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Fuzzy Modelling and Consensus of Nonlinear
Multiagent Systems With Variable Structure

Wenjun Xiong, Wenwu Yu, Member, IEEE, Jinhu L, Fellow, IEEE, and Xinghuo Yu, Fellow, IEEE

Abstract—The consensus problem of multiagent nonlinear sys-
tems (MANNSs) with variable structure is discussed in this paper.
T-S fuzzy models are first presented to describe MANNSs with vari-
able structure. The nodes of each T-S fuzzy model are rearranged
so that the global fuzzy model is decomposed into independent
and small-scale fuzzy models. It is shown that the consensus of
the global fuzzy model is equivalent to that of its corresponding
small-scale fuzzy models in which the continuous and sampled con-
trollers are applied. Sufficient conditions are derived to ensure the
consensus of the controlled fuzzy models. Finally, simulation re-
sults are given to illustrate the effectiveness of the proposed cri-
teria.

Index Terms—Fuzzy modeling, MANNs with variable structure,
nodes rearrangement, graph Laplacian.

I. INTRODUCTION

N recent years, the model of multiagent systems has been

utilized more and more widely in the study of biological, so-
cial and engineering systems, such as group coordinated robots,
sensor systems, fish school and so on. An important applica-
tion area of multiagent systems is the distributed coordination
problem, since the pioneering work stemming from manage-
ment science and statistics in 1960s (see [1] and the references
therein). One of the critical research problems is how to con-
trol all the agents in a system to reach a consensus. Consensus
is a basic and fundamental research topic in the study of sys-
tems control of dynamic agents and has attracted great atten-
tion which is partly due to its broad applications in cooperative
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control of unmanned air vehicles, formation control of mobile
robots, control of communication systems, design of sensor sys-
tems, flocking of social insects, swarm-based computing, etc.
([2]-[13]). It has been shown that consensus in a system with
a dynamically changing topology can be reached if and only if
the time-varying system topology contains a spanning tree fre-
quently enough as the system evolves with time in [2]-[5]. In
[9], a distributed linear consensus protocol with second-order
dynamics has been designed, where both the current and some
sampled past position data are utilized. It has also been shown
in [12] that, for neutrally stable agents, there exists a protocol
achieving consensus with a consensus region that is the entire
open right-half plane if and only if each agent is stabilisable and
detectable.

In the literature related to the consensus problem of multi-
agent systems, a connection between the nodes is assumed to
either always exist or be always nonexistent. Obviously, this
assumption is unrealistic. In many real cases, the structures of
networks are always variable. For example, the existing con-
nections between the nodes may not work properly, while the
previous nonexistent connections may be joined from time to
time due to all kinds of inherent and external influences. System
structures may be changed due to some influences such as time,
external environment, and temperature. Clearly, such influences
are too complicated to be described clearly. Over the past few
decades, the Takagi-Sugeno (T-S) fuzzy model has been proven
to be an effective model to describe many nonlinear and com-
plex systems with unstructured uncertainty ([14]-[25]). Moti-
vated by the characteristics of the fuzzy model, we shall try to
regard the obscure influences caused by the varying system con-
nections as a fuzzy set. From the coordinated point of view, T-S
fuzzy model can be used to describe the different systems com-
municating through the links which can cooperatively eliminate
the uncertainties in a system. As a result, T-S fuzzy models will
be applied to describe a system with variable structure.

As we know, MANNs may not reach a consensus when its
connections are varying. Hence, effective control schemes have
to be designed to force the complex system achieving a con-
sensus. Generally, continuous controllers are usually designed
due to their convenience and simplicity. However, some real-
world applications can be modeled by continuous-time systems
together with some discrete-time controllers such as impulsive
responses, sampled data, quantization and so on. As a result, in
this paper, the sampled controller will be also used, which is
memoryless and easy to be designed since only information at
some particular time intervals is needed. Hence, T-S fuzzy sys-
tems will be taken into account to describe multiagent models
with variable structure in this paper. Moreover, the continuous
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and sampled controllers will be designed to achieve the con-
sensus of multiagent systems with variable structure respec-
tively. The contribution of this paper is presented as follows:

1) T-S fuzzy systems will be first presented to address multi-
agent models with variable structure in this paper. For the
proposed fuzzy models, a node-rearrangement method will
be used to decompose the large-scale fuzzy models into
independent and small-scale fuzzy models. Moreover, the
consensus of every large-scale fuzzy model is equivalent
to that of its corresponding small-scale fuzzy models.

