∗ 10−4 + j8.37 ∗ 10−4� /m, y7 = j2.80 ∗ 10−6S/m

(4)

The structures of the three-core cables in normal opera-
tion and fault condition are depicted in Fig. 1 (a) and Fig. 1
(b). Aiming at the three-core distribution cables in normal
operation and fault condition, the equivalent circuit models
considering the core conductors, metallic sheath and armor
is constructed and displayed in Fig. 2. The electric and mag-
netic coupling among the core conductors, sheath and armor
are characterized by the mutual admittances and impedances
shown in (1). In Fig. 2(a), l is the total length of the cable. RSG

represents the resistance of the grounding line. Generally, the
single-phase fault in the cable can be classified into two types:
core-sheath fault and core grounding fault. When a single-
phase fault occurs in the cable, the equivalent circuit model of
the fault cable is illustrated in Fig. 2(b). The fault is x away
from the local end of the cable. Most of the faults in cables
are permanent faults, which means the fault resistance can
be considered as constant. However, an arc fault may occur
between the phase conductor and the metallic sheath of the
cable. Thus, the fault is modeled as arc fault with non-linear
resistance varying with time. Ifw(t)(w ∈ {1, 2, 3}) represents
the arc current. t is the time variable. Rf 1(t), Rf 2(t) and Rf 3(t)
are the fault resistances. As for the core-sheath fault, Rf 2(t)
and Rf 3(t) don’t exist. Rf 1(t), Rf 2(t) and Rf 3(t) all exist in the
core grounding fault. In Fig. 1, YPPl=0.5lYPP, ZPPl=lZPP, and
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Fig. 2. Equivalent circuits of the three-core cables in normal operation and fault condition.

so on. In Fig. 2, we have YPPL=0.5xYPP, YPPR=0.5(l−x)YPP,
ZPPL=xZPP, ZPPL=(l−x)ZPP, and so on.

The high-voltage cable (≥110kV) is usually multiple
grounded for long transmission distance (≥10km). However,
for the distribution cable, it does not have the multiple ground-
ing bonding since the length of the cable section is commonly
short (only about 100m∼500m). According to the operation
standards for the power distribution cables in China (GB
50217–2018), the metallic sheath of the three-core distribu-
tion cable is only grounded at both ends (rather than along
the cable) via the grounding lines in order to mitigate the bad
impact of the electromotive force induced by the core con-
ductors. Thus, there is no problem of the multiple grounding
bonding effect on the grounding line current for the three-core
distribution cables.

Compared with the transducers for measuring the three-
phase currents or voltages, those for measuring the grounding
line current are more easily installed at the local end of
the three-core distribution cable [27]. The zero-sequence cur-
rent can be measured by an ordinary zero-sequence current
transformer in field. The zero-sequence current transformer is

commonly toroidal or rectangular, with a hole to make the
three-phase core conductors pass through.

It is convenient to install and dismantle the transducers in
the cable. As shown in Fig. 3, the zero-sequence current of
a three-core cable is measured at the terminal by the zero-
sequence current transformer (ZCT) in the actual field. The
metallic sheath and armor are stripped off at the terminal of the
cable. Thus, the ZCT is set on the three-phase conductors only
with insulation layers of the cable to directly measure the zero-
sequence current of the three-core distribution cable. Thus, the
summation of the three-phase currents, commonly used for
the overhead transmission lines, is not needed for obtaining
the zero-sequence of the distribution cable. Additionally, the
metallic sheath and armor can only shield the electric field
(affecting the voltage signal) but cannot shield the magnetic
field (affecting the current signal). Thus, the shielding effect of
the metallic sheath and armor (Faraday cage effect) has little
effect on the measurement of the zero-sequence current.

The current transformer of the MV distribution network may
be saturated when measuring the large fault current. However,
as for the 10kV distribution network, the neutral point at main
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Fig. 3. Measurement of the zero-sequence current in the actual field.

station are indirectly grounded (using a ground transformer).
Most of the faults are not permanent short-circuit faults. Thus,
the fault current is not as large as that in the high-voltage
transmission network. In general, the zero-sequence current of
a 10kV distribution network ranges from several amperes to
dozens of amperes. The probability of current transformer sat-
uration in the 10kV distribution network is low In addition, the
main reason of saturation is that the signal transformer has the
structure of iron core, which is common in the electromagnetic
transformer. However, with the development of signal trans-
ducers, more and more current transformers have removed the
structure of iron core, for example Rogowski’s current coils
and photoelectric transformers. In these transformers, there is
no saturation effect.

B. Relationship Between Grounding Line Currents and
Zero-Sequence Ones at the Local Ends of the Cables

A typical urban distribution cable network is displayed in
Fig. 4. Based on the established equivalent circuit models of
the three-core cable, the theoretical analysis on the relationship
between grounding line currents and zero-sequence currents
at the local ends of the cables is conducted. Details are as
follows.

According to the analysis of the zero-sequence and ground-
ing line current of the healthy cable k in Appendix A, we
know that the size relation between ISLk and I0Lk is:

|ISLk| < 3|I0Lk| (5)

According to (5), it is easy to know that |ISLk | − |I0Lk | <

2|I0Lk |. Based on the analysis in Appendix B, the relationship
between the grounding line current and zero-sequence current
at the local end of the fault cable j can be expressed as

∣
∣ISLj

∣
∣ ≥ 3

∣
∣I0Lj

∣
∣ (6)

where I0Lj denotes the zero-sequence current at the local end
of cable j. The detailed process of obtaining (6) is shown in
Appendix B. It is clear from (6) that |ISLj| − |I0Lj| ≥ 2|I0Lj|.

