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Abstract In this paper, numerical solution of the linear second kind Fredholm integral equations is

studied. These integral equations are widely used for solving many problems in mathematical phy-

sics and engineering. A new hybrid Bernstein and Improved Block-Pulse Functions (HBIBP)

method is introduced and utilized to convert linear (nonlinear) second kind Fredholm integral equa-

tions into an algebraic equation. The new methodology is a combination of Bernstein polynomials

(BPs) and improved block-pulse functions (IBPFs) on the interval [0, 1). Convergence analysis and

numerical examples that illustrate the pertinent features of the method are presented.
� 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Integral Equation is an equation in which the unknown func-
tion appears under one or more than integral sign. In recent
years, many different basic functions have been used to esti-

mate the solution of integral equations, such as Block-Pulse
functions [1-6], Haar functions [7], Triangular functions [8–
10], Hybrid Chebyshev and Block-Pulse functions [11,12],

Hybrid Legendre and Block-Pulse functions [13–15], Hybrid
Taylor, Block-Pulse functions [16], Hybrid Fourier and
Block-Pulse functions [17]. Hybrid Bernstein polynomials
and Block-Pulse functions [18-20]. In the first time, Block-
Pulse functions were introduced to electrical engineering by

Harmuth and several researchers discussed the Block-Pulse
[21–24]. Bernstein polynomials play a prominent role in vari-
ous areas of mathematics. These polynomials have been fre-
quently used in the solution of integral equations,

differentials and approximation theory [25–29].
The improved block pulse function is introduced by Far-

shid Mirzaee [30]. Modified block pulse functions for numeri-

cal solution of stochastic Volterra integral equations is
introduced [31]. Authors of [34-38] introduced a numerical
method for solving nonlinear Fredholm integral equations of

the second kind using different methods.
In this paper, HBIBP functions are introduced to solve lin-

ear and nonlinear Fredholm integral equation (1.1), (1.2) . We
use the definition of improved block-Pulse function with a

slight change in the definition of function from [30] to match
with new hybrid function.
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u xð Þ ¼ f xð Þ þ
Z 1

t¼0

k x; tð Þu tð Þdt; ð1:1Þ

u xð Þ ¼ f xð Þ þ
Z 1

t¼0

k x; tð Þ u tð Þ½ �mdt; m > 1 ð1:2Þ

This paper is organized as follows. In Section 2, review of
improved block-pulse function and Bernstein polynomials and
its properties is briefly presented. In Section 3, we introduce a
new combination of Bernstein and Improved Block-Pulse func-

tions. In Section 4, the proposed technique for numerical
approximation of linear and nonlinear Fredholm integral equa-
tions byusingnewbasis is introduced. In Section 5, the error esti-

mate and convergence analysis is presented for the proposed
method. Section 6 includes some numerical examples to illus-
trate the reliability and accuracy of our proposed scheme to han-

dle linear and nonlinear Fredholm integral equations of the
second kind. Finally, we give our concluding remarks.

2. Preliminaries

2.1. Improved block-pulse function

Definition:. An nþ 1ð Þ-set of IBPFs consists of nþ 1ð Þ func-

tions which are defined over district Das follows [30] with a
slight change in the definition of function

u1 xð Þ ¼ 1; x 2 0; h
2

� �
;

0; otherwise;

(

ui xð Þ ¼ 1; x 2 i� 2ð Þhþ h
2
; i� 1ð Þhþ h

2

� �
;

0; otherwise;

(
i ¼ 2; 3; � � � ; n

unþ1 xð Þ ¼ 1; x 2 1� h
2
; 1

� �
;

0; otherwise;

(
where n is an arbitrary positive integer and h ¼ 1

n
;

There are some properties for these functions; the most
important properties are disjointness, orthogonality, and

completeness.

