
Journal of Physics:
Conference Series      

PAPER • OPEN ACCESS

A Numerical Study on Plane Contact Problem
Involving Inclusions
To cite this article: D D Xie et al 2021 J. Phys.: Conf. Ser. 2002 012029

 

View the article online for updates and enhancements.

You may also like
On Schrödinger's equation, Hertz's
mechanics and Van Vleck's determinant
R Lopes Coelho and John Stachel

-

Topographical and mechanical
characterization of living eukaryotic cells
on opaque substrates: development of a
general procedure and its application to
the study of non-adherent lymphocytes
Rafael Daza, Julia Cruces, María Arroyo-
Hernández et al.

-

‘Hallwachs and the negatively charged
particles’—the development of education
comics
Handjoko Permana, Rahmah Purwahida,
Dewi Muliyati et al.

-

This content was downloaded from IP address 5.114.93.232 on 16/12/2025 at 08:14

https://doi.org/10.1088/1742-6596/2002/1/012029
https://iopscience.iop.org/article/10.1088/0143-0807/34/4/953
https://iopscience.iop.org/article/10.1088/0143-0807/34/4/953
https://iopscience.iop.org/article/10.1088/1478-3975/12/2/026005
https://iopscience.iop.org/article/10.1088/1478-3975/12/2/026005
https://iopscience.iop.org/article/10.1088/1478-3975/12/2/026005
https://iopscience.iop.org/article/10.1088/1478-3975/12/2/026005
https://iopscience.iop.org/article/10.1088/1478-3975/12/2/026005
https://iopscience.iop.org/article/10.1088/1361-6552/ac166c
https://iopscience.iop.org/article/10.1088/1361-6552/ac166c
https://iopscience.iop.org/article/10.1088/1361-6552/ac166c
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjsuHsWWspS_fNZoIVI79AS3dOS9JTwGrz20tjoAS2-OK88l6sFO8EHp5_NeQWq_CQPW8dQv1tJgd2qV-Fvb-zzNBcRyVSbP17uiKxbent766HH_c59mqW7tY5NvDDFTFYKh90rF8a1iNwqQxbuhgF9OE4EC_Yg60dh_B5uF8drFzyu4yT1wAQg6Fv4we3XWoBRYSY3dvjIOa2PZWEvM_XlcjQAu9TLuMNMzyaEyJ12xqkRYzzth5bOEB7KwuK76CeZPyBFLDCHclUsiaf9f2rjGUEESPe7oY1Fdv71q9yjfQ8YcrgsjWmTN1hbL2Q9JNg5rZQDXi-Jj8KjHhjLQea8GApqB9mBvCgwvDIA7Kv0ms8KAtazyNPUMK&sig=Cg0ArKJSzFFJrCdUhOMl&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://www.electrochem.org/250%3Futm_source%3DIOP%26utm_medium%3Dbanner%26utm_campaign%3D250_IOP%26utm_id%3DIOP%2B250%2Bsubmission


Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

MMSE 2021
Journal of Physics: Conference Series 2002 (2021) 012029

IOP Publishing
doi:10.1088/1742-6596/2002/1/012029

1

A Numerical Study on Plane Contact Problem Involving 

Inclusions  

D D Xie
1
, K Zhu

1*
, Y H An

2
, P Li

2
 and X Q Jin

1,2 

1 
College of Aerospace Engineering, Chongqing University, Chongqing, 400044, 

China 
2
 State Key Laboratory of Mechanical Transmissions, Chongqing University, 

Chongqing, 400044, China 

E-mail: kaychu0523@foxmail.com 

Abstract. Hertz's contact theory is widely used in elastic solid contact problems. In this paper, 

the applicability of Hertz’s contact theory in conformal contact problems was examined. Taking 

deep groove ball bearing and the outer raceway model as an example, both the FEM analyses 

and the theoretical studies were conducted. It is found that when the radius coefficient of groove 

curvature is greater than 0.55, Hertz's theory can be practically applied for conformal contact. 

Contact problems of rolling bearings are generally solved by Hertz's contact theory without 

considering inclusions and inhomogeneities in the material. In this paper, inclusions are 

presented in the contact analyses, and the corresponding elastic field distribution of the 

contact-inclusion model is investigated by using the finite element method.  

1. Introduction  

In recent years, the machinery industry is facing a new round of reshuffle, entering the transition period 

of the new industrial era, showing the characteristics of intellectualization, informatization and 

integration. With the rapid development of rail transit, new energy vehicles, aerospace, nuclear power 

energy, intelligent robots, and other engineering science and technology fields, the requirements for 

fatigue life and service conditions of mechanical parts are becoming more and more stringent. Therefore, 

important parts of intelligent manufacturing and advanced equipment manufacturing require 

engineering materials to have better comprehensive performance. Contact problem is a key research 

object in the field of machinery and mechanics. As an essential part of machinery manufacturing, the 

working performance of rolling bearings can directly or indirectly affect the performance of the whole 

mechanical system. The theoretical solution to this kind of problem usually resorts to Hertz’s classical 

contact theory. 