For an ungrounded or small resistance grounded distribution
network, I0Lj is larger than I0Lk. For an arc-suppression coil
grounded network, the transient zero-sequence current is not
affected by the compensatory inductive current. Additionally,

Fig. 4. Diagram of a typical urban distribution cable network.

as shown in Fig. 4, the winding type of the distribution trans-
former is �/Y, which means the power flows of distributed
generator (DG) do not affect the zero-sequence and grounding
line currents. In other words, the zero-sequence and grounding
line currents with integration of DG is basically identical to
those without DG. Thus, we have

{
� Ij > � Ik

� Ij = ∣
∣ISLj

∣
∣ − ∣

∣I0Lj
∣
∣,� Ik = |ISLk| − |I0Lk| (7)

In (7), �Ij and �Ik represent the amplitude differences
between the grounding line currents and zero-sequence cur-
rents at the local ends of cable j and k. Since the voltages
of the healthy phases increase after a fault occurs in the dis-
tribution network with neutral point indirectly grounded, the
charging current generated by the capacitances to ground of
the cable grows a lot. The authors admit that fact. However,
the charging current reaches the steady-state value after a rapid
growth. In (7), the charging current is represented by the zero-
sequence current and grounding line current since they are
affected by the cable capacitances to ground. Equation (7) only
shows the relationship between the steady-state zero-sequence
current and grounding line one whose amplitudes have reached
the steady-state stage. Thus, equation (7) does not show the
increase stage of the charging current. On the contrary, it only
shows the amplitude of the charging current when it reaches
the steady state.

C. Fault Section Identification Algorithm

In an actual distribution cable network, there are many
cable sections. To efficiently and automatically locate the
fault section, a method considering the network topology and
measurement locations is proposed as elaborated below.

As for a distribution cable network with N nodes and q
sections, the space-measurement matrix Msm is defined as
⎧
⎨

⎩

Msm = [
mgh

]

N×q(1 ≤ g ≤ N, 1 ≤ h ≤ q)

mgh =
{

1, h is located in the cable connected to g
0, h is not located in the cable connected to g

(8)
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where mgh is the element in the gth row and hth column of
Msm. The row and column of Msm represent the node and
measurement point (cable section) numbers, which are fixed
in the distribution network. It can be seen that the element in
Msm depends on the space location determined by the node
and measurement point. The measurement unit is mounted at
the local end of each cable section to record the grounding
line current and zero-sequence current.

After constructing the space-measurement matrix Msm of
the distribution network, the grounding line current at the local
end of the main cable feeder iSL_MF(t) is acquired to identify
the single-phase fault by

max
(∣
∣iSL_MF(t)

∣
∣
)

> ζmax,
(
t ≥ t0+tp

)
(9)

where t represents the time variable. t0 denotes the time corre-
sponding to the singularity of iSL_MF(t). tp is the time interval
corresponding to the power frequency. ζmax is the maximum
value of iSL_MF(t) during the operation of the distribution
cable network. If (9) is satisfied, a single-phase fault occurs in
a cable section. The amplitude difference between the ground-
ing line current and zero-sequence current at the local end of
each cable section is then calculated. The amplitude difference
ratio matrix Mr is created by

{
Mr = [muv]q×q(1 ≤ u, v ≤ q)

muv = du
dv

, du = Max(|iSLu(t)|) − Max(|i0Lu(t)|) (10)

In (10), muv is the element in the uth row and vth column of
Mr. du and dv represent the amplitude differences between the
grounding line currents and zero-sequence currents of cable
sections u and v,. Function Max ( ) is to obtain the maximum
of the signal. The data window can be set as [t0, t0 + 0.25tp].
Since the data window is very short, the amplitudes of the cur-
rent signals are extracted before isolation of the fault cable
section. Besides, locations of the measurement points are
fixed and the topology of the distribution network remains
unchanged during the fault section identification before the
fault isolation. Thus, the matrix Msm does not change in the
data window. The sum of the elements in the rows of Mr is
denoted as Vs:

Vs = [vu]q×1(1 ≤ u ≤ q), vu =
q∑

v=1

muv (11)

In (11), vu represents the uth element of Vs. The number cor-
responding to the maximum element in Vs is written as umax.
Finally, the numbers of the ends of the fault cable section can
be determined by

{
Msm(nL, umax) = 1
Msm(nR, umax) = 1

(12)

where nL and nR are the numbers of the local and remote ends
of the fault cable section.

The proposed method to obtain current fault and the related
section is based on the grounding line currents and zero-
sequence currents at the local ends of cable sections in
a distribution network. In detail, after numbering the cable
section nodes and measurement units, the space-measurement
matrix Msm can be constructed by (8). Then the method uses

Fig. 5. Flowchart of the proposed fault sensing method.

the criterion (9) to identify the single-phase fault. If it is sat-
isfied, the time window of the sampled current signals needs
to be set for construct Mr, compute Vs by (10), (11). At last,
the fault section can be obtained by (8) and (12). The steps
for implementing the proposed method are shown in Fig. 5.