Lemma. Let a set of improved block-pulse functions (IBPFs)
ui xð Þ; i ¼ 1; 2; � � � ;Nþ 1 be defined on the interval [0, 1) such
that:

u1 xð Þ ¼ 1; x 2 0; h
2

� �
;

0; otherwise;

(

ui xð Þ ¼ 1; x 2 i� 2ð Þhþ h
2
; i� 1ð Þhþ h

2

� �
;

0; otherwise;

(
i ¼ 2; 3; � � � ; n

unþ1 xð Þ ¼ 1; x 2 1� h
2
; 1

� �
;

0; otherwise:

(
Then, the following properties for these functions satisfy

the following:

(i) disjointness,
(ii) orthogonality,
(iii) completeness.
Proof:. The disjointness property can be clearly obtained from

the definition of improved block-pulse functions as follows:
ui xð Þuj xð Þ ¼ ui xð Þ; i ¼ j

0; otherwise:

�
The other property of IBPFs is orthogonal to each other

where x 2 D

Z 1

0

ui xð Þuj xð Þdx ¼
h
2
; i ¼ j 2 1; nþ 1f g;
h; i ¼ j 2 2; 3; � � � ; nf g;
0; otherwise;

8><>:
The third property is completeness. For every f 2 L2 [0,1]

when n approaches to infinity, Parsevals identity hold:Z 1

0

f2 xð Þdx ¼
X1
i¼0

f2i kui xð Þk2;

where fi ¼ 1
h

R 1

0

ui xð Þdx.

2.1.1. Vector forms of IBPFS

Consider the first nþ 1ð Þ terms of IBPFs and write them con-

cisely as nþ 1ð Þ-vector
Un xð Þ ¼ u1 xð Þ;u2 xð Þ; � � � ;unþ1 xð Þ� �T

; x 2 D ð2:1Þ

from disjointness

Un xð ÞUT
n xð Þ ¼

u1 xð Þ 0

0 u2 xð Þ
� � � 0

� � � 0

..

. ..
.

0 0

. .
. ..

.

� � � unþ1 xð Þ

0BBBB@
1CCCCA ¼ diag Un xð Þð Þ;
2.1.2. IBPFs expansions

A continues function f xð Þ 2 L2 Dð Þ may be expand by the
IBPFs as

f xð Þ ’ fn xð Þ ¼
Xnþ1

i¼1

fiui xð Þ ¼ FT
nUn xð Þ ¼ UT

n xð ÞFn; ð2:2Þ

where Fn is a nþ 1ð Þ � 1 vector given by

Fn ¼ f1; f2; � � � ; fnþ1

� �T
;

and Un xð Þ is defined in (1) and fi is obtained as

fi ¼

2n
R h

2

0

f xð Þdx; i ¼ 1

n
R i�1ð Þhþh

2

i�2ð Þhþh
2

f xð Þdx; i ¼ 2; � � � ; n

2n
R 1

1�h
2

f xð Þdx; i ¼ nþ 1

8>>>>>>><>>>>>>>:
ð2:3Þ

Similarly a function of two variables K x; yð Þ 2 L2 D�Dð Þ
can be approximated by IBPFs as follows

K x; yð Þ ’ UT
nþ1 xð ÞKnUnþ1 yð Þ

where Un xð Þ and Un yð Þ are IBPFs vector of dimension (n+1)

and Kn ¼ ki;j
� �

is the nþ 1ð Þ � nþ 1ð Þ IBPFs coefficient matrix

ofk x; yð Þ.
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2.2. Bernstein polynomials

Definition [29]: The Bernstein polynomials of the M-th degree
are defined on the interval [0,1] as

Bi;M xð Þ ¼ M

i

� �
xi 1� xð ÞM�i

; i ¼ 0; 1; � � � ;M;

where M
i

� � ¼ M!
i! M�ið Þ! .

