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a b s t r a c t 

In this work, nonlocal strain gradient integral model is applied to study the elastic buckling 

and free vibration response of functionally graded (FG) Timoshenko beam which is made 

of two constituents varying along thickness direction. The differential governing equations 

and corresponding boundary conditions are derived via the Hamilton’s principle, and the 

relations between nonlocal stresses and strains are expressed as integral equations. The 

Laplace transform technique is applied to solve directly the integro-differential equations, 

and the explicit expression for bending deflections and moments, as well as cross-sectional 

rotation and shear force is expressed with eight unknown constants. The nonlinear charac- 

teristic equations to determine the characteristic buckling load and vibration frequency are 

derived explicitly in consideration of corresponding boundary conditions and constitutive 

constraints. The buckling load and vibration frequency from present model are validated 

against to the existed results in literature. Consistent softening and toughening responses 

with respect to length-scale parameters can be obtained. 

© 2021 Elsevier Inc. All rights reserved. 

 

 

 

 

1. Introduction 

Beam-like structures are widely applied in microelectromechanical and nanoelectromechanical systems, such as actua- 

tors [1] , sensors [2] , resonators [3] , transistors [4] , probes [5] and so on. Therefore there is a growing desire in analyzing

the dynamic behavior of micro- and nano-beam components. Previous studied show that both softening and toughening 

effects can be observed for micro- and nano-scale structures [6–9] , and mechanical analysis should address size-dependent 

behaviors. 

In 1960s, Koiter [10] , Toupin [11] as well as Mindlin and Tiersten [12] proposed classic couple stress models, and Mindlin

[ 13 , 14 ] proposed the strain gradient elasticity. The higher-order deformation mechanisms are taken into account in both

couple stress model and strain gradient model. Later, Lam et al. [15] and Yang et al. [16] presented a modified strain gra-

dient model and couple stress model, respectively. With the application of strain gradient and couple stress models, the 

toughening effect of materials-length scale parameter on the mechanical response of micro- and nano-scale structures and 

materials can be observed, such as the buckling loads and vibration frequencies of micro- and nano-scale beams [17–22] . 
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Fig. 1. Geometrical scheme of FG beam. 

 

 

 

 

 

 

 

Over almost same period, the nonlocal elasticity was proposed initially by Kroner [23] and improved by Eringen and his

colleagues [ 24 , 25 ]. The softening effect of materials-length scale parameter on the structural mechanical response can be

observed while using nonlocal model, for example [26–31] . 

Combining nonlocal integral model and strain gradient model, Lim et al. [32] proposed a nonlocal strain gradient model 

which is expected to address both softening and toughening effects. Nonlocal strain gradient model is widely applied to 

investigate the size-dependent response of micro- and nano-scale structures. Ebrahimi and Barati applied a higher order 

refined beam model to investigate the damping vibration response of FG-beam embedded in Winkler–Pasternak foundation 

[33] and buckling behavior of a curved FG-beam [34] . With the application of two-stepped perturbation technique, Sah- 

mani and Aghdam [35] and Sahmani et al. [36] studied the nonlinear vibration and bending of axially-loaded multilayer FG 

composite nanobeams, She et al. [37] studied the nonlinear bending and vibrational behaviors of FG microtubes, and Gao 

et al. [38] studied the nonlinear vibration of FG nanotube. Al-shujairi and Mollamahmutoglu [39] applied general differential 

quadrature method (GDQM) to study the influence of the thermal effects on dynamic stability of FG Timoshenko sandwich 

microbeam. Liu et al. [40] studied the nonlinear free vibration of sandwich Euler–Bernoulli beams with initial deflection. 

Guo et al. [41] applied Galerkin approach to study transverse vibration and vibro-buckling characteristics of axially mov- 

ing and rotating simply supported Euler–Bernoulli beam. Lu et al. [42] derived the analytical solutions for buckling load 

of rectangular plate on different higher-order plate theories, and studied the influence of geometric parameters, boundary 

conditions and shear deformation on the buckling loads of rectangular plate. Li and Hu [43] and Li et al. [44] studied the in-

fluence of through-thickness power-law variation and size-dependent parameters on the free vibration of simply supported 

Euler–Bernoulli and Timoshenko beam. Mohammadian et al. [45] applied nonlocal strain gradient Timoshenko beam model 

to study the dynamic behavior of the hetero junction carbon nanotubes. Karami et al. [46] applied GDQM to study the free

vibration of bi-directionally FG Timoshenko beam with tapered cross-section. Mir and Tahani [47] applied Kirchhoff plate 

to model graphene sheet resonator, and employed Melnikov integral method to deduce the analytical criteria for oscillation 

chaos. 

However, the studies of Zaera et al. [48] and Li et al. [49] show the inconsistency occurs for static bending of Euler–

Bernoulli beam. In this paper, the nonlocal strain gradient integral model is applied to model the elastic buckling and free

vibration of FG Timoshenko beam which is made of two constituents varying along thickness direction, and the consis- 

tency of dynamic response of FG Timoshenko beam is checked for the first time. The differential governing equations and 

boundary conditions are derived via the Hamilton’s principle. The differential governing equation and integral constitutive 

equation are solved directly with the Laplace transform technique, and the explicit expression for bending deflections and 

moments as well as cross-sectional rotation and shear force is derived uniquely with eight unknown constants. In consider- 

ation of the boundary conditions and constitutive constraints, the nonlinear characteristic equations about buckling load and 

vibration frequency are derived explicitly. The influence of FG exponent index, length-scale parameters, boundary conditions, 

ratio between length and thickness as well as buckling and vibration orders on the buckling load and vibration frequency is

investigated numerically. 

2. Mathematical formulation 

2.1. Functionally graded material 

Fig. 1 illustrates a FG Timoshenko beam of length L , width B and thickness h . The FG beam is assumed to be made

of aluminum and the ceramic at bottom and top surfaces, whose volume fraction follows the power law along thickness 

direction as 

v c (z) = (z/h + 1 / 2) k , v a (z) = 1 − v c (z) (1) 

in which, the variables with subscripts a and c indicate data for aluminum and the ceramic, respectively. 

According to the Mori–Tanaka homogenization scheme [50] , the effective bulk modulus K e and shear modulus G e are 

given by 

K e − K a 

K c − K a 
= 

v c (z) 

1 + v a (z)( K c − K a ) / ( K a + 4 G a / 3) 
G e − G a 

G c − G a 
= 

v c (z) 

1 + v a (z)( G c − G a ) / [ G a (1 + (9 K a + 8 G a ) / (6 K a + 12 G a )) ] 

(2) 
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in which, the bulk modulus K and shear modulus G can be expressed in Young’s modulus E and Poisson’s ratio υ as 

G = E/ [ 2(1 + υ) ] 

K = E/ [ 3(1 − 2 υ) ] 
(3) 

Combining of Eqs. (3) and (2) , one can express the effective Young’s modulus as 

E e = 9 K e G e / (3 K e + G e ) (4) 

Therefore, the position of neutral plane can be determined as [33] 

h 0 = 

∫ 
A 

z E e d A/ 

∫ 
A 

E e d A (5) 

in which, A is beam cross-sectional area. According to the rule of mixture, the effective density ρe is given by 

ρe = ρa v a (z) + ρc v c (z) (6) 

One can further calculate the mean Young’s and shear moduli as well as density for homogeneous material with same 

volume fraction 

E = 

∫ 
A 

E e dA/A 

G = 

∫ 
A 

G e dA/A 

ρ = 

∫ 
A 

ρe dA/A 

(7) 