Since Hertz's theory was proposed, it has been widely applied to analyze the contact of elastic 

solids. As described in Johnson’s classical textbook of contact mechanics [1], Hertz's theory is most 

suitable for counter-conformal contact. For two-dimensional contact problems, the classical Hertz’s 

contact theory applies to the case of counter-conformal contact featuring a small contact area, hence 

the local area can be regarded as a half-plane, and the profile of the indentor can be approximated by 

the parabolic equation. Persson [2] derived the integral equation for plane contact problem based on 

the Airy stress function and presented closed-form formula for the pressure distribution and the 

relation between the load and the size of the contact area. Hou and Hills [3], and Ciavarella and 

Decuzzi [4] respectively solved Persson's analytical solution when two contacts are of the same 

material. Ciavarella and Decuzzi [5] further proposed an approximate solution where two contacts are 
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of different materials. Based on the Michell-type stress function [6], Liu [7] used a numerical model to 

study the frictionless contact between two conformal cylinders. With assistance of Green's function, 

the analytic function was converted into the influence coefficient to calculate the displacement of the 

pin and plate, and the general solution of the Fourier series was obtained. The numerical results are 

consistent with Persson's theory, and the maximum contact pressure calculated by Hertz's theory is 

small, while the semi-contact angle is large. After that, Liu [8] extended the model to study the 

influence of geometric irregularities on the contact pressure distribution. 

Ball-raceway contact for accurate theoretical analysis usually involves both counter-conformal and 

conformal contacts. For the counter-conformal contact, Hertz contact theory is usually used, while the 

plane conformal contact problem generally adopts Persson’s method [2]. The present work examines 

the applicability of the Hertz theory to conformal contact, and the scope of application is determined 

using the finite element method. Also note that in the process of material processing, the existence of 

inhomogeneities tends to cause the plastic deformation of the workpiece, therefore may severely affect 

the elastic field distribution inside the material, and consequently the mechanical performance of the 

material. A contact model considering the existence of material inhomogeneities is established in this 

work, where the coupling effects between the inclusion and contact are expected to be of significance 

in studying the actual bearing contact. 

2. Two-dimensional Hertz Contact Theory 
A plane strain contact model of two cylinders under normal force P is considered in the present work 

[1]. The contact area is denoted by contact semi-width a. According to Hertz’s contact theory, the initial 

gap h between the corresponding points on the mating surfaces is  
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where    and    are the radii of cylinders in contact, and R is the equivalent radius. In the contact zone, 

the following geometric condition is enforced,  

 1 2z zu u h    (2) 

where   is the penetration depth at x=0. Displacements 
1zu and 

2zu  of the two points could be 

determined by Hertz's theory. The contact pressure is then obtained as follows 
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The maximum contact pressure    could be written as  
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where    is the equivalent modulus, and satisfies the following relationship 
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where   ,    are Young's moduli, and   ,    are Poisson's ratios of the two cylinders respectively.  

Under the contact load shown in figure 1, the stress components in the elastic half-plane could be 

written in closed-form 
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where  3 1 41 k k k   ,  3 1 41 k k k   , and  
2 2

1k x a z    ,  
2 2

2k x a z    , 

3 2 1k k k ,  2

4 3 1 2 12 4k k k k a k    . 

 

Figure 1. Pressure distribution in the contact area 

The above discussion aims at cases of two-dimensional counter-conformal contact. However, for 

two-dimensional conformal contact, Hertz's contact theory generally is not guaranteed due to the large 

contact zone. To examine the applicability of Hertz theory for conformal contact, it is noted that the 

radius of the concave contact surface is considered to be negative, and accordingly the equivalent radius 

is determined by              . Details of the verification is presented in the next section. 

3. Study on Contact-inclusion Coupling Model 

3.1. The Applicability of Conformal Contact 

As a typical case of conformal contact, the model of a bearing ball under and the outer raceway is 

considered. The radius of the ball and the outer raceway is 6mm and 30mm respectively, both elastic 

moduli are 207GPa, and Poisson's ratios are 0.3. A concentrated force of 100N is applied on the ball. The 

values of the maximum contact pressure P0 and contact semi-width a obtained by FEM simulation are 

presented in table 1. Due to the negligible errors, it could conclude that the Hertz theory is applicable for 

conformal contact. The contact pressure is shown in figure 2(a), and the variation of stresses along the 

z-axis is presented in figure 2(b). By comparison, it is found that the values of FEM are in good 

agreement with that obtained by the analytical method, which indicates the effectiveness of the Hertz 

contact theory in the analysis of conformal contact. Since the contact semi-width of conformal contact is 

larger than that of counter-conformal contact, it is necessary to further explore the valid range of Hertz’s 

theory. 