Based on the proposed fault sensing method, the circuit
breaker in the busbar cabinet and the ring network cabi-
net will cut the faulted feeder and the faulted cable section
will be isolated by the load switch in the cable branch box.
Then the non-fault area restores power supply for ensur-
ing the reliability. After the operating personnel clear the
fault, the whole distribution network returns to the normal
operation.

The balanced fault in the overhead line does not produce the
zero-sequence current. However, for the distribution three-core
cables, the balanced faults (two-phase or three-phase short-
circuit faults) will damage metallic sheath by the local high
temperature (shown in Fig. 4). For the three-phase short circuit
fault, the fault resistances between the three-phase conductors
are different due to the nonlinearity and randomness of the
fault arc. The probability of ideal balanced fault conditions
in the distribution cable with a fault is very low. According
to the operation standards for the power distribution cables
in China (GB 50217–2018), the metallic sheath of the three-
core distribution cable is only grounded at both ends via the
grounding lines in order to mitigate the bad impact of the
electromotive force induced by the core conductors. After
the balanced fault occurs, the fault current will flow to the
ground via the grounding line, which produces the unbal-
anced component. The zero- sequence current exist in all types
of the faults in the distribution three-core cables. Thus, the
proposed method dependent on the zero-sequence current, is
still effective when the balanced fault occurs in the three-core
distribution cable.
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D. Deployment of the Measurement Units and Cost Analysis

To apply the proposed method, the zero-sequence current
and groundling line current are acquired. In the actual field,
the measurement unit can be placed at the cable terminal
in the ring network unit, cable branch box, or outlet cabi-
net at the main station and switching station. The number
of the measurements needed for implementing the proposed
method depends on the scale of the distribution network and
the requirement for fault section location. Under the highest
standard for fault section identification, the method needs K
zero-sequence currents and K grounding line currents mea-
sured at the local ends of these sections to identify the fault
one if there are X cable branches with K line sections in the
distribution network (1≤ X ≤ K). However, if there are H
(H<X) cable branches with G (G<K) line sections whose
lengths are around the shortest length (0.3km∼0.5km) of the
distribution cable segment, the method only needs K−G zero-
sequence currents and K−G grounding line currents measured
at the local ends of the K−G line sections.

The cost of the measurement CM for the method application
can be estimated by

⎧
⎨

⎩

CM = CT + CS + CC

CT = CZT + CGT

CS = NMCSE

(13)

where CT , CS, and CC represent the costs of transducers, sig-
nal sampling and data communication, respectively. CT can be
divided into two parts: the cost of zero-sequence transform-
ers CZT and that of the grounding line current transformer
CGT . CSE denotes the cost of a signal sampling unit. NM is
the number of the needed measurements. For current urban
distribution networks, the zero-sequence current transformers
are basically equipped in each line section, which means that
CZT can be ignored. Thus, CT= CGT≤ KCct where Cct rep-
resents the cost of a current transformer. Since the proposed
method does not require synchronization and high sampling
rate (only 3.2kHz), cheap signal sampling units can be used
and CSE is low. For a signal sampling unit with two input sig-
nal channels, 8-bit AD, 3.2kHz sampling rate, 200MB RAM
and 2G ROM, the price (CSE) is about 70 dollars. Additionally,
only the amplitude difference between the zero-sequence cur-
rent and grounding line current at each measurement point is
transmitted to the main station, indicating that CC is low in
the actual field. The price of a GPRS wireless communication
module is only 5 dollars. According to the above analysis, we
have CM ≤ K (Cct+ CSE+CC). Taking the current transformer
(whose type is LXK-10kV-120mm) as an example, the price
(Cct) is about 25 dollars. For a common distribution network,
K usually varies from 50 to 100. Thus, the highest cost of
the measurement for the method application is in the range
of 5000 to 10000 dollars. However, the cost of the measure-
ment of the current distribution automation system for fault
section location in the actual field is far higher than 10000 dol-
lars (usually exceeds 100000 dollars). In summary, the cost of
implementing the proposed method is not high.

III. THEORY VERIFICATION AND METHOD VALIDATION

To verify the theoretical analysis and validate the method,
a simulation model based on a real 10kV urban distribution

Fig. 6. Diagram of the simulated distribution cable network.

TABLE I
MAIN PARAMETERS OF THE SIMULATED

DISTRIBUTION CABLE NETWORK

cable network is constructed by PSCAD/EMTDC. The dia-
gram of the network is shown in Fig. 6. Switch K1 and
K2 determine the neutral grounding mode of the network. TG
represents neutral grounding transformer. The network con-
tains six cable feeders. The first feeder includes many cable
sections and branches. The black spots represent the branch
nodes or cable ends. The main parameters of the simulated
distribution cable network are shown in Table I.

Fig. 6 shows only one power transformer (110kV/10kV) at
the main station. In the actual field, there are generally two
redundant transformers at the upstream grid where both of
them are contributed to the fault current. However, this contri-
bution only occurs in the short-circuit fault (fault current path
does not include the ground) of the overhead transmission line.
As for the distribution cable network, the path of the fault cur-
rent includes the ground. Since the type of the windings of the
power transformer at the main station is Y/� (� winding can
isolate the zero-sequence component), it does not contribute to
the ground currents (including the zero-sequence current and
grounding line current) of the distribution network after a fault
occurs in the cable. Thus, even though there are two redundant
transformers at the upstream grid, they don’t contribute to the
fault current of the distribution cable.