By using binomial expansion of 1� xð ÞM�i
, we have

M

i

� �
xi 1� xð ÞM�i ¼

XM�i

k¼0

�1ð Þk M

i

� �
M� i

k

� �
xiþk;

For mathematical convenience, we usually set Bi;M ¼ 0 if

i < 0ori > M. A recursive definition can also be used to gener-
ate the Bernstein polynomials over [0,1] so that the i-th Bern-
stein polynomial of M-th degree can be written

Bi;M xð Þ ¼ 1� xð ÞBi;M�1 xð Þ þ xBi�1;M�1 xð Þ
It can readily be shown that each of the Bernstein polyno-

mials is positive and the sum of all the Bernstein polynomials is

unity for all realx 2 0; 1½ �, i.e.,PM
i¼0Bi;M xð Þ ¼ 1 (unity partition

property). It is easy to show that any given polynomial of M-
th-degree can be expanded in terms of these basis functions.

3. New Hybrid Bernstein improved block-pulse functions

(HBIBPFs) method

Definition: HBIBPi;j xð Þ is the combination of Bernstein poly-

nomials and Improved Block-Pulse functions where both are
complete and orthogonal, then the set is a complete orthogo-
nal complete system. Hybrid Orthonormal Bernstein and

Improved Block-Pulse functions where
j ¼ 0; 1; � � � ;M; i ¼ 1; 2; � � � ;Nþ 1; HBIBPi;j xð Þhave two argu-

ments i and j are the order of IBPFs and BPs, respectively.
HBIBP xð Þ defined on the interval [0, 1) as follows:

HBIBPi;j xð Þ ¼ Bj;M
2x
h

� �
; x 2 0; h

2

� �
;

0; otherwise;

(
for i ¼ 1; j ¼ 0; 1; � � � ;M

ð3:1Þ
HBIBPi;j xð Þ ¼ Bj;M
x
h
þ 3

2
� i

� �
; x 2 i� 2ð Þhþ h

2
; i� 1ð Þhþ h

2

� �
0; otherwise;

for i ¼ 2; 3; � � � ;N; j ¼ 0; 1; � � � ;M
(

ð3:2Þ

HBIBPi;j xð Þ ¼ Bj;M
2x
h
� 2

h
þ 1

� �
; x 2 1� h

2
; 1

� �
;

0; otherwise;

(
for i ¼ Nþ 1; j ¼ 0; 1; � � � ;M ð3:3Þ
Thus, our new basis is HBIBP1;0;HBIBP1;1; � � � ;
	

HBIBPNþ1;Mgand we can approximate function with the base.

In the next section, we deal with the problem of approximation

of these functions.

3.1. Approximation of Functions by Using HBIBPFs

A function u xð Þ may be expressed in terms of the HBIBP basis
as follow:
u xð Þ ¼
XNþ1

i¼1

XM
j¼0

ci;j:HBIBPi;j xð Þ ¼ CTHBIBP xð Þ; ð3:4Þ

where

HBIBP xð Þ¼ HBIBP1;0;HBIBP1;1; � � � ;HBIBPNþ1;M

� �T
; ð3:5Þ

and

C ¼ c1;0; c1;1; � � � ; cNþ1;M½ �T; ð3:6Þ
we have

CT < HBIBP xð Þ;HBIBP xð Þ >¼< u xð Þ;HBIBP xð Þ; ð3:7Þ
then

C ¼ L�1 < u xð Þ;HBIBP >; ð3:8Þ
where :; :h i is the standard inner product and L is an
Nþ 1ð Þ Mþ 1ð Þ � Nþ 1ð Þ Mþ 1ð Þð Þ matrix that is said the

dual matrix that is

L ¼< HBIBP xð Þ;HBIBP xð Þ >

¼
Z 1

0

HBIBP xð Þ:HBIBPT xð Þdx

¼

L1 0 0
0 L2 0
0 0 L3

� � � 0
� � � 0
� � � 0

..

. ..
. ..

.

0 0 0

. .
. ..

.