The application of Hertz’s theory is limited by the radius coefficient of groove curvature, which is the 

ratio of raceway radius to ball diameter as 

 2
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R

R
   (7) 
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Table 1. Results and error of conforming contact 

Parameter 
Theoretical 

Value 
FEM Error 

Contact semi-width a/mm 0.0916 0.0939 2.511% 

Maximum contact pressure P0/MPa 694.951 699.914 0.714% 

  
  (a)                               (b) 

Figure 2. (a) Contact pressure distribution; (b) Stress components along the z-axis. 

Table 2. The variation of contact semi-width and maximum pressure with radius coefficient of groove 

curvature. 

Ball 

radius 

R1/m

m 

Racewa

y radius 

R2/mm 

Radius 

coefficient 

of groove 

curvature 

Analytical 

contact 

semi- 

width 

a/mm 

Contact 

semi- 

width 

(FEM) 

a/mm 

Contact 

semi- 

width  

error 

Analytical 

maximum 

pressure 

P0 /GPa 

Maximum 

pressure 

(FEM) 

 P0 /GPa  

P0 

error  

 

6 30 2.50 0.0916 0.0939 2.511% 694.951 699.914 0.714% 

6 18 1.50 0.1004 0.1036 3.287% 634.400 640.160 0.907% 

6 12 1.00 0.1159 0.1199 3.538% 549.406 556.645 1.317% 

6 9 0.75 0.1420 0.1472 3.662% 448.589 456.956 1.865% 

6 7.2 0.60 0.2008 0.1919 4.383% 317.200 325.672 2.671% 

6 6.6 0.55 0.2719 0.2500 8.054% 234.268 246.659 5.289% 

To obtain the valid range of Hertz’s contact theory, the radius of the ball is proposed to be constant. 

The radius coefficient of groove curvature varies with the radius of the outer raceway. As shown in table 

2, the errors of contact radius and the maximum contact pressure are less than 5% when the radius 

coefficient of groove curvature is greater than 0.55. The present study shows that prediction by the 

Hertz theory is better suited for larger radius coefficient of groove curvature, and once its value drops 

below 0.55, the errors may increase significantly, implying that under such circumstance the Hertz 

solution tends to be not reliable anymore. 

3.2. Half-plane Contact-inclusion Model 

Hertz’s contact theory is utilized to solve the contact problem of Rolling bearing usually when the 

inclusions or inhomogeneities inside the materials are disregarded. However, the influences of 

inclusions or inhomogeneities on the response fields are usually not negligible. To explore this issue, a 

coupled contact-inclusion model is proposed in the following, as shown in figure 3. In this work, a 

semi-infinite plane containing a thermal inclusion is considered, and the resultant field distribution is 

studied by using the finite element method. 
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Figure 3. Contact - inclusion coupling model. 

3.3. Contact-inclusion Response Field Analysis 

Finite element analyses are conducted for the inclusion-contact model, where the contour plot of the 

displacement, strain and stress are respectively shown in figures 4-6. The response characteristics, 

which are induced by the coupling effect of thermal expansion and contacts of the inclusion, are 

presented in the contour plot of the contact and inclusion area. It is seen that the resulting elastic fields 

may be significantly influenced in the vicinity of the inclusion. Such influence would diminish when 

the field location moves away from the contact and inclusion zones, and gradually vanish at infinity. 

From the figures, it is also obvious to find that the displacement, strain, and stress are either symmetric 

or antisymmetric, as the indenter is aligned with the inclusion. 

 
(a) 

 
(b) 

Figure 4. Contour map of displacement distribution of a contact-inclusion in a semi-plane. (a) Contour 

map of 1u  distribution; (b) Contour map of 2u  distribution. 

 
(a) 

 
(b) 

 
(c) 

Figure 5. Contour map of strain distribution of 

contact-inclusion in a semi-plane . (a) Contour 

map of 11  distribution;(b) Contour map of 22  

distribution;(c) Contour map of 33  distribution. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 6. Contour map of stress distribution of contact-inclusion in a semi-plane. (a) Contour map of 

11  distribution;(b) Contour map of 
22  distribution; (c) Contour mapof 

33  distribution;(d) 

Contour map of 
12  distribution. 

4. Conclusion 

Hertz's contact theory is usually used for counter-conformal contact problems. In this paper, the 

applicability of Hertz's theory to counter-conformal contact problems is firstly verified, and its 

application range is studied. The results show that the applicability of Hertz's theory is better suited 

when the radius coefficient of groove curvature is greater than 0.55. In addition, the coupled 

contact-inclusion model is investigated by the finite element analysis, and the distribution of the elastic 

fields and the interactions between the contact and inclusion are presented. 
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