The actual cable section consists of several cable seg-
ments. For the 10kV distribution cable section, the length of
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Fig. 7. Connection and measurement unit deployment of the cable sections.

TABLE II
CABLE LENGTH IN THE SIMULATION MODEL

the cable segment is about 300m∼500m. Taking the cable
sections (101-102, 102-112, and 102-103) as examples, the
connection structures of these cable sections are illustrated in
Fig. 7. GL represents the grounding line. CMU represents the
current measurement unit for measuring the grounding line
current. The zero-sequence current of a distribution cable can
be directly measured by a zero-sequence transformer in actual
field. CN1, CN2, . . . denote the connection nodes of the cable
section. The CMUs in simulation are deployed at the local
ends of the distribution cables and the branch boxes.

The cable lengths, loads and numbers of the measurement
units are listed in Table II, III and IV, respectively. ‘NL’ and
‘NR’ denote the local and remote node numbers of the cable
sections. ‘L’ represents the cable section length. ‘MN’ denotes
the number of the measurement unit. Various fault simulations
with different initial conditions are conducted. The results are
shown and discussed below.

A. Case Study

Three faults cases are considered in this section. The
information of the cases is listed in Table V. ‘NG’ repre-
sents the neutral grounding mode of the network. ‘UNG’, ‘RG’
and ‘ASG’ denote the ungrounded, small resistance grounded
and arc-suppression coil grounded neutrals. ‘FCS’ denotes the
fault cable section. ‘RF’ represents the fault resistance. ‘xF’
is the fault distance from the local end of the cable section.
‘FT’ denotes the fault type. ‘CSF’ and ‘CGF’ represent the
core-sheath fault and core grounding fault. The zero-sequence
currents and grounding line currents at the local ends of the

TABLE III
LOADS IN THE SIMULATION MODEL

TABLE IV
NUMBERS OF THE MEASUREMENT UNITS IN THE SIMULATION MODEL

TABLE V
INFORMATION OF THE FAULT CASES

fault cable sections and those near the fault in the three cases
are illustrated in Fig. 8. In Fig. 8, the legends ‘I0(nL-nR)’ and
‘Is(nL-nR)’ represent the zero-sequence current and grounding
line current at the local end of the cable section between nodes
NL and NR, respectively.

It can be seen that the grounding line current and zero-
sequence one varies significantly prior to and after the fault
(t0 = 0.08s), which can be used to detect the fault. For the
fault cable section, the amplitude of the grounding line current
is more than two times of that of the zero-sequence current.
For the healthy cable section, the amplitude of the grounding
line current is about three times of that of the zero-sequence
current. The results shown by Fig. 8 are consistent with the
theoretical analysis shown in eq. (5) and eq. (6). Due to space
limitation, the space-measurement matrix Msm and the vector
Vs determined by the amplitude difference ratio matrix Mr for
each case are expressed by bar graphs, as shown in Fig. 9. mgh

and vu on the ordinate represent the element in Msm and Vs.
The node numbers in Fig. 9 (a) corresponding to the actual
nodes of the distribution network are listed in Table VI. ‘NN’
represents the node number.
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Fig. 8. The grounding line currents and zero-sequence ones at the local ends
of the cable feeders and sections near the fault.

Fig. 9. The space-measurement matrix Msm and the vector Vs determined
by the amplitude difference ratio matrix Mr for each case.

The fault section identification results of the three cases are
listed in Table VII. It can be observed that the determined
numbers of the local and remote ends of the fault cable sec-
tions are identical to those preset in the fault simulations. The

TABLE VI
NODE NUMBER CORRESPONDING TO THE ACTUAL NODE

TABLE VII
FAULT SECTION IDENTIFICATION RESULTS

TABLE VIII
DETAILS OF THE GROUND SYSTEM WITH DIFFERENT FAULT CONDITIONS

results verify the effectiveness of the proposed fault section
identification method.

B. Sensitivity Analysis

1) Effects of Ground System With Different Fault Conditions:
The neutral point at the upstream network are indirectly
grounded (using a ground transformer), producing the compen-
sation current. Different ground systems correspond to different
compensation currents, which affects the amplitude of the zero-
sequence current and grounding line current. There are three
main ground system for the distribution network: ungrounded
system, arc-suppression coil grounded system, and resistance
grounded system. To investigate the effect of the ground system
on the fault location, three ground systems are considered
in the experiment. In each ground system, 54 different fault
experiments are conducted. The details of the conducted fault
simulations are displayed in Table VIII. In the table, ‘GS’ rep-
resents the ground system. ‘UNG’, ‘ASG’, and ‘RG’ denote
the ungrounded system, arc-suppression coil grounded system,
and resistance grounded system, respectively. ‘FCS’ represents
the fault cable section. ‘NF’ denotes the total number of the
simulated faults in each neutral grounding mode. ‘LE’ and
‘RE’ represent the faults are 0.1km away from the local and
remote ends of the cable section, respectively. ‘MP’ denotes
that the fault is located at the middle point of the cable sec-
tion. Fig. 10 displays the amplitude differences between the
grounding line currents and zero-sequence ones of the fault
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Fig. 10. Amplitude differences between the grounding line and zero-sequence
currents in different ground system with different fault resistances.