� � � Lnþ1

0BBBB@
1CCCCA; ð3:9Þ

Li i ¼ 1; 2; � � � ; nþ 1ð Þ is defined as follows

L1ð Þiþ1;jþ1 ¼
Z h

2

0

Bi;M

2x

h

� �
Bj;M

2x

h

� �
dx¼ h

2

Z 1

0

Bi;M xð ÞBj;M xð Þdx

¼
h

M

i

� �
M

j

� �
2 2Mþ 1ð Þ 2M

iþ j

� � ; for i; j ¼ 0; � � � ;M; ð3:10Þ
Lrð Þiþ1;jþ1 ¼
Z i�1ð Þhþh

2

i�2ð Þhþh
2

Bi;M

x

h
þ 3

2
� i

� �
Bj;M

x

h
þ 3

2
� i

� �
dx;

for r ¼ 2; � � � ; n � �� �

¼ h

Z 1

0

Bi;M xð ÞBj;M xð Þdx ¼
h

M

i

M

j

2Mþ 1ð Þ 2M

iþ j

� � ;

for i; j ¼ 0; � � � ;M;

ð3:11Þ
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Lnþ1ð Þiþ1;jþ1 ¼
Z 1

1�h
2

Bi;M

2x

h
� 2

h
þ 1

� �
Bj;M

2x

h
� 2

h
þ 1

� �
dx

¼ h

2

Z 1

0

Bi;M xð ÞBj;M xð Þdx ¼
h

M

i

� �
M

j

� �
2 2Mþ 1ð Þ 2M

iþ j

� � ; for i; j ¼ 0; � � � ;M

ð3:12Þ
We can also approximate the function

k x; tð Þ 2 L2 0; 1½ � � 0; 1½ �ð Þ as follow:
k x; tð Þ ¼ HBIBPT xð Þ:K:HBIBP tð Þ
where K is an Mþ 1ð Þ Nþ 1ð Þ matrix that we can obtain as
follows:

K ¼ L�1 HBIBP xð Þ; k x; tð Þ;HBIBP tð Þh ih iL�1
3.2. Operational matrix of product

Suppose that CT ¼ CT
1 ;C

T
2 ; � � � ;CT

Nþ1

� �
is an arbitrary

1� Nþ 1ð Þ Mþ 1ð Þ matrix which CT
i is 1� Mþ 1ð Þ matrix

for i ¼ 1; 2; � � � ;Nþ 1; then bC is

Nþ 1ð Þ Mþ 1ð Þ � Nþ 1ð Þ Mþ 1ð Þ operational matrix of pro-
duct whenever

CTHBIBP xð ÞHBIBP xð ÞT ’ HBIBP xð ÞT bC ð3:13Þ
We know

CTB xð ÞB xð ÞT ’ B xð ÞT bCi; i ¼ 1; 2; � � � ;Nþ 1

Which bCi is operational matrix of product of Bernstein poly-
nomials presented in [33], then
CTHBIBP xð ÞHBIBP xð ÞT ¼

CT

HBIBP1;m xð ÞHBIBP1;m xð ÞT 0
�

0
�

HBIBP2;m xð ÞHBIBP2;m xð ÞT

..

. ..
.

0
�

0
�

.

�

26666664

¼

C1HBIBP1;m xð ÞHBIBP1;m xð ÞT 0
�

0
�

C2HBIBP2;m xð ÞHBIBP2;m xð ÞT

..

. ..
.

0
�

0
�

26666664

¼

HBIBP1;m xð ÞT bC1 0
�

0
�

HBIBP2;m xð ÞT bC2

� � � 0
�

� � � 0
�

..

. ..
.

0
�

0
�

. .
. ..

.

� � � HBIBPNþ1;m xð ÞT

26666664
For m ¼ 0; � � � :;M ,which

bC ¼

bC1 0
�

0
� bC2

� � � 0
�

� � � 0
�

..

. ..
.

0
�

0
�

. .
. ..

.

� � � bCNþ1

2666664

3777775
Which 0

�
is mþ 1ð Þ � mþ 1ð Þ matrix.