2) Continuous pinning and sampled controllers will be de-
signed for the small-scale fuzzy models. With sampled
controllers, the controlled fuzzy models are hybrid sys-
tems. The sampled controllers will be then considered as
continuous delayed controllers with the transformation in
[26]. The hybrid fuzzy models are changed as continuous
fuzzy systems with time-varying delays. A simple control
method will be used to achieve a prescribed consensus.

The remainder of this paper is organized as follows. In
Section 2, some definitions about directed graph are presented.
The problem formulation and nodes rearrangement approach
are addressed in Section 3. In Section 4, T-S fuzzy systems are
first presented to address multiagent models with variable struc-
ture. Then, continuous and sampled controllers are designed to
achieve the prescribed consensus. In Section 5, simulations are
carried out to illustrate the effectiveness of the main results.
Finally, conclusions are drawn in Section 6.

II. PRELIMINARIES

Let G(V, ¢, .A) be a digraph of order n with the set of nodes
V = {v1,v2,...,0,}, the set of edges e C V x V, and a
weighted adjacency matrix A = (@;;)nxrn. An edge of G is de-
noted by e;; = (v;,v;), where e;; € & means that there is a
directed connection from node »; to node v;. That is, node v;
can send information to node v;. The entry a;; > 0 if e;; € &,
and a;; = 0 otherwise. Moreover, it is assumed that a;; = 0
foralli € {1,2,...,n}. The Laplacian of the directed graph is
defined as L = ({;;)nxn = A — A, and A = (Ayj)pxyp isa
diagonal matrix with A;; = Z;’;l aij.

In a digraph, a directed path is an ordered sequence of vertices
such that from each of its vertices there is an edge to the next
vertex. If there is a directed path between any pair of distinct
nodes, the digraph is said to be strongly connected. A digraph is
undirected if a;; = ay; foralli,j € {1,2,...,n}. Obviously,
the Laplacian of an undirected graph is symmetric. A directed
graph is called weakly connected if replacing all of its directed
edges with undirected edges produces a connected undirected
graph. A digraph is a spanning tree if it has m vertices and m—1
edges and there exists a root vertex with directed paths to all
other vertices.

Assume that a system has n agents, and each agent is re-
garded as a node in a directed graph G. Let Z;(t) € R de-
note the state of agent v;, then Gz = (G, Z(t)) with Z(¢) =
(Z1(t), Z2(t), ..., T, (t))T is a directed system. Agents v; and
v; in the directed system are said to reach a (an) consensus
(agreement) if and only if ||Z;(¢) — Z;(¢)|| — 0 as ¢t — +o0,
for any 4,5 € {1,2,..., n},i # j. If the nodes are all in an
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agreement, the common value X () is called the group deci-
sion value.
The general multiagent nonlinear system without possible
missing connections has the following dynamics
d:fi(t) e oy
— = >, a(fEm) - f@m) M)

dt g
vy €Ny

where i = 1,2,...,n,N; = {v; € V : (v;,v;) € €} is the
set of neighbors of node v;, i,7 = 1,2,...,n, Z;(t) is the state
of agent v;, and f(Z(¢)) is a nonlinear function which has the
same dimension with Z,(¢). The dimension of #;(¢) could be
arbitrary as long as it is the same for all agents. A = (a;; )nxn €
R™*™ is the weighted matrix. In this paper, for simplification,
we only analyze the case when the dimension of Z;(t) is one.
It is worth noticing that our analysis is valid for any dimension
when the system models are rewritten with Kronecker products.

According to the definition of the Laplacian matrix L, (1) can
be rearranged as

dz(t) s
o = ~LF(&(1)) @

where z(t) = (Z1(),Z2(1),...,2.(1))T and F(z(t)) =
(F@ (). f@D)). ... F(E ()T

Notation: Throughout this paper, I stands for the identity
matrix. The superscript “I" represents the transpose. For all
= (21,22,...,2,)7 € R, ||lz|| = (X, 22)/? . For a
symmetric matrix A, A, (A) and Apr(A) denote the minimal
and maximal eigenvalues of matrix A respectively. || A|| denotes
the spectral norm defined by || A|| = (A (AT A))(1/2) For real
symmetric matrixes X and Y, X > Y (or X > Y') means that
matrix X — Y is positive definite (or positive semi-define).