TABLE IX
FAULT SECTION IDENTIFICATION RESULTS

TABLE X
FAULT CASES WITH DIFFERENT DG PENETRATION LEVELS

and healthy cables in different ground systems. The fault is
located in the cable section between nodes 108 and 109. The
amplitude difference varies with the ground system type and
fault resistances. In general, the amplitude difference is more
significant in the resistance grounded system than that in the
ungrounded system. The fault section identification results are
summarized in Table IX. ‘CFSI’ represents the accuracy of fault
section identification. It can be concluded from the results that
the ground system with different fault conditions has little
impact on the fault location.

2) Effects of DG Penetration Levels: To test the
performance of the method with DG, different DG pen-
etration levels are considered in the fault simulation. Table X
lists the fault cases with DG at high and low penetration
levels. In the cases, the CGFs with 200� are simulated at
different locations of the fault cable sections. In the table,
the high and low DG penetration levels mean 70% and
10% of the total loads are fed by DG1, DG2, and DG3.
The zero-sequence currents and grounding line ones of the
fault cable sections and those near the fault in case 2 are
depicted in Fig. 11. It can be seen that the amplitudes of
the zero-sequence currents and grounding line currents with
high DG penetration level are nearly identical to those with
low DG penetration level. The fault section identification
results are displayed in Table XI. It can be concluded that
the method is barely affected by DG penetration level.

Fig. 11. The grounding line currents and zero-sequence ones of the cable
feeders and sections near the fault in case 2 .

TABLE XI
FAULT SECTION IDENTIFICATION RESULTS WITH DIFFERENT DG

PENETRATION LEVELS

3) Effects of Unbalanced Loads and Laterals: The actual
urban distribution networks have many unbalanced loads and
laterals. The unbalances only affect the steady-state voltages
and currents in the normal operation. Since the proposed
method uses the amplitudes of the current signals in the
transient time interval after a fault occurs in the cable,
the unbalanced loads and laterals have little impact on the
method. In order to test the performance of the proposed
method with unbalanced loads and different types of lat-
erals, part of the original balanced loads and laterals in
the distribution network have been replaced by the unbal-
anced ones. The unbalanced loads and laterals are listed in
Table XII. It can be observed that the loads at the nodes
129, 136 and 140 have been changed to the three-phase
unbalanced ones. There are eight laterals and the connected
loads have been changed into the single-phase, two-phase,
and three-phase unbalanced ones. Three CGFs (fault resistance
is 300�) are simulated at different locations of the distribu-
tion cable network with the unbalanced loads. By using the
proposed method, the fault section identification results are
presented in Table XIII. It can be seen that the fault section
can be correctly identified by the proposed method, demon-
strating that the method is not affected by the unbalanced
conditions.

4) Effects of Intermittent Faults: The intermittent fault may
occur in the distribution cable at the early stage of the fault.
Since the proposed method only uses the maximum values of
the current signals in time domain, it is not affected by the
intermittent faults with varying fault resistances in theory. In
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TABLE XII
UNBALANCED LOADS AND LATERALS IN THE SIMULATION MODEL

TABLE XIII
FAULT SECTION IDENTIFICATION RESULTS OF THE FAULT CASE

TABLE XIV
FAULT SECTION IDENTIFICATION RESULTS WITH INTERMITTENT FAULTS

order to test the performance of the method against these types
of the faults, the intermittent faults have simulated at different
locations in the distribution cable network. Fig. 12 depicts the
zero-sequence and grounding line currents at the local end of
the fault and healthy cables. I0 and IS in the legend repre-
sent the zero-sequence current and the grounding line current.
It can be observed that these current signals distort signifi-
cantly. There exist many times of burning and extinguishing
of the arc. In Fig. 12(a), the maximum values of the grounding
line and zero-sequence currents reach about 175A and 50A,
respectively. In Fig. 12(b), these values are close to 20A and
5A. Thus, the difference between the maximum values of the
grounding line and zero-sequence currents in the fault cable
is far larger than that in the healthy cable. The fault cable
can be still identified by using the proposed method. The
detailed fault section identification results with intermittent
faults are lusted in Table XIV. It can be seen that the proposed
method can correctly identify the fault cable in these faults,
verifying that the method is not affected by the intermittent
faults.

Fig. 12. Zero-sequence and grounding line currents of the fault and healthy
cables with intermittent faults.

TABLE XV
COMPARISON RESULTS WITH SEVERAL METHODS

C. Comparison Work

A comparative study between the proposed method and
several other ones is conducted. The comparison of these
methods is based on the same simulation test system in
Fig. 6. The simulations and calculations are all performed
in a computer whose processor is Intel Core i5-6300HQ
@ 2.3GHz. The results are listed in Table XV. ‘TC’ rep-
resents the three-core cable multi-conductor structure. ‘SY’
represents the time synchronization. ‘PK’ denotes the prior
knowledge. fS is the sampling rate. TC represents the com-
putation time. Ip and Up represent the phase current and
voltage signals. I0, U0 and IS denote the zero-sequence cur-
rent, zero-mode voltage and grounding line current. ‘NC’
means the method does not consider TC. ‘TCS’ represents
the multi-conductor model considering the three-phase core
conductors and sheath. ‘TCSA’ represents the multi-conductor
model considering the three-phase core conductors, sheath and
armor. Symbol ‘�’ represents the item is required. Symbols
‘×’ and ‘××’ mean that the strict time synchronization is
not required and that the time synchronization is totally not
required.