4. Outline of solution

This section presents the derivation of the method for solving

linear and nonlinear Fredholm equations (1.1) and (1.2).
Step 1: the function u xð Þ is approximated by

u xð Þ ¼ UTHBIBP xð Þ; ð4:1Þ
where U is unknown (N+1)(M+1)-vector and HBIBP is
given by Eqs. (3.1), (3.2) ,(3.3) and (3.4) .

Step 2: the function f xð Þ and k x; tð Þ are also expanded into

the HBIBP function

k x; tð Þ ¼ HBIBPT xð Þ:K:HBIBP tð Þ; ð4:2Þ

f xð Þ ¼ FTHBIBP xð Þ ð4:3Þ
whereK is an known function Nþ 1ð Þ Mþ 1ð Þ�
Nþ 1ð Þ Mþ 1ð Þ-matrix and F is known (N+1)(M+1)-vector.
Step3: In this step, a general formula is presented for

approximating u tð Þ½ �m . By using Eqs. (3.4) and (12), we obtain

u xð Þ½ �2 ¼ UTHBIBP xð Þ� �2 ¼ UTHBIBP xð ÞHBIBPT xð ÞU
¼ HBIBPT xð Þ bUU
� � � 0
�

� � � 0
�

. . ..
.

� � HBIBPNþ1;m xð ÞHBIBPNþ1;m xð ÞT

37777775
� � � 0

�

� � � 0
�

. .
. ..

.

� � � CNþ1HBIBPNþ1;m xð ÞHBIBPNþ1;m xð ÞT

37777775

bCNþ1

37777775 ¼ HBIBP xð ÞT bC
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u xð Þ½ �3 ¼ UTHBIBP xð Þ UTHBIBP xð Þ� �2
¼ UTHBIBP xð ÞHBIBPT xð Þ bUU

¼ HBIBPT xð Þ bU bUU ¼ HBIBPT xð Þ bUh i2
U

And so

u xð Þ½ �q ¼ HBIBPT xð Þ bUh iq�1

U ð4:4Þ

where bU is defined in (3.13). Now, using Eqs. (4.1) , (4.4) to

substitute into linear and nonlinear Fredholm integral
equation.

4.1. Solving linear second kind Fredholm integral equation using

HBIBP method

In this subsection we are dealing with the following linear

Fredholm integral equation of the second kind:

u xð Þ ¼ f xð Þ þ
Z 1

t¼0

k x; tð Þu tð Þdt;

Substituting Eq. (4.1)-(4.3) into Eq. (1.1) produces

HBIBPT xð ÞU¼HBIBPT xð Þ:F

þ
Z 1

0

HBIBPT xð ÞK:HBIBP tð Þ:HBIBPT tð ÞUdt:

ð4:5Þ
Appling Eq. (3.9), Eq. (4.5) becomes

HBIBPT xð ÞU ¼ HBIBPT xð ÞFþHBIBPT xð ÞKLU: ð4:6Þ
Therefore

U ¼ Fþ KLU; ð4:7Þ
where the dimensional subscripts have been dropped to sim-
plify the notation. Rewriting Eq. (4.7), we have

U ¼ I� KLð Þ�1
F; ð4:8Þ

where I is (N+1) (M+1) identity matrix. The unknown vector
U can be obtained by solving Eq. (4.8). Thus the solution u xð Þ
can be calculated in the HBIBP function expansion by using U
and Eq. (4.1).