2.2. Governing equation of Timoshenko beam 

The displacement field for an FG-Timoshenko beam is assumed to be { 

u x = (z − h 0 ) φ(x, t) 
u y = 0 

u z = w (x, t) 
(8) 

where, w and φ are the bending deflection and cross-sectional rotation, respectively. The corresponding nonzero strain 

components are 

ε x = (z − h 0 ) φ
′ , ε zx = (φ + w 

′ ) / 2 (9) 

The variation of the strain energy in the period from 0 to T is 

δU = 

∫ T 

0 

∫ 
v 
( σx δε x + 2 σxz δε xz )d v d t = 

∫ T 

0 

[
Mδφ| L 0 + V δw | L 0 + 

∫ L 

0 

(V − M 

′ ) δφ − V 

′ δw d x 

]
d t (10) 

where, σ x and σ xz are the nonlocal stress components and ⎧ ⎪ ⎨ 

⎪ ⎩ 

M = 

∫ 
A 

(z − h 0 ) σx d A 

V = 

∫ 
A 

σxz d A 

(11) 

The variation of work in the period from 0 to T due to axial compressive force P can be expressed as 

δW = 

∫ T 

0 

∫ L 

0 

P w 

′ δw 

′ dx d t = 

∫ T 

0 

(P w 

′ δw | L 0 −
∫ L 

0 

P w 

′′ δw dx )d t (12) 

The variation of kinetic energy due to transverse vibration in the period from 0 to T can be given as 

δK = 

∫ T 

0 

∫ L 

0 

ρA 

˙ w δ ˙ w d x d t = 

∫ L 

0 

ρA 

˙ w δw | T 0 d x −
∫ T 

0 

∫ L 

0 

ρA ̈w δw d x d t (13) 

Based on the Hamilton’s principle, the differential governing equations and boundary conditions can be respectively 

expressed as {
V − M 

′ = 0 

V 

′ − P w 

′′ − m ̈w = 0 

(14) 

{
(V − P w 

′ ) δw | L 0 = 0 

M δφ| L 0 = 0 

(15) 

in which, 

m = 

∫ 
ρe d A = ρA (16) 
A 
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2.3. Nonlocal strain gradient integral model 

On the basis of nonlocal strain gradient integral model, the relations between nonlocal stresses and strains in a Timo- 

shenko beam are 

σzx (x, t) = 

ξ

2 κ

∫ L 

0 

τzx ( η, t) e −
| x −η| 

κ dη − c 2 

2 κ

∂ 

∂x 

∫ L 

0 

τ ′ 
zx ( η, t) e −

| x −η| 
κ dη (17) 

in which, κ and c are length-scale parameters related to nonlocal and strain gradient effects, respectively, while τ x and τ zx 

are local stresses which are given as 

τx = E e ε x , τzx = 2 G e k s ε zx (18) 

in which, k s is the shear correction factor. 

Combination of Eqs. (17) –(18) with (9) gives 

M(x, t) 

EI 
= 

1 

2 κ

∫ L 

0 

φ′ ( η, t ) e −
| x −η| 

κ d η − c 2 

2 κ

∂ 

∂x 

∫ L 

0 

φ′′ ( η, t ) e −
| x −η| 

κ d η

V (x, t) 

GA 

= 

1 

2 κ

∫ L 

0 

[
w 

′ (η, t) + φ(η, t) 
]
e −

| x −η| 
κ d η − c 2 

2 κ

∂ 

∂x 

∫ L 

0 

[
w 

′′ (η, t) + φ′ (η, t) 
]
e −

| x −η| 
κ d η (19) 

in which, 

EI = 

∫ 
A 

E e (z − h 0 ) 
2 
d A, GA = k s 

∫ 
A 

G e d A = k s G A (20) 

Clearly, Eq. (19) is the 1st kind Fredholm type integral equations. 

Performing Laplace transformation respect to x on Eq. (19) and taking into account the results of Bian and Qing [51] , one

gets 

κ2 L { M} 
EI 

= 

(
c 2 − κ2 − c 2 

κ2 s 2 − 1 

)
L{ φ′ } + 

C 1 
κs − 1 

+ 

C 2 
κs + 1 

κ2 L{ V } 
k s GA 

= 

(
c 2 − κ2 − c 2 

κ2 s 2 − 1 

)(
L{ w 

′ } + L{ φ} )+ 

C 3 
κs − 1 

+ 

C 4 
κs + 1 

(21) 

in which, L is Laplace operator, and ⎧ ⎨ 

⎩ 

C 2 = −κc 2 

2 

φ′ (0 , t) 

C 4 = −κc 2 

2 

(φ(0 , t) + w 

′ (0 , t)) 

(22) 

⎧ ⎪ ⎨ 

⎪ ⎩ 

C 1 = 

κ2 − c 2 

2 

∫ L 

0 

φ′ (x, t) e −x/κd x − κc 2 

2 

φ′ (L, t) e −L/κ

C 3 = 

κ2 − c 2 

2 

∫ L 

0 

(φ(x, t) + w 

′ (x, t)) e −x/κd x − κc 2 

2 

(φ(L, t) + w 

′ (L, t)) e −L/κ

(23) 

3. Elastic buckling of nonlocal strain gradient Timoshenko beam 

In this section, the theoretical solutions for elastic buckling of nonlocal gradient Timoshenko beam are derived subjected 

to the boundary conditions. The boundary conditions at one end, let us say x = 0, can be classified as the four types from

Eq. (15) : 

● Clamped end: w (0, t ) = φ(0, t ) = 0 

● Hinged end: w (0, t ) = M (0, t ) = 0 

● Guided end: V (0) − Pw 

′ ( L ) = φ(0) = 0 

● Free end: V (0) − Pw 

′ ( L ) = M (0) = 0 

In this study, six types of boundary condition combination shown in Table 1 are taken into account. Neglecting the 

inertial effect and time variable, the governing equations (14) for elastic buckling of Timoshenko beam can be expressed as {
V − M 

′ = 0 

V 

′ − P w 

′′ = 0 

(24) 
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Table 1 

Boundary conditions for Timoshenko beam. 

Boundary conditions Equations 

Simply-Supported (SS) w (0) = M (0) = w ( L ) = M ( L ) = 0 

Hinged-Clamped (SC) w (0) = M (0) = w ( L ) = φ( L ) = 0 

Hinged-Guided (SG) w (0) = M (0) = V ( L ) − Pw 

′ ( L ) = φ( L ) = 0 

Clamped–Clamped (CC) w (0) = φ(0) = w ( L ) = φ( L ) = 0 

Clamped-Free (CF) w (0) = φ(0) = M ( L ) = V ( L ) − Pw 

′ ( L ) = 0 

Clamped-Guided (CG) w (0) = φ(0) = φ( L ) = V ( L ) − Pw 

′ ( L ) = 0 
Performing Laplace transformation respect to x on Eq. (24) and taking into account Eq. (21) , one gets 

L{ w } = { s 5 C 7 κ2 (p L 2 κ2 − c 2 EI) − s 4 κ
[
C 5 L 

2 κ3 − EI( C 3 + C 4 + c 2 κC 8 ) 
]

−s 3 
[
EI( C 4 − C 3 + C 1 κ + C 2 κ − C 7 κ

2 ) + C 7 κ
2 L 2 p − C 6 κ

4 
]

−s 2 
[
EI( C 1 − C 2 + C 8 κ

2 ) − C 5 κ
2 ( L 2 + κ2 ) 

]
− κ2 ( C 6 s + C 5 ) } / [

s 2 ( s 2 − α2 
v )( s 

2 − β2 
v ) κ

2 (p L 2 κ2 − c 2 EI) 
]

(25) 

L{ φ} = { s 6 C 8 E I κ2 c 2 ( c 2 E I − p L 2 κ2 ) + s 5 κ( c 2 EI − p L 2 κ2 )[( C 6 + p C 7 ) κ3 