Only the proposed algorithm uses both the grounding line
current and zero-sequence current. Compared with the phase
voltages, currents, or zero-sequence components used in the
other methods, it’s easier to measure the grounding line cur-
rent and zero-sequence current at the local end of the cable.
Only the proposed method considers the complete conduc-
tor structure of a real distribution cable. Only the proposed
method and the one in [28] do not require time synchroniza-
tion in the slightest. All the methods except the proposed
method and that in [26] need prior knowledge. The proposed
method requires a low sampling rate. Additionally, the com-
puting time of the proposed method is only 0.02s which is far
shorter than those of the other methods. It can be seen that
the proposed method has more advantages over the current
ones.

Authorized licensed use limited to: Chulalongkorn University provided by UniNet. Downloaded on September 22,2024 at 19:19:10 UTC from IEEE Xplore.  Restrictions apply. 



2604 IEEE TRANSACTIONS ON SMART GRID, VOL. 14, NO. 4, JULY 2023

IV. CONCLUSION

For the urban distribution cable network, this paper proposes
a novel method to identify the fault section. The ground-
ing line currents and zero-sequence ones at the local end of
the cable sections, acquired by current measurement units,
are employed to conduct the fault detection and fault section
location. General conclusions are as follows.

First, after a fault occurs in the distribution cable, the
grounding line current at the local end of a distribution
three-core cable in healthy cable section is larger than the
zero-sequence current. In detail, the amplitude of the ground-
ing line current at the local end is smaller than three times the
one of the zero-sequence current.

Second, after a fault occurs in a cable section, both the
grounding line current and zero-sequence current increase sig-
nificantly. The grounding line current at the local end of the
fault cable section is also larger than the zero-sequence cur-
rent. The grounding line current at the local end is at least
three times as large as the zero-sequence current.

Third, the amplitude difference between the grounding line
current and zero-sequence current at the local end of the fault
cable section is larger than that of any healthy cable sec-
tion. Combining the distribution network topology, locations
of the measurement units and amplitude differences, the fault
cable section can be accurately and quickly identified by the
proposed method.

Fourth, the proposed method is verified by simulation to
be robust to different conditions including the fault resistance,
fault location, and neutral grounding mode. It is also applicable
to the distribution network with DGs.

APPENDIX A

According to the created circuit model in normal operation
in Fig. 2(a), the currents flowing through the self-impedance
of the three-phase core conductors, metallic sheath and armor
are presented by using the electrical quantities at the local end
of the healthy cable k:

⎧
⎪⎪⎨

⎪⎪⎩

IAA = IAL − YASl(UAL − USL)

IBB = IBL − YBSl(UBL − USL)

ICC = ICL − YCSl(UCL − USL)

(1 + YMMlRSG)ISLk + ISS + IMM = 3YASl(U0Lk − USL)

(A1)

where IPP, ISS and IMM represent the currents flowing through
the self-impedances of the core conductor in phase P, metallic
sheath, and armor of cable k, respectively. IPL and ISLk denote
the currents of the core conductor in phase P and grounding
line at the local end of cable k. UPL and USL are the voltages
to ground of the core conductor in phase P and metallic sheath
at the local end. U0Lk represents the zero-sequence voltage at
the local end.

Similarly, the currents flowing through the self-impedance
of the three-phase core conductors, metallic sheath and armor
of the cable in normal operation can be also expressed by the
electrical quantities at the remote end:

⎧
⎪⎪⎨

⎪⎪⎩

IAA = IAR + YASl(UAR − USR)

IBB = IBR + YBSl(UBR − USR)

ICC = ICR + YCSl(UCR − USR)

(1 + YMMlRSG)ISRk = IMM + ISS + 3YASl(U0Rk − USR)

(A2)

In (A2), IPR and ISRk denote the currents of the core conductor
in phase P and grounding line at the remote end of cable
k. Since ISRk is far less than ISLk, ISRk can be negligible in
analysis. UPR and USR are the voltages to ground of the core
conductor in phase P and metallic sheath at the remote end.
U0Rkrepresents the zero-sequence voltage at the remote end.

By integrating (A1) and (A2), we have
{

I0Lk − I0Rk = YASl((U0Rk − USR) + (U0Lk − USL))
1
3 (1 + YMMlRSG)(ISLk + ISRk) = YASl((U0Lk − USL) + (U0Rk − USR))

(A3)

where I0Lk and I0Rk represent the zero-sequence currents at the
local and remote end of cable k. After the single-phase fault
occurs in the cable, I0Rk ≈ 0 and I0Rk ≈ 0. Simplifying (A3),
the following expression can be obtained:

I0Lk = 1

3
ISLk(1 + YMMlRSG) (A4)

The relationship between the grounding line current and zero-
sequence current at the local end of the healthy cable k can
be formulated by

|1 + YMMlRSG||ISLk| = 3|I0Lk| (A5)

APPENDIX B

Based on the model in Fig. 2(b), the currents at the local
end of the fault cable j can be presented by
⎧
⎪⎪⎨