III. PROBLEM FORMULATION AND NODES REARRANGEMENT
APPROACH

A. Problem Formulation

In this paper, we consider that the connections between nodes
may change in the process of information transmission due to
some affections such as time, external environment, tempera-
ture and so on. Here, the mentioned affections are obscure and
difficult to be elaborated clearly, which can be regarded as a
fuzzy set. A fuzzy dynamic model has been proposed by Takagi
and Sugeno [27] to represent different linear/nonlinear systems
of different rules. Based on this, we shall construct T-S fuzzy
models to describe multiagent systems with variable structure.

Similar to [18], [21], we consider a T-S fuzzy multiagent
model, in which the ¢th rule is formulated in the following form:
Plant Rule ¢:

IF Z1(¢) is 1;1 and Z2(t) is 72 and - - - and T, (¢) 1S 7,
THEN
dz(t)
dt

= —LiF(z(t), i=12,...,r (3)

where Z(t) = (Z1(t), Z2(t), ..., T ()T, ni; is the fuzzy set,
and L; is the 7th Laplacian matrix corresponding to the ith rule.

Remark 1: Note that, the network structures may be changed
due to some influences such as time, external environment and
temperature. Many influences are too complicated to be de-
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Fig. 1. A directed graph with 5 nodes.

scribed clearly. As we know, the T-S fuzzy model has been
proven to be an effective model to describe many nonlinear
and complex systems with unstructured uncertainty. Hence, the
fuzzy model (3) is proposed to describe some MANNs with
variable structure.

The defuzzified output of the T-S fuzzy system (3) is repre-
sented as shown in the following

i(z(1) =

where  v;(Z(1)) = 7 ni (7
z; s the membership

(O (o). and o
function of Z;(¢) in n;;.
A basic property of v;(Z(t)) is that

i(1); h
()i

r

v (2(t) 20, i=1,2,....7, ZU; ) >0 (5
j=1
and therefore,
hi(z() >0, i=12....r, Y h(z(#)=1 (6)

forV t € R.

B. Nodes Rearrangement and Control Law

In this paper, we do not assume that graph G contains a span-
ning tree. Clearly, fuzzy system (4) may not reach a consensus
when its connections are varying. As a result, some control
schemes have to be designed to achieve a consensus of fuzzy
system (4). As mentioned in [28], it is difficult to know which
nodes needed to be controlled for a large-scale system. Hence,
we shall rearrange the node order of fuzzy system (4) in the fol-
lowing. In a graph, those root nodes are called the leaders, and
the other nodes are called the followers.

For the original graph G, construct the rearranged graph Gi
as follows:

Algorithm 1

1) Note that &G; may not be connected. For any
i € {1,2,...,r}, find out all Strongly Connected
Components G7 (5 € {1,2,...,A},1 = Z}\:1 ij <
n,i; > 1 is the number of nodes in GY and A < n is an
integer) of graph GG; by using the algorithms in [29], [30].
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Then, the nodes in G are all root nodes of graph G; and
the other nodes are all followers.

2) Rearrange the numerical orders of all nodes. Mark all
root nodes as 1,2, ... and number the followers behind
the root nodes.

3) Graph G, is rearranged as graph G;. The Laplacian matrix
L; of graph CA},; can be written as

L! 0 e 0

L? 0 e 0

A 0 0

LZ+1$1 LZ+1,2 Ll+1 L L;-}—l,l,—i—l L. 0
L7-L'1 LT-L'Q Lﬁ,,l, Ln,l,—&-l Lnn

b b i i i

Here, I (j € {1,2,...,A}) are irreducible square matrices

and in each line of the rest n — ¢ lines, there exists at least
one entry satisfying L7 # 0 (i = 1,2,...,n — 1,j =
1,2, .0+ 14).