− EI( C 1 + C 2 )] + s 4 EI[( C 1 − C 2 + C 8 κ
2 )(p L 2 κ2 − c 2 EI) + κ2 c 2 C 8 (p L 2 − EI) 

− κ3 ( C 3 p + C 4 p − C 8 κc 2 )] + s 3 κ[( C 1 + C 2 ) E I(E I − p L 2 ) + ( C 6 + p C 7 )(2 p L 2 κ3 

− κEI( κ2 + c 2 )) + pκ( C 4 − C 3 ) EI] − s 2 EI[( C 1 − C 2 + C 8 κ
2 )(p L 2 − EI) 

+ C 5 κ
2 ( κ2 + c 2 ) − pκ( C 3 + C 4 )] + s [( C 3 − C 4 ) EIp − ( C 6 + p C 7 ) κ

2 (p L 2 − EI)] 

+ κ2 EIC 5 } / 
[
s ( c 2 s 2 − 1)( s 2 − α2 

v )( s 
2 − β2 

v ) κ
2 E I( c 2 E I − p L 2 κ2 ) 

]
(26) 

in which,  = GAL 2 /( EI ) and (
αb 

βb 

)
= 

√ √ [
κ2 C b 

0 
( EI − P ( L 2 + κ2 )) / 2 

]2 + P κ2 C b 
0 

± κ2 C b 
0 
( EI − P ( L 2 + κ2 )) / 2 (27) 

Performing inverse Laplace transformation respect to s on Eqs. (25) and (26) as well as (21) , one obtains 

M (x ) = 

8 ∑ 

i =1 

C i M 

b 
i (x ) 

V (x ) = 

8 ∑ 

i =1 

C i V 

b 
i (x ) 

w (x ) = 

8 ∑ 

i =1 

C i w 

b 
i (x ) 

φ(x ) = 

8 ∑ 

i =1 

C i φ
b 
i (x ) 

(28) 

in which, m 

b 
i 
(x ) , q b 

i 
(x ) , w 

b 
i 
(x ) and φb 

i 
(x ) are given in Appendix A . 

From Table 1 , the boundary conditions for elastic buckling analysis of a Timoshenko beam under simply supported 

boundary conditions are 

w (0) = M(0) = 0 (29) 

w (L ) = M(L ) = 0 (30) 

Eqs. (22) and (29) requires 

C 1 = C 2 
C 5 = 

[
EIC 3 + C 4 (P L 2 κ2 2 / c 2 − EI) 

]
/ ( L 2 κ3 ) + C 8 P 

C 6 = C 7 = 0 

(31) 

Combination of Eqs. (28) with (30) gives {
C 2 A 

b 
2 (L ) + C 3 A 

b 
3 (L ) + C 4 A 

b 
4 (L ) + C 8 A 

b 
8 (L ) = 0 

C 2 B 

b (L ) + C 3 B 

b (L ) + C 4 B 

b (L ) + C 8 B 

b (L ) = 0 

(32) 
2 3 4 8 

661 



Y. Tang and H. Qing Applied Mathematical Modelling 96 (2021) 657–677 

 

 

in which, ψ = w for A 

b = �b , while ψ = m for B b = �b , and �b is defined as 

�b 
2 (x ) = ψ 

b 
1 (x ) + ψ 

b 
2 (x ) 

�b 
3 (x ) = ψ 

b 
3 (x ) + EIψ 

b 
5 (x ) / ( L 2 κ3 ) 

�b 
4 (x ) = ψ 

b 
4 (x ) + (p L 2 κ2 2 − c 2 EI) ψ 

b 
5 (x ) / ( c 2 L 2 κ3 ) 

�b 
8 (x ) = ψφb 

5 (x ) + ψ 

b 
8 (x ) 

(33) 

Combination of Eqs. (23) and (28) with (31) gives 

{
(F b 2 − 1) C 2 + F b 3 C 3 + F b 4 C 4 + F b 8 C 8 = 0 

G 

b 
2 C 2 + G 

b 
3 C 3 + (G 

b 
4 − 1) C 4 + G 

b 
8 C 8 = 0 

(34) 

where, ψ = φ′ for F b = �b , while ψ = φ + w 

′ for G 

b = �b , and �b is defined as 

�b 
i = 

[
( κ2 − c 2 ) 

∫ L 

0 

�b 
i (x ) e −x/κd x − κc 2 �b 

i (L ) e −L/κ

]
/ 2 (35) 

Therefore, combining Eqs. (32) and (34) , one obtains ⎡ 

⎢ ⎢ ⎢ ⎣ 

A 

b 
2 (L ) A 

b 
3 (L ) A 

b 
4 (L ) A 

b 
8 (L ) 

B 

b 
2 (L ) B 

b 
3 (L ) B 

b 
4 (L ) B 

b 
8 (L ) 

F b 2 − 1 F b 3 F b 4 F b 8 

G 

b 
2 G 

b 
3 − 1 G 

b 
4 G 

b 
8 

⎤ 

⎥ ⎥ ⎥ ⎦ 

⎛ 

⎜ ⎜ ⎜ ⎝ 

C 2 

C 3 

C 4 

C 8 

⎞ 

⎟ ⎟ ⎟ ⎠ 

= 0 (36) 

Clearly, Eq. (36) is a set of homogeneous linear equations about C i (i = 2, 3, 4, 8) for elastic buckling of nonlocal strain

gradient Timoshenko beam. The condition to obtain nonzero solution for Eq. (36) is that the coefficient matrix is singular, 

e.g., 

det 

⎛ 

⎜ ⎜ ⎜ ⎝ 

A 

b 
2 (L ) A 

b 
3 (L ) A 

b 
4 (L ) A 

b 
8 (L ) 

B 

b 
2 (L ) B 

b 
3 (L ) B 

b 
4 (L ) B 

b 
8 (L ) 

F b 2 − 1 F b 3 F b 4 F b 8 

G 

b 
2 G 

b 
3 − 1 G 

b 
4 G 

b 
8 

⎞ 

⎟ ⎟ ⎟ ⎠ 

= 0 (37) 

Eq. (37) is a nonlinear characteristic equation from which one can determine the critical buckling load P . In this study,

an approach combining Newton–Raphson iteration method and difference method is applied to solve the nonlinear Eq. (37) . 

Following similar procedure, one can obtain the nonlinear characteristic equations for buckling loads of nonlocal strain 

gradient Timoshenko beam subjected to other different boundary conditions. 

4. Free vibration of nonlocal strain gradient Timoshenko beam 

For free vibration problem of Timoshenko beam, it is assumed that 

w (x, t) = W (x ) e iωt 

φ(x, t) = �(x ) e iωt 

M(x, t) = 

ˆ M (x ) e iωt 

V (x, t) = 

ˆ V (x ) e iωt 

(38) 

Substituting Eq. (38) into the differential governing Eq. (14) and neglecting the external force and performing Laplace 

transformation on them, one obtains { 

L{ ̂  V } = ( C 6 − m ω 

2 L{ W } ) /s 

L{ ˆ M } = ( C 6 + C 5 s − m ω 

2 L{ W } ) / s 2 (39) 
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Combination of Eq. (21) with (38) and (39) gives 

L{ W } = { s 5 C 7 c 2 EI κ2  + s 4 κ[ C 6 L 
2 κ3 − EI( C 3 + C 4 + C 8 c 

2 κ)] 

+ s 3 [ EI( C 4 − C 3 + C 1 κ + C 2 κ − C 7 κ
2 ) − C 5 κ

4 ] − s 2 [ EI( C 2 − C 1 − C 8 κ
2 ) 

+ C 6 κ2 ( κ2  + L 2 )] + (s C 5 + C 6 ) κ2 } / [ EI c 2 κ2 ( s 2 − α2 
v )( s 

2 − β2 
v )( s 

2 − γ 2 
v )] 