⎪⎪⎩

IALf = IAAL + YASL
(
UALf − USLf

)

IBLf = IBBL + YBSL
(
UBLf − USLf

)

ICLf = ICCL + YCSL
(
UCLf − USLf

)

ISSL + IMML + (1 + YMMLRSG)ISLj = 3YASL
(
U0Lj − USLf

)
(B1)

In (B1), IPPL, ISSL and IMML represent the currents flowing
through the self-impedances of the core conductor in phase
P, metallic sheath, and armor of cable j upstream the fault,
respectively. IPLf and ISLj denote the currents of the core con-
ductor in phase P and grounding line at the local end of cable
j. UPLf and USLf are the voltages to ground of the core con-
ductor in phase P and metallic sheath at the local end of cable
j. U0Lj represents the zero-sequence voltage at the local end
of cable j.

The voltages across the self-impedances of the core conduc-
tor in phase P, metallic sheath, and armor of cable j upstream
the fault are expressed by
⎡

⎢
⎢
⎢
⎢
⎣

UAAL

UBBL

UCCL

USSL

UMML

⎤

⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎣

ZAAL ZABL ZACL ZASL ZAML

ZABL ZBBL ZBCL ZBSL ZBML

ZACL ZBCL ZCCL ZCSL ZCML

ZASL ZBSL ZCSL ZSSL ZSML

ZAML ZBML ZCML ZSML ZMML

⎤

⎥
⎥
⎥
⎥
⎦

·

⎡

⎢
⎢
⎢
⎢
⎣

IAAL

IBBL

ICCL

ISSL

IMML

⎤

⎥
⎥
⎥
⎥
⎦

(B2)

where UPPL, USSL and UMML denote the voltages across the
self-impedances of the core conductor in phase P, metallic
sheath, and armor of cable j upstream the fault, respectively.
ISSL and IMML represent the currents flowing through the metal-
lic sheath and armor of cable j upstream the fault, respectively.
ISLj represents the grounding line current at the local end
of cable j. ISG, IMSG and IMG denote the ground currents
generated by YSSL, YSML and YMML of cable j.
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Considering the arc fault model [29] and using the voltages
to ground at the local end, those of the core conductor in phase
P, metallic sheath, and armor of cable j at the fault point can
be estimated by

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

UFAGL = UALf − UAAL, UFBGL = UBLf − UBBL

UFCGL = UCLf − UCCL, UFSGL = USLf − USSL

UFMGL = RSGISLj − UMML
d(Rfw(t)−1)

dt = Lw
α max(Ifw)

( |Ifw|
VdLw

− 1
Rfw(t)

)
, w ∈ {1, 2, 3}

(B3)

where UFPGL, UFSGL and UFMGL are the voltages to ground
of the core conductor in phase P, metallic sheath, and armor
of cable j at the fault point derived by those at the remote
end. Rfw(t) (w ∈ {1, 2, 3}) represents the arc fault resistance
varying with time shown in Fig. 2. Lw denotes the length of
the arc fault. α is the empirical coefficient. Ifw represents the
peak of the arc current. Vd denotes the voltage drop in per
unit length of the arc. According to Fig. 2, it is easy to know
that

⎧
⎨

⎩

UFCGL − UFSGL = Rf 1(t)If 1
UFCGL − UFMGL = Rf 2(t)If 2
UFMGL = Rf 3(t)If 3

(B4)

Similarly, the currents at the remote end of the fault cable
j can be shown by

⎧
⎪⎪⎨

⎪⎪⎩

IARf = IAAR − YASR
(
UARf − USRf

)

IBRf = IBBR − YBSR
(
UBRf − USRf

)

ICRf = ICCR − YCSR
(
UCRf − USRf

)

ISSR + IMMR + 3YASR
(
U0Rj − USRf

) = (1 + YMMRRSG)ISRj

(B5)

In (B5), IPPR, ISSR and IMMR represent the currents flowing
through the self-impedances of the core conductor in phase
P, metallic sheath, and armor of cable j downstream the fault,
respectively. IPRf and ISRj denote the currents of the core con-
ductor in phase P and grounding line at the remote end. UPRf

and USRf are the voltages to ground of the core conductor in
phase P and metallic sheath at the remote end. U0Rj represents
the zero-sequence voltage at the remote end.

The voltages across the self-impedances of the core con-
ductor in phase P, metallic sheath, and armor of cable j
downstream the fault are computed as
⎡

⎢
⎢
⎢
⎢
⎢
⎣

UAAR

UBBR

UCCR

USSR

UMMR

⎤

⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

ZAAR ZABR ZACR ZASR ZAMR

ZABR ZBBR ZBCR ZBSR ZBMR

ZACR ZBCR ZCCR ZCSR ZCMR

ZASR ZBSR ZCSR ZSSR ZSMR

ZAMR ZBMR ZCMR ZSMR ZMMR

⎤

⎥
⎥
⎥
⎥
⎥
⎦

·

⎡

⎢
⎢
⎢
⎢
⎢
⎣

IAAR

IBBR

ICCR

ISSR

IMMR

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(B6)

In (B6), UPPR, USSR and UMMR represent the voltages across
the self-impedances of the core conductor in phase P, metallic
sheath, and armor of cable j downstream the fault, respectively.
Using the voltages to ground at the remote end, those of the
core conductor in phase P, metallic sheath, and armor of cable
j at the fault point can be also estimated by

⎧
⎨

⎩

UFAGR = UARf + UAAR, UFBGR = UBRf + UBBR

UFCGR = UCRf + UCCR, UFSGR = USRf + USSR

UFMGR = RSGISRj + UMMR

(B7)

where UFPGR, UFSGR and UFMGR are the voltages to ground
of the core conductor in phase P, metallic sheath, and armor
of cable j at the fault point derived by those at the remote end.