Remark 2: A simple example is given to illustrate Algorithm
1. In Fig. 1, one knows that nodes 3, 4 and 5 are the root nodes,
and nodes 1 and 2 are followers. Then, rearrange the numerical
orders of all nodes. Number nodes 1, 2, 3, 4 and 5 to be nodes
5,4, 3,2 and 1, respectively. As a result, the followers are all
numbered behind the root nodes. The Laplacian matrix of the
rearranged graph can be written as

1 0 -1 0 0
-1 1 0 0 0
0 -1 1 0 0
0 0 -1 1 0
-1 0 0 0 1

Clearly, the above matrix is similar to that in Algorithm 1. (]
Based on Algorithm 1, the fuzzy system (3) can be rewritten
as
Plant Rule z:
IF .’Z‘l(t) is 7;1 and ng(t) is 7352 and - - -
THEN

and Z,, () iS 0in,

dx(t)
dt

where x(t) = (z1(#), 22(#), ..., 2,(¢))T is a node-rearrange-

ment of Z(2), F(x(t)) = (f(x1(1)), flx2(t)), .., flwa())T.
The defuzzified output of the T-S fuzzy system (7) is

=—L;F(z(t)), i=12...,r (7

r

> vi(@()[=LiF (2(1))]

d.T(t) _ =1
o > iz ()
=— Z hiLi F(x ®)

where h;(Z(t)) is simplified as ;.

Remark 3: According to Algorithm 1, one knows that the
corresponding nodes in L? (j € {1,2,...,A}) are root nodes,
while the rest n» — ¢ nodes are followers. According to the results
in [28], the consensus of system (7) can be achieved if its root



1186

nodes can reach a consensus. As a result, one only needs to
control the corresponding nodes of L] (j € {é1,42,....ia})
in system (7) to achieve a consensus.

We introduce a virtual leader such that system (3)
wants to realize the prescribed consensus value s € R
(let Ty = (s0,50.---,50) € R™). Correspondingly,
the prescribed consensus vector of system (8) is also
xo = (80,50,---.50)7 € R™). We consider two kinds of
control laws for the fuzzy system (8) as follows:

i) The continuous control law is
Controller Rule 7:
IF .’fl(t) is 17;1 and Zo (f) isn;9 and - - -
THEN

and &y, (1) 18 7in,

ui(t) = Ki(w(t) — o), ©)

where K,
matrix and K;;

= diag(K;1, K2, ..., K;,) is a diagonal
> 0 for any j € {1,2,...,n}.
The overall fuzzy controller can be given by
w(t) = Y1 hiKi(2(t) — 20). Note that >, _, h; = 1,
the T-S fuzzy continuous control system of model (8) is
governed by

df ZZh ho LiF (x) + Ky (2(t) — 20)]. (10)

=1 p=1

ii) The sampled control law is
Controller Rule 7:

IF %1 (t) is 7;1 and Z2(#) is 17,2 and - - - and Z, (£) S in,

THEN
ui(t) = ui(tl) = Si(l’(tl) — 1170),tl <t <t (ll)
where i = 1,2,...,7,8; = diag(Si1, Siz: .., ) 18

a diagonal matrix. The discrete-time control signal is as-
sumed to be generated by a zero-order hold function with
a sequence of hold times 0 =49 < 1 < -+ <17 < -~

Here, VI > 0,tj41 — # < h, limy oo f; = oc and
is a positive number. Similar to the continuous control
law, the overall sampled fuzzy controller can be given by
w(ty) = > 1y hiSi(x(t)—x0). As aresult, the T-S fuzzy
discrete-time control system of model (8) is governed by

dfﬁ _ Zzhh LiF(x) 4 Sp(a(ty) — o))

i=1 p=1

(12)

In the following, our objective is to design continuous and
sampled controllers to ensure the consensus of fuzzy systems
(10) and (12).

IV. MAIN RESULTS

The following assumption and lemma are needed for our
main results.

Assumption 1: Nonlinear function f( - ) satisfies that f(-) €
S, where S denotes a set of nonlinear functions, and each s € S
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is continuous and strictly increasing. Moreover, for each f({) €
S, fi)=0&(¢=0,V(eR.

Lemma 1: For any vectors z,y € R" and scalar ¢ > 0, the
following inequality holds:

23;Ty < cxla + 671yT'y.