4.2. Solving nonlinear second kind Fredholm integral equation

using HBIBP method

In this subsection we are dealing with the following nonlinear
Fredholm integral equation of the second kind:

u xð Þ ¼ f xð Þ þ
Z 1

t¼0

k x; tð Þ u tð Þ½ �mdt;m > 1

Substituting Eq. (4.1)-(4.4) into Eq. (1.2) produces

HBIBPT xð ÞU¼HBIBPT xð Þ:F

þ
Z 1

0

HBIBPT xð ÞK:HBIBP tð Þ:HBIBPT tð Þ bUh im�1

Udt

ð4:9Þ
Appling Eq. (3.9), Eq. (4.9) becomes
HBIBPT xð ÞU ¼ HBIBPT xð Þ:FþHBIBPT xð ÞKL bUh im�1

U

ð4:10Þ
Therefore

U ¼ Fþ KL bUh im�1

U ð4:11Þ

Rewriting Eq. (4.11), we have

I� KL bUh im�1
� �

U ¼ F ð4:12Þ

where I is Nþ 1ð Þ Mþ 1ð Þ identity matrix. The unknown vec-

tor U can be obtained by solving Eq. (4.12). Thus the solution
u xð Þ can be calculated in the HBIBP function expansion by
using U and Eq. (4.1).

5. Convergence analysis of the proposed method

We assume the following conditions on k x; tð Þ and

G u tð Þð Þ ¼ U tð Þ½ �m;m � 1 where k x; tð Þ is known function and
u tð Þ is an unknown function:

1. S ¼ sup
06x ;t 61

k x; tð Þj j < 1,

2. G u tð Þð Þ is continuous on [ 0,1] and satisfies Lipschitz
condition

G u tð Þð Þ � G z tð Þð Þ 6j j L u tð Þ � z tð Þj j
We denote the error of term of the solution obtained by

HBIBP method by eHBIBP xð Þ ¼ k uexact xð Þ � u
�
xð Þ k, where

uexact xð Þ and u
�
xð Þare the exact and approximate solution of

Eq. ((1.1) , (1.2)) , respectively. u
�
xð Þ, given as

u xð Þ ¼
XNþ1

i¼0

XM
j¼0

ci;jHBIBPi;j xð Þ

Theorem.. The solution of Fredholm integral equation ((1.1),

(1.2)) using HBIBP method converges if

0 < S L < 1:

Proof.. We have

eHBIBP xð Þ ¼ k uexact xð Þ � u
�
xð Þ k ¼ max

x2 0;1½ �
uexact xð Þ � u

�
xð Þ




 



6 max

x2 0 ;1½ �

R1
0

k x; sð Þj j G uexact sð Þð Þ � G u
�� �


 


ds:

This implies that 1� S Lð Þ eHBIBP xð Þ < 1 .
Hence, by choosing 0 < 1 � SLð Þ < 1 when

Nþ 1ð ÞM ! þ1, it implies that eHBIBP ! 0 :

6. Numerical examples

In this section, we solve some test problems to test the accu-
racy of the proposed method. All the computations have been
performed using MATLAB software (R2018b).



Table 1 The numerical results for example 1 with M=1,N=2.

x Exact solution Presented Method with

M=1,N=2

Absolute Error OBH with

M=1,N=2

Absolute Error

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0.000000

0.157983

0.329412

0.514286

0.712605

0.924370

1.149580

1.388235

1.640336

1.905882

-0.007002

0.160999

0.329000

0.501340

0.719720

0.938100

1.156480

1.374860

1.639600

1.908800

7.002000e-003

3.015807e-003

4.117647e-004

1.294571e-002

7.114958e-003

1.373025e-002

6.900168e-003

1.337529e-002

7.361345e-004

2.917647e-003

0.028005

0.156826

0.341657

0.526488

0.644107

0.896149

1.148191

1.400233

1.652275

1.904317

2.800467e-02

1.157056e-03

1.224518e-02

1.220203e-02

6.849769e-02

2.822039e-02

1.388467e-03

1.199808e-02

1.193924e-02

1.565000e-03

Table 2 The numerical results for example 1 with M=2,

N=3.

x Exact solution Presented Method

M=2,N=3

Absolute Error

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0.000000

0.157983

0.329412

0.514286

0.712605

0.924370

1.149580

1.388235

1.640336

1.905882

0.000000

0.157983

0.329412

0.514286

0.712605

0.924370

1.149580

1.388235

1.640336

1.905882

0.000000e+00

2.305072e-13

2.279087e-13

1.351249e-13

5.823823e-14

4.585688e-13

1.601934e-13

2.567985e-14

9.905085e-14

6.419963e-13
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Example 1. Consider linear Fredholm integral equation

u xð Þ ¼ xþ
Z 1

t¼0

tx2 þ xt2
� �

u tð Þdt;

with exact solution u xð Þ ¼ 180
119

xþ 80
119

x2.