Similarly, we can obtain that
⎧
⎨

⎩

UFCGR − UFSGR = Rf 1(t)If 1
UFCGR − UFMGR = Rf 2(t)If 2
UFMGR = Rf 3(t)If 3

(B8)

According to (B4) and (B8), we have
{

UFAGR = UFAGL, UFBGR = UFBGL, UFCGR = UFCGL,

UFSGR = UFSGL, UFMGR = UFMGL
(B9)

By Integrating (B1)-(B2), we have
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3I0Lj = ∑
P∈{A,B,C} IPPL + 3YASL

(
U0Lj − USLf

)

3YASLUSLf + (1 + YMMLRSG)ISLj + (ISSL + IMML) = 3YASLU0Lj
∑

P∈{A,B,C} IPPL = ∑3
i=1 Z−1

L UPPL{i}

ZL =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

ZAAL ZABL ZACL ZASL ZAML

ZBAL ZBBL ZBCL ZBSL ZBML

ZCAL ZCBL ZCCL ZCSL ZCML

ZSAL ZSBL ZSCL ZSSL ZSML

ZMAL ZMBL ZMCL ZMSL ZMML

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, UPPL =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

UAAL

UBBL

UCCL

USSL

UMML

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(B10)

Similarly, based on (B5)-(B6), we have
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3I0Rj = ∑
P∈{A,B,C} IPPR − 3YASR

(
U0Rj + USRf

)

3YASRUSRf + (1 + YMMRRSG)ISRj − (ISSR + IMMR) = 3YASRU0Rj
∑

P∈{A,B,C} IPPR = ∑3
i=1 Z−1

R UPPR{i}

ZR =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

ZAAR ZABR ZACR ZASR ZAMR

ZBAR ZBBR ZBCR ZBSR ZBMR

ZCAR ZCBR ZCCR ZCSR ZCMR

ZSAR ZSBR ZSCR ZSSR ZSMR

ZMAR ZMBR ZMCR ZMSR ZMMR

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, UPPR =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

UAAR

UBBR

UCCR

USSR

UMMR

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(B11)

Based on (B10)-(B11), the following expressions can be
acquired:
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

3
(
I0Lj + I0Rj

) = ∑3
i=1 Z−1

L UPPL{i} + ∑3
i=1 Z−1

R UPPR{i}+
3
(
YASLU0Lj − YASRU0Rj + YASRUSR − YASLUSL

)

3YASRUSR − 3YASLUSL + (1 + YMMRRSG)ISRj − (1 + YMMLRSG)ISLj

−(ISSL + ISSR + IMML + IMMR) = 3
(
YASRU0Rj − YASLU0Lj

)

(B12)

Integrating (B3) and (B9), we can obtain that

UL − UR = UPPL + UPPR, UL =

⎡

⎢
⎢
⎢
⎢
⎣

UALf

UBLf

UCLf

USLf

RSGISLj

⎤

⎥
⎥
⎥
⎥
⎦

, UR =

⎡

⎢
⎢
⎢
⎢
⎣

UARf

UBRf

UCRf

USRf

RSGISRj

⎤

⎥
⎥
⎥
⎥
⎦

(B13)

Simplifying (B12) and integrating with (B13), we have
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∣
∣3I0Lj

∣
∣ ≤ |(F1 + G1 + F2 + G2)| + ∣

∣ISLj
∣
∣

|F1| =
∣
∣
∣
∑5

i=1 Z−1UPPL{i}
∣
∣
∣ <

∑5
i=1

∣
∣Z−1UL

∣
∣{i}|F2|

=
∣
∣
∣
∑5

i=4 Z−1UPPL{i}
∣
∣
∣ <

∑5
i=4

∣
∣Z−1UL

∣
∣{i}

|G1| =
∣
∣
∣
∑5

i=1 Z−1(UL − UR){i}
∣
∣
∣, |G2| =

∣
∣
∣
∑5

i=4 Z−1(UL − UR){i}
∣
∣
∣

(B14)
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In (B14), Z−1UL is on the order of 10−5. Ignoring the small
items in (B14), we have

∣
∣3I0Lj

∣
∣ ≤ |(2G1 + G2)| + ∣

∣ISLj
∣
∣ (B15)

Expanding (B15), we can obtain

3
∣
∣I0Lj

∣
∣ ≤

∣
∣
∣
∣
∣
∣
3RSG

j=5∑

i=5,j=1

Z−1(i, j) + 1

∣
∣
∣
∣
∣
∣
+ ∣

∣ISLj
∣
∣ (B16)

In (B16),
∑

|Z−1| is on the order of 10−3. It can be inferred
that

3
∣
∣I0Lj

∣
∣ ≤ ∣

∣ISLj
∣
∣ (B17)
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