Lety(t) = z(t) — x0, then Systems (10) and (12) can be respec-
tively rewritten as

_ Z Z hih, [LiG(y(1)) + K,y(t)],

(13)
=1 p=1
and
d
” ZZh ho[LG (1) + Sypu(t)],  (14)
i=1p=

where G(y(t)) = (9(sn(t), 9(y2(8)), .., g(yn(t)T
F(a(l)) — F(wo) and y(t) = 2(t) — wo.

Following [26], we represent the digital control law in (14)
as a delayed control as follows:

ui(t) = wi(t — 7(¢)),

where ¢ = 1,2,...,r. For simplification, let g(y;(t)) = w;(t)
in(14),¢ = 1,2,...,n. As aresult, (14) can be rewritten as

dy(t) ~
= D hiby[Liy(t) +

=1 p=1

T(t):tftl,tl§t<tl+1 (15)

Spy(t — 7(1))].

(16)

In the following, our objective is to analyze the asymptotical
stability of (13) and (16).

Theorem 1: Consider the fuzzy system (13). Under
Assumption 1, for any initial values, system (13)
can realize asymptotical stability (i.e., system (10)
can achieve the prescribed consensus) if matrix
Ky = diag(K, K, ;71+17K1J»,L,,-71+2’-'-’szw_ﬁij)
(7 € {1,2,...,A},,; = k—1Pk:to = 0) satis-
fies that there exists at least one KIJ)U > 0, for any
pE{1,2,...,1},1}6{&]-,14—1&] 1+27...,Lj,1+ij},
where K, = diag(K}. K.,...,K»0...,0) and

Kl e R (je{1,2,... ,A}, i; > 1 is the number of nodes
in G7) are nonnegative diagonal matrices.

Proof:  According to Remark 3, one only
needs to control the corresponding nodes  of
Li(j € {1,2,...,A}) in system (13). That is, we
can define K, = diag(K, K2,...,K},0...,0) and
K-’ R%>% are nonnegative d1agonal matrlces As a result,
system (13) can realize asymptotical stability if and only if the
following systems can reach asymptotical stability

dy ( -
PSS b [HG0A0) + K] ()
1=1 p=1
where  j € {1,2,...,A},97(1) =
(?/L‘,gl-‘rlv Yoja425 o s Yoja+iy )T7 io = 0 and
G () = (9,1 41)s 9We, s +2)s - 9, DT
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Clearly, g( - ) satisfies the conditions in Assumption 1. Hence,
one can construct the following Lyapunov function

- [J_1+i‘7 ‘la(t)
Vy'(t) = Z &ia / (r)dr (18)
a=t;_1+1 70

where
Je{l2, L ALEG = (G iy a2 i i)
is the left eigenvalue of matrix L with zero eigenvalue. It is
well know that each element of vector §; is greater than 0 since
L7 is an irreducible matrix [31].

Clearly, V (y* (1)) is positive definite and radially unbounded.
The time derivative of V(y*(#)) along the solution of system
(17) is

V) __ ZZth[ L) B (1)
+GT(yk<t>>EK§yk<t>], (19)
where k € {1,2,...,A}LE =

C{Z‘(lg(&,i_y,l+1,£i7bl 1425 &, i1+t ) and
BF = (1/2)(EL¥ + (L¥ )T”) It is easy to prove that BY is
irreducible, symmetric and with zero-row-sum. That is, the
eigenvalues of Bf are greater than or equal to zero [31]. Note
that there exists at least one K, k> 0 in matrix K;’ for
vo€ i1 + 1y + 2, L,1—|—L7 One has that
(dV (y*()))/(dt) < 0 and (d ( k(t)))/(dt) = 0 if and only
ifyl/j—l'i'l(t) = ylfj71+2(t) = Jl/j,i+pj( ) =0.

From LaSalle’s invariant principle, one can conclude that
T 41(t) = @y, q2(t) = -+ = @y, 44, (1) — 2, —
00,j = 1,2,...,A. As a result, y({) — 0,t — oo and
x,(t) — wxo,t — oo,k = 1,2,...,¢. Note that, the rest
(n — 1) nodes of system (13) are all followers. According to
the results in [28], one can obtain that yz(t) — 0,{ — oo
and 4 (t) — wp,t — oo,k = 1,2,...,n. That is, system
(13) realizes asymptotical stabihty, ie., system (10) achieves a
consensus. The proof is completed.