L{ �} = { s 7 C 8 c 4 E I 2 κ2  − s 6 EIκ[( C 1 + C 2 ) EI − C 3 κ3 ] + s 5 c 2 EI[ κ4 ( C 8 m ω 

2 L 2 + C 6 ) 

−EI( C 1 − C 2 + 2 C 8 κ
2 )] + s 4 κ[( C 2 EI + C 1 EI − C 5 κ

3 )(EI − 2 m ω 

2 κ2 L 2 ) − EIc 2 κ

( C 5 + m ω 

2 κ2 C 7 )] + s 3 E I[(E I − m ω 

2 κ2 L 2 )( C 1 − C 2 + C 8 κ
2 ) − C 6 κ

2 ( κ2 + c 2 ) 

+ m ω 

2 κ2 (( C 3 + C 4 ) κ − C 8 c 
2 L 2 )] + s 2 κ[ C 5 κ(EI − 2 m 0 ω 

2 κ2 L 2 ) + EIm ω 

2 (( C 1 + C 2 ) L 
2 

+ κ( C 3 − C 4 + C 7 ( κ
2 + c 2 )))] + sEI[ m ω 

2 (( C 1 − C 2 + C 8 κ
2 ) L 2 − κ( C 3 + C 4 )] + m ω 

2 

[ C 5 κ
2 L 2 − EI(C 3 − C 4 κ

2 ) ] } / [ E I 2 c 2 κ2 ( c 2 s 2 − 1)( s 2 − α2 
v )( s 

2 − β2 
v )( s 

2 − γ 2 
v )] 

(40) 

in which, 

αv = 

√ 

− 3 

√ 

2 b 3 

3 

√ 

12 b 3 + 81 d 2 − 27 d 
− a 

3 

+ 

3 

√ √ 

12 b 3 + 81 d 2 − 9 d 

18 

(41) 

βv = 

√ √ √ √ − (1 + i 
√ 

3 ) b 
3 
√ 

12 

√ 

12 b 3 + 81 d 2 − 108 d 
− a 

3 

+ (1 − i 
√ 

3 ) 
3 

√ √ 

12 b 3 + 81 d 2 − 9 d 

144 

(42) 

γv = 

√ √ √ √ − (1 − i 
√ 

3 ) b 
3 
√ 

12 

√ 

12 b 3 + 81 d 2 − 108 d 
− a 

3 

+ (1 + i 
√ 

3 ) 
3 

√ √ 

12 b 3 + 81 d 2 − 9 d 

144 

(43) 

where, 

a = ( L 2 m ω 

2 κ2 − E I) / ( c 2 E I) 

b = −a 2 / 3 − m ω 

2 ( L 2 + κ2 ) / ( c 2 EI) 

d = 2 a 3 / 27 + m ω 

2 [3 + a ( L 2 + κ2 )] / (3 c 2 EI) 

Performing inverse Laplace transformation on Eqs. (39) and (40) , one gets 

ˆ M (x ) = 

8 ∑ 

i =1 

C i M 

v 
i (x ) 

ˆ V (x ) = 

8 ∑ 

i =1 

C i V 

v 
i (x ) 

W (x ) = 

8 ∑ 

i =1 

C i w 

v 
i (x ) 

�(x ) = 

8 ∑ 

i =1 

C i φ
v 
i (x ) 

(44) 

in which, m 

v 
i 
(x ) , q v 

i 
(x ) , w 

v 
i 
(x ) and φv 

i 
(x ) are given in Appendix B . 

Similar to elastic bucking problem, the boundary conditions for free vibration analysis of Timoshenko beam under simply 

supported boundary conditions are 

W (0) = 

ˆ M (0) = 0 (45) 

W (L ) = 

ˆ M (L ) = 0 (46) 

Eqs. (22) and (45) requires 

C 1 = C 2 
C 3 = C 4 + C 6 L 

2 κ3 / (EI) 
C 5 = C 7 = 0 

(47) 

Combination of Eqs. (46) with (44) gives {
C 2 A 

v 
2 (x ) + C 4 A 

v 
4 (x ) + C 6 A 

v 
6 (x ) + C 8 A 

v 
8 (x ) = 0 

C 2 B 

v (x ) + C 4 B 

v (x ) + C 6 B 

v (x ) + C 8 B 

v (x ) = 0 

(48) 
2 4 6 8 
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Fig. 2. Properties of FG beam: (A) ratios of effective Young’s (blue line) and shear (green line) moduli and density (blue line) versus z under different k ; 

(B) neutral position and bending stiffness. 

 

 

 

 

 

 

 

in which, ψ = W for �v = A 

v , while ψ = M for �v = B v , and � is defined as 

�v 
2 (x ) = ψ 

v 
1 (x ) + ψ 

v 
2 (x ) 

�v 
4 (x ) = ψ 

v 
3 (x ) + ψ 

v 
4 (x ) 

�v 
6 (x ) = ψ 

b 
6 (x ) + L 2 κ3 ψ 

b 
3 (x ) / (EI) 

�v 
8 (x ) = ψ 

v 
8 (x ) 

(49) 

Combination Eqs. (23) and (44) with (47) gives {
(F v 2 − 1) C 2 + F v 4 C 4 + F v 6 C 6 + F v 8 C 8 = 0 

G 

v 
2 C 2 + (G 

v 
4 − 1) C 4 + G 

v 
6 C 6 + G 

v 
8 C 8 = 0 

(50) 

where, ψ 

v = �′ for F v = �v , while ψ 

v = � + W 

′ for G 

v = �v , and �v is defined as 

�v 
i = 

[
( κ2 − c 2 ) 

∫ L 

0 

�v 
i (x ) e −x/κd x − κc 2 �v 

i (L ) e −L/κ

]
/ 2 (51) 

Similarly, from Eqs. (48) to (50) , a nonlinear characteristic equation about ω can be derived and expressed for simply

supported Timoshenko beam as 

det 

⎛ 

⎜ ⎜ ⎜ ⎝ 

A 

v 
2 (L ) A 

v 
3 (L ) A 

v 
4 (L ) A 

v 
8 (L ) 

B 

v 
2 (L ) B 

v 
3 (L ) B 

v 
4 (L ) B 

v 
8 (L ) 

F v 2 − 1 F v 3 F v 4 F v 8 

G 

v 
2 G 

v 
3 − 1 G 

v 
4 G 

v 
8 

⎞ 

⎟ ⎟ ⎟ ⎠ 

= 0 (52) 

Following a similar procedure, one can obtain the nonlinear characteristic equations for free vibration of nonlocal strain 

gradient Timoshenko beam subjected to other boundary conditions. 

5. Numerical study and discussion 

In this subsection, the influence of material length scale parameters κ and c on the elastic buckling load and free vibra-

tion frequency of nonlocal gradient FG Timoshenko beam is studied. The FG beam is assumed to be composed of aluminum

( E a = 70GPa, ρa = 2700kg/m 

3 , υa = 0 . 23 ) and ceramic ( E c = 380GPa, ρc = 3800kg/m 

3 , υc = 0 . 23 ) [52] . In this study, k s = 5/6

is adopted for rectangular cross-section of beam. 

Fig. 2 (A) shows the ratios of effective material properties versus z under different FG exponent index k , in which

red, green and blue lines represent ratios of effective Young’s modulus((E e − E a )/(E c − E a )) and shear modulus 

((G e − G a )/(G c − G a )) as well as density(( ρe − ρa )/( ρc − ρa )), respectively. Fig. 2 (A) shows that the ratios for effective

Young’s and shear moduli follow almost same distribution law. In addition, the ratio for effective Young’s and shear moduli 

as well density increase with the increase of z . Fig. 2 (B) illustrates the influence of exponent index on beam cross-sectional

properties, in which E I represents the bending stiffness due to homogeneous material with same volume fraction for both 

aluminum and ceramic, e.g., 

E I = E 

∫ 
z 2 d A (53) 
A 
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Fig. 3. Comparison of non-dimensional vibration frequency of (A) CF- and (B) CC- Timoshenko (solid lines) and Euler–Bernoulli (dash lines) beams under 

different L/h and (C) legend for (A) and (B). 