Theorem 2: Consider the fuzzy system (16). If there exist
matrices UL" > 0, Q" and M, ¥ with appropriate dimension
such that

T, QF + MFELF+ MESE
o = ( 1 Q"ik Tk 4 (Ak ”) <0, (20)
*  hUL + M+ (I\/[ip)
and
by <0, Vi,p=1,2,....7, 21)
where
T Qb 4 MELE+ MESE —h(QE)T S
Oy = | * M, + (M) —natst |
* * —hU,L’;)
_ (kT Tk ENT ENT ok | qk
_(le) LL+(LL) 62 (QL[}) S +S (“szasyStem(l6)

can realize asymptotical stablhty, ie., system (12) can achieve
the prescribed consensus. Here, & € {1,2,...,A}. S, =
diag(S},S2....,5),0...,0) and S} € R (i}, > 1 is the
number of nodes in Gf ) are diagonal matrices.
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Proof: Similar to Theorem 1, system (16) can realize
asymptotical stability if and only if the following systems can
reach asymptotical stability

ZZh hy | L y*

=1 p=1

+ SEy(t—7(1)] (22)

where

ke {1,2...,A}, S, = diag(S}.S;,...,5),0 ,0) and
Sk e R#"¥i(k € {1,2,...,A}) are diagonal matrices.
Construct the following Lyapunov function

S\

V=) [ G

t—1(t)

( )) ULpJ ( )(lS (23)
where & € {1,2,...,A}. Note that V*(¢) does not increase
along the jumps g, 1,12, ... sine V¥(t) > 0 and V*(¢) = 0
at the jumps #1.¢2, . ... Thus, the condition hmtﬂt; Vk(t) >
VE(t;) holds.

Since (dy*(t — 7(1)))/(dt) = (1 — #(1))g*(t — 7(t)) = 0.
one has
dVk(¢)

di

= _/tu (T)(?)k(s))TUi];?)k(S)ds
b= (B (1)

Denoting Vi = (1)/((t)) J,__,,) " (s)ds, one has that
%% (1). From [26], one has that

Uki*(t). (24)

lim ) o V1 =

/ ;m@ ()T

From (22) and >__

ZZhh [LEy*(

i=1 p=1

Uk (s)ds > m(t)(Vi) UL VL.

ip

(25)
= 1, one obtains that
+ SEyR(t — () + §5(t)] = 0.

Then, one has

S hihy, [(y’“(f))T

i=1 p=1

(Q4)" + GF@)T M| | Lyt

21
+Spyt () - Sy / y" (s)ds + ?)k(t)] =0, (26)
t—7(t)
where some 45, X i (k € {1,2,...,A}) matrices pr ML"IJ are
added into the left-hand side of (26).

Combining (24), (25) and (26), one has from Z::l h; =1

dV" i
E E hihy

i=1 p=1

+ (b= m()GEO) UL ) +2 (o) (k)"

UL (s)ds

(3" (8) " M |

=Sy / IRACLE y’“(t)] }

Liy™(t) + SFy*(t)
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< ZZh by + (b= ) ()T

x Lfkgk(f) + 20yt (1 >>T (Q)" Lyt (1) + 20 (1))"

( ) Skul‘ (y* () T( ,’-‘T)TS"TtV
KT ( Lp> k(f) 2(( (1))" M LEy
-k

TV bV

+2(y FLEyR(t)
+2(54(8) T ME SR (1) — 20(8) (5 (£) " MA SV

+2(5% (1) Mt ()] - (27)

Setting x1(t) = col{y*(t), #*(t), V1}, one obtain that from

27)
dV"
< ZZh Ry (x1 (1) Oy (t) (28)
i=1 p=1
where
eNT k
Tl TQ _T(f) (Q1p) S
= % Ty (t)prSk <0 (29)
X 0L
and T = (pr)TLk (LHYT pr (Qf;P)TS;f—i—Sk LP,TQ
QF, +ML’;L{“+M[’;S’]’; Ty = (h=r()UE + M+ (ME)T.
In (29) 7(t) — 0 and 7(t!) — h lead to the LMIs

®; < 0,95 < 0, and Py, P are shown in (20) and (21).
Let xo(t) = col{y*(t),9* (1)}, then (20) and (21) imply (29)
since (x1(4))" x1(t) = (h—7(1)/(h)xg (£)P1xo(t) +
(T(0) /(M) () axa(t) < 0, ¥ xalt) # 0.

One can conclude from (20) and (21) that the inequality (29)
holds. That is, the fuzzy system (16) can realize asymptotical
stability, i.e., system (12) can achieve the prescribed consensus.
The proof is completed.

Remark 4: Combined with Theorems 1 and 2, the advantages
of Algorithm 1 are as follows:

1) All nodes are rearranged in a system so that the root nodes
and the followers are clearly separated. Moreover, one only
needs to control one node in each L7 in Theorem 1 since
L7 (j € {ir,ia, ..., in}) are 1rredu01ble square matrices.
Th1s is consistent w1th the intuition that the root nodes must
be controlled. As a result, the method in Algorithm 1 can
reduce the number of nodes needed to be controlled effec-
tively. Moreover, the rearranged systems do not change the
consensus property of the system.

2) With Algorithm 1, the asymptotical stability of system (16)
is equivalent to that of system (22). One can notice that the
dimension of system (22) is smaller. As a result, conditions
(20) and (21) can be easily obtained.

V. ILLUSTRATIVE EXAMPLES

In this section, a numerical example is presented to demon-
strate the effectiveness of the developed results.

Consider a group of mobile agents with 8 agents where each
agent has two sensors transmitting and receiving messages over
the communication links. Here, the sensors monitor physical
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or environmental conditions, such as temperature, sound, pres-
sure, etc, and cooperatively pass their data through the system.
How to handle the different data to achieve the final asymptotic
consensus state? As mentioned in Section 3, we will use the
membership function in a fuzzy setting to describe the propor-
tion of the data in different sensors and achieve the final data
of the physical condition. For simplification, we only consider
that one receives two different data for the same physical con-
dition. Hence, a T-S fuzzy system with 8 nodes is proposed and
its rules are as follows:

Plant Rule 1:

IF .’1?‘1(75) is 7 (:]_51(7',7)),

THEN
) L R) (30)
dit
Plant Rule 2:
IF Z1(¢) is n2(Z1 (%)),
THEN
dT = =
M LFa) GD)
where 7(t) = (21(t), Z2(t), ..., Ts(t))" and 7;(t) is the data

state of the ith sensor. f(Z;(f)) is the transmitted data of the
ith sensor, which is assumed to be nonlinear and f(Z;(¢)) =
(1)/(4)sin(z; (1) + (1) /(4)z:(1), ¢ = 1,2,...,8. The weight
communication matrices L; and Lo among the 8 sensors are
assumed to

1 0O -1 0 0 0 0 0
-1 1 0 0 0 0 0 0
0 -1 1 0 0 O 0 0
. 0 -1 -1 3 0 0 0 -1
0 0 -1.0 4 -1 -1 -1}’
0 0 0 0 0 2 0 -2
0 0 0o 0 0 -1 1 0
0 0 0o 0 0 0o -1 1
2 0 -2 0 0 0 0 0
-1 1 0 0 0 O 0 0
0 -1 1 0 0 O 0 0
. 0 -1 -2 3 0 O 0 0
0 0 0 05 -1 -2 -2
0 0 0 0 0 1 0 -1
0 0 0 00 -1 1 0
0 0 0 o0 0 -1 1

The membership function is assumed to hy(Z1())
(1= sin2(@1(0))/(2) haw1()) = (1 +sin(m(1)/(2).
Here, i1 and h2 can be seen the proportion of different data in
deciding the final data of the physical condition. The defuzzi-
fied output of the T-S fuzzy systems (30) and (31) is

2
Z hiLiF(%(t

For an arbitrary initial vector, let x (2,2,...,2)7 € B8
be the prescribed consensus vector. Fig. 2 shows the state re-
sponses for the uncontrolled fuzzy system, which apparently

(lt (32)