Fig. 4. Non-dimensional buckling loads versus (A) κ/ L for c / L = 0.5 and (B) c / L for κ/ L = 0.5 under different exponent index k . 
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Fig. 5. Non-dimensional vibration frequencies versus (A) κ/ L for c / L = 0.5 and (B) c / L for κ/ L = 0.5under different exponent index k . 

 

 

 

 

 

 

 

 

 

 

 

 

 

It can be seen from Fig. 2 (B) that EI / E I decreases from 1 to 0.88745 with the increase of k from 0 to 0.5749, and then

increases consistently with the further increase of k , which agree well with the results in Li et al. [44] , in which rule-

of-mixture is applied to estimate the Young’s modulus of FG Euler–Bernoulli beam. Meanwhile, one can notice that EI / E I

equals to 1 for k = 2.1916 . In addition, Fig. 2 (B) shows that the h 0 / h increases with the increase of k from 0 to 1.7060, and

then decreases consistently with the further increase of k. 

Fig. 3 illustrates the influence of L/h on the non-dimensional vibration frequency of CF- and CC- Timoshenko beams made 

of pure aluminum for different κ/L and c/L, in which the non-dimensional vibration frequency ϖ is defined as 

� = ω L 2 
√ 

m 0 / (EI) (54) 

Meanwhile, the non-dimensional vibration frequencies of Euler–Bernoulli beam from Apuzzo et al. [53] are plotted for 

comparison. Fig. 3 shows that the vibration frequency of Timoshenko beam is less than corresponding Euler–Bernoulli beam. 

This can be explained by that the stiffness of Timoshenko beam is less than corresponding Euler–Bernoulli beam due to 

the existence of shear deformation in Timoshenko beam. Meanwhile, with the increase of L/h, the vibration frequencies 

of Timoshenko beam increase and approach to those of Euler–Bernoulli beam because the effect of shear deformation in 

Timoshenko beam decrease with the increase of L/h. 

Figs. 4 and 5 illustrate the influence of exponent index k on the curves of 1st-order non-dimensional buckling loads 

and vibration frequencies of SS Timoshenko beams ( L/h = 10) versus κ/L and c/L, respectively, in which the non-dimensional

buckling load P is defined as 

P̄ = PA L 2 / (EI) (55) 

Figs. 4 and 5 show that the influence of exponent index k on non-dimensional buckling loads and vibration frequencies

is not significant for different structural length-scale parameters. Meanwhile, the non-dimensional buckling loads and vibra- 

tion frequencies of FG-beam are bigger and smaller than those of homogeneous beam for k < = 2 and k > 5, respectively. In

addition, the non-dimensional buckling loads and vibration frequencies increase with the increase of k from 0. to 0.5, and 

then decrease with the increase of k from 0.8 to 8, which is opposite to the distribution for bending stiffness as shown in

Fig. 2 (B). It can be explained by that EI is denominator for both non-dimensional buckling loads ( Eq. (55) ) and vibration

frequencies ( Eq. (54) ). 

Figs. 6 and 7 show clearly that under different boundary conditions, the 1st-order non-dimensional buckling load and 

vibration frequency of nonlocal homogeneous Timoshenko beams decrease consistently with the increase of κ/L, while in- 

crease consistently with the increase of c/L. Meanwhile, it is interesting to find that the buckling loads of CF-Timoshenko 

beams are exactly same as those of SG-Timoshenko beams. In addition, the 1st-order non-dimensional buckling load and 

vibration frequency of nonlocal strain gradient Timoshenko beams increase with the increase of L/h, which agrees with the 

result shown in Fig. 3 . However, the influence of L/h on the 1st-order non-dimensional buckling load and vibration fre-

quency decrease with the increase of κ/L for nonlocal strain gradient Timoshenko beam. Compared the results from local 

model, both softening and toughening effects (below and above black lines) can be observed. 

Fig. 8 illustrates the boundaries between the softening and toughening regions for the 1st-order buckling load and vi- 

bration frequency of nonlocal strain gradient Timoshenko beams, in which the regions below the curves are the toughening 

regions. It can be seen from Fig. 8 that the toughening regions increase with the increase of L/h from 10 to 15, except that

the boundaries between softening and toughening regions for buckling load of SS-beam as well as vibration frequencies of 

CC-, SC, SS- and CG-beams, which are almost independent on the value of L/h. Meanwhile, the toughening regions for buck-

ling loads grow larger and larger from CF- and SG-, CG-, SS-, CC- and SC-beams, while the toughening regions for vibration
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Fig. 6. Non-dimensional buckling loads of (A) SS-, (B) CS-, (C) SG&CF-, (D) CC- and (E) CG-Timoshenko beam made of homogeneous material versus κ/L 

for different c/L(solid and dash lines indicate L = 10h and L = 15h, respectively). 

 

 

 

 

frequencies grow larger and larger from SG-, CF-, CG-, CC-, SS- and SC-beams. In addition, it can be observed from Fig. 8 that

the softening effects dominate the buckling and vibration response of nonlocal strain gradient Timoshenko beams except for 

vibration response of SC-Timoshenko beam. Furthermore, it should be noticed that all the boundary lines in Fig. 8 pass

through (0,0) which indicates that the Timoshenko beam based on nonlocal strain gradient integral model can be recovered 

when both κ and c approach to 0. 

Figs. 9 and 10 illustrate the influence of κ/L and c/L on the high-order normalized buckling loads (NBLs) and vibration

frequencies (NVFs) of nonlocal strain gradient Timoshenko beams under different boundary conditions for c/L = 0.5 and κ/L 

= 0.5, respectively, in which NBL and NVF are defined as ratio between nonlocal model and local models. Similar to the 1st-
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Fig. 7. Non-dimensional vibration frequencies of (A) SS-, (B) CS-, (C) SG-, (D) CC-, (E) CG- and CF-Timoshenko beams made of homogeneous material versus 

κ/L for different c/L(solid and dash lines indicate L = 10h and L = 15h, respectively). 

 

 

order buckling load and vibration frequency, the high-order NBLs and NVFs of nonlocal strain gradient Timoshenko beams 

decreases with the increase of κ/L for c/L = 0.5, while increase with the increase of c/L for κ/L = 0.5. Meanwhile, with the

increase of buckling and vibration order, the buckling loads and vibration frequencies increase and decrease in low-value 

and high-value of κ/L forc/L = 0.5, respectively, while decrease and increase in low-value and high-value of c/L for κ/L = 0.5.
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Fig. 8. Boundary between softening and toughening regions for 1st order (A) buckling load and (B) vibration frequency of nonlocal strain gradient Timo- 

shenko beams made of homogeneous material (solid and dash lines indicate L = 10h and L = 15h, respectively). 

Fig. 9. The influence of (A) κ/L and (B) c/L on high-order NBLs of Timoshenko beams made of homogeneous material under different boundary conditions 

for c/L = 0.5 and κ/L = 0.5, respectively (solid, square- and circular-scatter lines indicate 1st, 2nd and 3rd NBLs). 