XIONG et al.: FUZZY MODELLING AND CONSENSUS OF NONLINEAR MULTIAGENT SYSTEMS

0 5 10 15 20
t
Fig.2. The state trajectories of the uncontrolled fuzzy system (4) with 8 nodes.

cannot reach a consensus. According to Algorithm 1, L; and
L> can be rearranged as

1 0o -1 0 0 0 0 0
-1 1 0 0 0 0 0 0
0 -1 1 0 0 0 0 0

L= 0 0 0 2 0 -2 0 0
0 0 0 -1 1 0 0 0
0 0] 0 0O -1 1 0 0
0O -1 -1 0 0 -1 3 0
0 o -1 -1 -1 -1 0 4
2 0o -2 0 0 0 0 0
-1 1 0 0 0 0 0 0
0o -1 1 0 0 0 0 0

Ly = 0 0 0 1 0 —-1 0 0
o 0 0 -1 1 0 00|
0O 0 0 0 -1 1 00
0O -1 -2 0 0 0 30
0 0 0 -1 -2 -2 0 5

1 0o -1
where L} = L2 = (-1 1 0 )and L? = L} =
0o -1 1
2 0 -2
(=1 1 0 ). The continuous control matrices in (17)
0o -1 1

are designed as follows: Ki = K2 = diag(1,0,0) and
K? = K} = diag(0,1,0). According to Theorem 1, system
(10) can achieve the prescribed consensus (i.e., system (13)
can realize an asymptotical stability). Fig. 3 shows the state
responses for the continuous control fuzzy system (10), which
apparently reach a consensus.

The discrete-time control matrices in (17) are designed as
follows: S| = S? = S} = S2 = 4l343, and define h =
0.01. By using the MATLAB LMI toolbox, LMIs (20) and (21)
can be solved with feasible solutions. According to Theorem 2,
system (16) can realize asymptotical stability. That is, system
(12) (here, F(x(t)) = x(t)) can achieve the prescribed con-
sensus. Fig. 4 shows the state responses for the discrete-time
control fuzzy system (12), which apparently reach a consensus.

1189

-4 L 1
0 50 100

150 200 250 300 350 400
t

Fig. 3. The state trajectories of the continuous control fuzzy system (10) with

8 nodes.

0 2 4 6 8 10

Fig. 4. The state trajectories of the sampled control fuzzy system (12) with 8
nodes.

In addition, consider a T-S fuzzy system (3) with 100
nodes and the rules (30), (31). For the weight matrix
A (i = 1,2) = (aij)an, let all of the connection
weights be 1, that is, af; = 1 ifaj; # 0. Lf (i = 1,2)
is the corresponding Laplacian matrix of .4;. Define
Ja) = (/@ tanh(e(r) + O)/@ai(t)i =
1,2,...,100, z(t) = (x1(#), x2(). ..., z100())T. We still
let zg = (2,2,...,2)T € R be the prescribed consensus
vector.

Fig. 5 shows the state responses for the uncontrolled fuzzy
system, which apparently cannot reach a consensus. By de-
signing the appropriate continuous controllers according to
Theorem 1, Fig. 6 shows the state responses for the contin-
uous control fuzzy system (10), which reach the prescribed
consensus.

VI. CONCLUSION

In this paper, we have discussed on the consensus of a kind
of multiagent nonlinear systems with variable structure. T-S
fuzzy models have been first addressed to describe multiagent
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x(t)

1 1 1 1 1 1

0 10 20 30 40 50 60 70
t

Fig. 5. The state trajectories of the uncontrolled fuzzy system (4) with 100
nodes.

S

% N\
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= =
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0 10 20 30 40 50 60 70

Fig. 6. The state trajectories of the appropriate continuous control fuzzy system
(4) with 100 nodes.

nonlinear systems with variable structure. For the proposed
models, a node-rearrangement algorithm has been applied to
decompose every large-scale fuzzy model into independent
and small-scale fuzzy models. Moreover, the consensus of
every large-scale fuzzy model is equivalent to that of its cor-
responding small-scale fuzzy models. Then, continuous and
sampled controllers have been applied in the small-scale fuzzy
models. Sufficient conditions have been derived to ensure the
consensus of the fuzzy models. Finally, numerical examples
with the numerical simulations have been provided to illustrate
the effectiveness of the obtained criteria.
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