Fig. 10. The influence of (A) κ/L and (B) c/L on high-order NVFs of Timoshenko beams made of homogeneous material under different boundary conditions 

for c/L = 0.5 and κ/L = 0.5, respectively (solid, square- and circular-scatter lines indicate 1st, 2nd and 3rd NVFs). 
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6. Conclusions 

In this paper, nonlocal strain gradient integral model is applied to analyze the elastic buckling and vibration of func- 

tionally graded Timoshenko beam under different boundary conditions. The Laplace transform technique is applied to solve 

the integro-differential equations directly, and the bending deflections and moments, as well as cross-sectional rotation 

and shear force are derived and expressed explicitly with eight unknown constants. The nonlinear characteristic equations 

about buckling load and vibration frequency can be derived explicitly for different boundary conditions and constitutive con- 

straints. The numerical analysis is performed to study the influence of FG exponent index, length-scale parameters, boundary 

conditions, ratio between length and thickness as well as buckling and vibration orders on the buckling load and vibration 

frequency, and several conclusions can be summarized as following: 

1. The influence of exponent index on non-dimensional buckling loads and vibration frequencies is not significant under 

different structural length-scale parameters. 

2. Buckling loads and vibration frequencies of nonlocal strain gradient Timoshenko beams increase consistently the in- 

crease of c/L and the decrease of κ/L. 

3. The influence of L/h on the 1st-order non-dimensional buckling load and vibration frequency decrease with the in- 

crease of κ/L for nonlocal strain gradient Timoshenko beam. 

4. Softening effect dominates the size-dependent response of Timoshenko beam. The toughening regions for buckling 

loads grow larger and larger from CF- and SG-, CG-, SS-, CC- and SC-beams, while the toughening regions for vibration

frequencies grow larger and larger from SG-, CF-, CG-, CC-, SS- and SC-beams. 

5. The effects of material length-scale parameters on buckling loads and vibration frequencies increase with the increase 

of buckling and vibration order. 
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Appendix A. List of Laplace transformation for buckling analysis 

A.1. Coefficient functions for bending moment 

M 

b 
1 (x ) = P EI (κW 

b 
3 (x ) + W 

b 
2 (x )) C b 0 (A.1) 

M 

b 
2 (x ) = P EI (κW 

b 
3 (x ) − W 

b 
2 (x )) C b 0 (A.2) 

M 

b 
3 (x ) = − P EI (W 

b 
3 (x ) + κW 

b 
4 (x )) C b 0 (A.3) 

M 

b 
4 (x ) = P EI (W 

b 
3 (x ) − κW 

b 
4 (x )) C b 0 (A.4) 

M 

b 
5 (x ) = EI κ2 ( c 2 W 

b 
4 (x ) − W 

b 
2 (x )) C b 0 (A.5) 

M 

b 
6 (x ) = W 

b 
5 (x ) + κ2 W 

b 
3 (x )(P L 2 − EI ) C b 0 (A.6) 

M 

b 
7 (x ) = P 

[
W 

b 
5 (x ) + κ2 W 

b 
3 (x )(p L 2 − EI ) C b 0 

]
(A.7) 

M 

b 
8 (x ) = P κ2 EI (W 

b 
2 (x ) − c 2 W 

b 
4 (x ))C b 0 (A.8) 

in which, C b 
0 
= 1 / ( κ2 c 2 EI  − p L 2 κ4 ) , and 

W 

b 
0 (x ) = L 

{ 

s 0 

s 2 ( s 2 −α2 
b 
)( s 2 + β2 

b ) 

} 

= 

α3 
b 

sin ( βb x ) + β3 
b 

sh ( αb x ) 

α3 
b 
β3 

b 
( α2 

b 
+ β2 

b ) 
− x 

α2 
b 
β2 

b 

(A.9) 

W 

b 
1 (x ) = L 

{ 

s 1 

s 2 ( s 2 −α2 
b 
)( s 2 + β2 

b ) 

} 

= 

1 

α2 
b 
β2 

b 

− α2 
b 

cos ( βb x ) + β2 
b 

ch ( αb x ) 

α2 
b 
β2 

b 
( α2 

b 
+ β2 

b ) 
(A.10) 
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W 

b 
2 (x ) = L 

{ 

s 2 

s 2 ( s 2 −α2 
b 
)( s 2 + β2 

b ) 

} 

= 

βb sh ( αb x ) − αb sin ( βb x ) 

αb βb ( α
2 
b 
+ β2 

b ) 
(A.11) 

W 

b 
3 (x ) = L 

{ 

s 3 

s 2 ( s 2 −α2 
b 
)( s 2 + β2 

b ) 

} 

= 

ch ( αb x ) − cos ( βb x ) 

α2 
b 
+ β2 

b 

(A.12) 

W 

b 
4 (x ) = L 

{ 

s 4 

s 2 ( s 2 −α2 
b 
)( s 2 + β2 

b ) 

} 

= 

βb sin ( βb x ) + αb sh ( αb x ) 

α2 
b 
+ β2 

b 

(A.13) 

W 

b 
5 (x ) = L 

{ 

s 5 

s 2 ( s 2 −α2 
b 
)( s 2 + β2 

b ) 

} 

= 

α2 
b 

ch ( αb x ) + β2 
b 

cos ( βb x ) 

α2 
b 
+ β2 

b 

(A.14) 

A.2. Coefficient functions for shear force 

V 

b 
1 (x ) = P EI (κW 

b 
4 (x ) + W 

b 
3 (x )) C b 0 (A.15) 

V 

b 
2 (x ) = P EI (κW 

b 
4 (x ) − W 

b 
3 (x )) C b 0 (A.16) 

V 

b 
3 (x ) = − P EI (W 

b 
4 (x ) + κW 

b 
5 (x )) C b 0 (A.17) 

V 

b 
4 (x ) = P EI (W 

b 
4 (x ) − κW 

b 
5 (x )) C b 0 (A.18) 

V 

b 
5 (x ) = EI κ2 ( c 2 W 

b 
5 (x ) − W 

b 
3 (x )) C b 0 (A.19) 

V 

b 
6 (x ) = P κ2 (W 

b 
2 (x ) − κ2 W 

b 
4 (x ))C b 0 (A.20) 

V 

b 
7 (x ) = P 2 κ2 (W 

b 
2 (x ) − κ2 W 

b 
4 (x ))C b 0 (A.21) 

V 

b 
8 (x ) = P κ2 EI (W 

b 
3 (x ) − c 2 W 

b 
5 (x ))C b 0 (A.22) 

A.3. Coefficient functions for bending deflection 

w 

b 
1 (x ) = EI (κW 

b 
3 (x ) + W 

b 
2 (x )) C b 0 (A.23) 

w 

b 
2 (x ) = EI (κW 
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w 

b 
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(W 
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0 (x ) − κ2 W 
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2 (x )) − L 2 (W 

b 
2 (x ) − κ2 W 
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4 (x )) 
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A.4. Coefficient functions for cross-sectional rotation 

φb 
1 (x ) = (EI − P L 2 )(�b 

2 (x ) + κ�b 
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]−1 } = 

[
cα3 

b ( c 
2 β2 

b + 1) sh ( αb x ) 

−(α2 
b + β2 

b ) sh ( x/c ) + cβ3 
b ( c 

2 α2 
b − 1) sin ( βb x ) 

]
/ 
[
c(α2 

b 
+ β2 

b )( c 
2 α2 

b 
− 1)( c 2 β2 

b 
+ 1) 

] (A.44) 

�b 
6 (x ) = L{ s 5 [( c 2 s 2 − 1)( s 2 − α2 

b )( s 
2 + β2 

b ) 
]−1 } = 

[
c 2 α4 

b ( c 
2 β2 

b + 1) ch ( αb x ) 

2 2 2 2 2 4 
] [

2 2 2 2 2 2 2 
] (A.45) 
−(αb + βb ) ch ( x/c ) − c ( c αb − 1) βb cos ( βb x ) / c (α
b 
+ βb )( c αb 

− 1)( c β
b 

+ 1) 
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Appendix B. List of Laplace transformation for free vibration analysis 

B.1. Coefficient functions for bending moment 

M 

v 
1 (x ) = −m ω 

2 (W 

v 
0 (x ) + κW 

v 
1 (x )) / ( c 2 κ2 ) (B.1) 

M 

v 
2 (x ) = m ω 

2 (W 

v 
0 (x ) − κW 

v 
1 (x )) / ( c 2 κ2 ) (B.2) 

M 

v 
3 (x ) = m ω 

2 (W 

v 
1 (x ) + κW 

v 
2 (x )) / ( c 2 κ2 ) (B.3) 

M 

v 
4 (x ) = m ω 

2 (κW 

v 
2 (x ) − W 

v 
1 (x )) / ( c 2 κ2 ) (B.4) 

M 

v 
5 (x ) = 

[
m ω 

2 L 2 ( κ2 W 

v 
3 (x ) − W 

v 
2 (x )) + EI ( c 2 W 

v 
5 (x ) − W 

v 
3 (x )) 

]
/ ( c 2 EI ) (B.5) 

M 

v 
6 (x ) = W 

v 
4 (x ) − W 

v 
2 (x ) / c 2 (B.6) 

M 

v 
7 (x ) = m ω 

2 (W 

v 
1 (x ) − c 2 W 

v 
3 (x )) / c 2 (B.7) 

M 

v 
8 (x ) = m ω 

2 (W 

v 
2 (x ) − W 

v 
0 (x ) / c 2 ) (B.8) 

in which, 

W 

v 
0 (x ) = L{ [( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } = 

[
βv γv (β

2 
v −γ 2 

v ) sh ( αv x ) 

+ αv γv (γ
2 
v −α2 

v ) sh ( βv x ) + αv βv (α
2 
v −β2 

v ) sh ( γv x ) 
]
/ 
[
αv βv γv (α2 

v −β2 
v )(α

2 
v −γ 2 

v )(β
2 
v −γ 2 

v ) 
] (B.9) 

W 

v 
1 (x ) = L{ s [( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } = 

[
(β2 

v −γ 2 
v ) ch ( αv x ) 

+(γ 2 
v −α2 

v ) ch ( βv x ) + (α2 
v −β2 

v ) ch ( γv x ) 
]
/ 
[
(α2 

v −β2 
v )(α

2 
v −γ 2 

v )(β
2 
v −γ 2 

v ) 
] (B.10) 

W 

v 
2 (x ) = L{ s 2 [( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } = 

[
αv (β

2 
v −γ 2 

v ) sh ( αv x ) 

+ βv (γ
2 
v −α2 

v ) sh ( βv x ) + γv (α
2 
v −β2 

v ) sh ( γv x ) 
]
/ 
[
(α2 

v −β2 
v )(α

2 
v −γ 2 

v )(β
2 
v −γ 2 

v ) 
] (B.11) 

W 

v 
3 (x ) = L{ s 3 [( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } = 

[
α2 

v (β
2 
v −γ 2 

v ) ch ( αv x ) 

+ β2 
v (γ

2 
v −α2 

v ) ch ( βv x ) + γ 2 
v (α

2 
v −β2 

v ) ch ( γv x ) 
]
/ 
[
(α2 

v −β2 
v )(α

2 
v −γ 2 

v )(β
2 
v −γ 2 

v ) 
] (B.12) 

W 

v 
4 (x ) = L{ s 4 [( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } = 

[
α3 

v (β
2 
v −γ 2 

v ) sh ( αv x ) 

+ β3 
v (γ

2 
v −α2 

v ) sh ( βv x ) + γ 3 
v (α

2 
v −β2 

v ) sh ( γv x ) 
]
/ 
[
(α2 

v −β2 
v )(α

2 
v −γ 2 

v )(β
2 
v −γ 2 

v ) 
] (B.13) 

W 

v 
5 (x ) = L{ s 5 [( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } = 

[
α4 

v (β
2 
v −γ 2 

v ) ch ( αv x ) 

+ β4 
v (γ

2 
v −α2 

v ) ch ( βv x ) + γ 4 
v (α

2 
v −β2 

v ) ch ( γv x ) 
]
/ 
[
(α2 

v −β2 
v )(α

2 
v −γ 2 

v )(β
2 
v −γ 2 

v ) 
] (B.14) 

B.2. Coefficient functions for shear force 

V 

v 
1 (x ) = −m ω 

2 (W 

v 
1 (x ) + κW 

v 
2 (x )) / ( c 2 κ2 ) (B.15) 

V 

v 
2 (x ) = m ω 

2 (W 

v 
1 (x ) − κW 

v 
2 (x )) / ( c 2 κ2 ) (B.16) 

V 

v 
3 (x ) = m ω 

2 (W 

v 
2 (x ) + κW 

v 
3 (x )) / ( c 2 κ2 ) (B.17) 

V 

v 
4 (x ) = m ω 

2 (κW 

v 
3 (x ) − W 

v 
2 (x )) / ( c 2 κ2 ) (B.18) 
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V 

v 
5 (x ) = m ω 

2 ( κ2 W 

v 
2 (x ) − W 

v 
0 (x )) / ( c 2 κ2 ) (B.19) 

V 

v 
6 (x ) = W 

v 
5 (x ) − W 

v 
3 (x ) / c 2 (B.20) 

V 

v 
7 (x ) = m ω 

2 (W 

v 
4 (x ) − W 

v 
2 (x ) / c 2 ) (B.21) 

V 

v 
8 (x ) = m ω 

2 (W 

v 
3 (x ) − W 

v 
1 (x ) / c 2 ) (B.22) 

B.3. Coefficient functions for bending deflection 

w 

v 
1 (x ) = (W 

v 
2 (x ) + κW 

v 
3 (x )) / ( c 2 κ2 ) (B.23) 

w 

v 
2 (x ) = (κW 

v 
3 (x ) − W 

v 
2 (x )) / ( c 2 κ2 ) (B.24) 

w 

v 
3 (x ) = −(κW 

v 
4 (x ) + W 

v 
3 (x )) / ( c 2 κ2 ) (B.25) 

w 

v 
4 (x ) = (W 

v 
3 (x ) − κW 

v 
4 (x )) / ( c 2 κ2 ) (B.26) 

w 

v 
5 (x ) = (W 

v 
1 (x ) − κ2 W 

v 
3 (x )) / ( c 2 EI ) (B.27) 

w 

v 
6 (x ) = (W 

v 
0 (x ) − ( L 2 + κ2 ) W 

v 
2 (x ) + L 2 κ2 W 

v 
4 (x )) / ( c 2 EI ) (B.28)

w 

v 
7 (x ) = W 

v 
5 (x ) − W 

v 
3 (x ) / c 2 (B.29) 

w 

v 
8 (x ) = W 

v 
2 (x ) / c 2 − W 

v 
4 (x ) (B.30) 

B.4. Coefficient functions for cross-sectional rotation 

φv 
1 (x ) = 

[
m ω 

2 L 2 (�v 
1 (x ) + κ�v 

2 (x )) − c 2 EI (�v 
5 (x ) + κ�v 

6 (x )) 

+(EI − m ω 

2 κ2 L 2 )(�v 
3 (x ) + κ�v 

4 (x )) 
]
/ ( κ2 c 2 EI ) 

(B.31) 

φv 
2 (x ) = 

[
m ω 

2 L 2 (κ�v 
2 (x ) − �v 

1 (x )) + c 2 EI (�v 
5 (x ) − κ�v 

6 (x )) 

+(EI − m ω 

2 κ2 L 2 )(κ�v 
4 (x ) − �v 

3 (x )) 
]
/ ( κ2 c 2 EI ) 

(B.32) 

φv 
3 (x ) = m ω 

2 ( κ3 �v 
3 (x ) + κ2 �v 

2 (x ) − κ�v 
1 (x ) − �v 

0 (x )) / ( κ2 c 2 EI ) (B.33) 

φv 
4 (x ) = m ω 

2 ( κ3 �v 
3 (x ) − κ2 �v 

2 (x ) − κ�v 
1 (x ) + �v 

0 (x )) / ( κ2 c 2 EI ) (B.34) 

φv 
5 (x ) = 

[
m ω 

2 L 2 (�v 
0 (x ) − κ2 �v 

2 (x )) − c 2 EI (�v 
4 (x ) − κ2 �v 

6 (x )) 

+(EI − m ω 

2 κ2 L 2 )(�v 
2 (x ) − κ2 �v 

4 (x )) 
]
/ ( κ2 c 2 EI ) 

(B.35) 

φv 
6 (x ) = m ω 

2 ( c 2 κ2 �v 
5 (x ) − ( κ2 + c 2 )�v 

3 (x ) + �v 
1 (x )) / ( c 2 EI ) (B.36) 

φv 
7 (x ) = −m ω 

2 ( c 2 κ2 �v 
4 (x ) − ( κ2 + c 2 )�v 

2 (x ) + �v 
0 (x )) / ( c 2 EI ) (B.37) 

φv 
8 (x ) = 

[
m ω 

2 L 2 (�v 
1 (x ) − c 2 �v 

3 (x )) − c 2 EI (�v 
5 (x ) − c 2 �v 

7 (x )) 

+(EI − m ω 

2 κ2 L 2 )(�v 
3 (x ) − c 2 �v 

5 (x )) 
]
/ ( c 2 EI ) 

(B.38) 
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in which, 

�v 
0 (x ) = L{ [( c 2 s 2 −1)( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } 

= 

sh ( αv x ) 

αv ( c 2 α2 
v − 1)(α2 

v − β2 
v )(α

2 
v − γ 2 

v ) 
+ 

sh ( βv x ) 

βv ( c 2 β2 
v − 1)(β2 

v − γ 2 
v )(β

2 
v − α2 

v ) 

+ 

sh ( γv x ) 

γv ( c 2 γ 2 
v − 1)(γ 2 

v − α2 
v )(γ

2 
v − β2 

v ) 
− c 5 sh ( x/c ) 

( c 2 α2 
v − 1)( c 2 β2 

v − 1)( c 2 γ 2 
v − 1) 

(B.39) 

�v 
1 (x ) = L{ s [( c 2 s 2 −1)( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } 

= 

ch ( αv x ) 

( c 2 α2 
v − 1)(α2 

v − β2 
v )(α

2 
v − γ 2 

v ) 
+ 

ch ( βv x ) 

( c 2 β2 
v − 1)(β2 

v − γ 2 
v )(β

2 
v − α2 

v ) 

+ 

ch ( γv x ) 

( c 2 γ 2 
v − 1)(γ 2 

v − α2 
v )(γ

2 
v − β2 

v ) 
− c 4 ch ( x/c ) 

( c 2 α2 
v − 1)( c 2 β2 

v − 1)( c 2 γ 2 
v − 1) 

(B.40) 

�v 
2 (x ) = L{ s 2 [( c 2 s 2 −1)( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } 

= 

αv sh ( αv x ) 

( c 2 α2 
v − 1)(α2 

v − β2 
v )(α

2 
v − γ 2 

v ) 
+ 

βv sh ( βv x ) 

( c 2 β2 
v − 1)(β2 

v − γ 2 
v )(β

2 
v − α2 

v ) 

+ 

γv sh ( γv x ) 

( c 2 γ 2 
v − 1)(γ 2 

v − α2 
v )(γ

2 
v − β2 

v ) 
− c 3 sh ( x/c ) 

( c 2 α2 
v − 1)( c 2 β2 

v − 1)( c 2 γ 2 
v − 1) 

(B.41) 

�v 
3 (x ) = L{ s 3 [( c 2 s 2 −1)( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } 

= 

α2 
v ch ( αv x ) 

( c 2 α2 
v − 1)(α2 

v − β2 
v )(α

2 
v − γ 2 

v ) 
+ 

β2 
v ch ( βv x ) 

( c 2 β2 
v − 1)(β2 

v − γ 2 
v )(β

2 
v − α2 

v ) 

+ 

γ 2 
v ch ( γv x ) 

( c 2 γ 2 
v − 1)(γ 2 

v − α2 
v )(γ

2 
v − β2 

v ) 
− c 2 ch ( x/c ) 

( c 2 α2 
v − 1)( c 2 β2 

v − 1)( c 2 γ 2 
v − 1) 

(B.42) 

�v 
4 (x ) = L{ s 4 [( c 2 s 2 −1)( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } 

= 

α3 
v sh ( αv x ) 

( c 2 α2 
v − 1)(α2 

v − β2 
v )(α

2 
v − γ 2 

v ) 
+ 

β3 
v sh ( βv x ) 

( c 2 β2 
v − 1)(β2 

v − γ 2 
v )(β

2 
v − α2 

v ) 

+ 

γ 3 
v sh ( γv x ) 

( c 2 γ 2 
v − 1)(γ 2 

v − α2 
v )(γ

2 
v − β2 

v ) 
− csh ( x/c ) 

( c 2 α2 
v − 1)( c 2 β2 

v − 1)( c 2 γ 2 
v − 1) 

(B.43) 

�v 
5 (x ) = L{ s 5 [( c 2 s 2 −1)( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } 

= 

α4 
v ch ( αv x ) 

( c 2 α2 
v − 1)(α2 

v − β2 
v )(α

2 
v − γ 2 

v ) 
+ 

β4 
v ch ( βv x ) 

( c 2 β2 
v − 1)(β2 

v − γ 2 
v )(β

2 
v − α2 

v ) 

+ 

γ 4 
v ch ( γv x ) 

( c 2 γ 2 
v − 1)(γ 2 

v − α2 
v )(γ

2 
v − β2 

v ) 
− ch ( x/c ) 

( c 2 α2 
v − 1)( c 2 β2 

v − 1)( c 2 γ 2 
v − 1) 

(B.44) 

�v 
6 (x ) = L{ s 6 [( c 2 s 2 −1)( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } 

= 

α5 
v sh ( αv x ) 

( c 2 α2 
v − 1)(α2 

v − β2 
v )(α

2 
v − γ 2 

v ) 
+ 

β5 
v sh ( βv x ) 

( c 2 β2 
v − 1)(β2 

v − γ 2 
v )(β

2 
v − α2 

v ) 

+ 

γ 5 
v sh ( γv x ) 

( c 2 γ 2 
v − 1)(γ 2 

v − α2 
v )(γ

2 
v − β2 

v ) 
− sh ( x/c ) 

c( c 2 α2 
v − 1)( c 2 β2 

v − 1)( c 2 γ 2 
v − 1) 

(B.45) 

�v 
7 (x ) = L{ s 7 [( c 2 s 2 −1)( s 2 −γ 2 

v )( s 
2 −α2 

v )( s 
2 −β2 

v ) 
]−1 } 

= 

α6 
v ch ( αv x ) 

( c 2 α2 
v − 1)(α2 

v − β2 
v )(α

2 
v − γ 2 

v ) 
+ 

β6 
v ch ( βv x ) 

( c 2 β2 
v − 1)(β2 

v − γ 2 
v )(β

2 
v − α2 

v ) 

+ 

γ 6 
v ch ( γv x ) − ch ( x/c ) 

(B.46) 
( c 2 γ 2 
v − 1)(γ 2 

v − α2 
v )(γ

2 
v − β2 

v ) c 2 ( c 2 α2 
v − 1)( c 2 β2 

v − 1)( c 2 γ 2 
v − 1) 
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