Table 1 shows the comparison of the absolute error
between the approximate solution for presented method,
Hybrid orthonormal Bernstein and Block-Pulse functions
(OBH) and the exact solution forM ¼ 1;N ¼ 2.

From the above numerical results in Table 2, we can see
that the accuracy gets improved as M and N increase.
Table 3 The numerical results for example 2 with M=3, N= 2.

x Exact solution Presented Method with

M=3,N=2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0.000000

0.099833

0.198669

0.295520

0.389418

0.479426

0.564642

0.644218

0.717356

0.783327

0.000000

0.099833

0.198670

0.295524

0.389421

0.479419

0.564644

0.644222

0.717356

0.783326
Example 2. Consider linear Fredholm integral equation

u xð Þ ¼ sin xð Þ � xþ xþ 1ð Þ cos 1ð Þ � sin 1ð Þ

þ
Z 1

t¼0

tþ xð Þu tð Þdt;

with exact solutionu xð Þsin xð Þ.
Table 3 shows the comparison of the approximate solution

between presented method and result of Hybrid Orthonormal
Bernstein and Block-Pulse Functions method (OBH) in [18]
with M ¼ 3;N ¼ 2 (the degree of Bernstein polynomials BPs

and order of block pulse function BPFs, respectively).
Table 4 shows the comparison of the absolute error between

exact solution and approximate solution of the block pulse

function (BPFs), Bernstein polynomials (BPs), Hybrid Bern-
stein and Block-Pulse functions method (HBBPFM) [20],
Hybrid Orthonormal Bernstein and Block-Pulse Functions

(OBH) [18] and presented method. With Bernstein polynomials
BPs degree is M ¼ 3 and block pulse function BPFs order is
N ¼ 4. Note that the results of absolute error of the block pulse
function (BPFs) and Bernstein polynomials (BPs) in the above

table are taken from Table 1, page 3, and reference [20].

Example 3. Consider linear Fredholm integral equation

u xð Þ ¼ �2x3 þ 3x2 � x�
Z 1

t¼0

�x2 þ xþ t2 � t
� �

u tð Þdt;

with exact solution u xð Þ ¼ �2x3 þ 3x2 � x.
Absolute Error

Presented method OBH [18] with

M=3,N=2

0.000000

5.216013 �10-8

1.695559�10-7

3.770738�10-6

2.250715�10-6

6.679718�10-6

1.764123�10-6

4.504215�10-6

3.187132�10-7

6.799744�10-7

————————

4.4�10-6

8.4�10-7

2.1�10-6

9.7�10-8

8.8�10-6

9.0�10-6

7.1�10-6

4.5�10-6

9.1�10-6



Table 4 The numerical results for example 2 when M=3,N=4.

X Exact solution Presented Method

M ¼ 3;N ¼ 4

Absolute Error ForM ¼ 3;N ¼ 4

BPFs

N ¼ 4

BPs

M ¼ 3

HBBPFM [20] OBH Method [18] Presented method

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0.000000

0.099833

0.198669

0.295520

0.389418

0.479426

0.564642

0.644218

0.717356

0.783327

0.000000

0.099833

0.198670

0.295520

0.389418

0.479425

0.564643

0.644218

0.717356

0.783325

0.159448

0.0596148

0.0392211

0.118936

0.0250381

0.167325

0.0821085

0.00253325

0.125405

0.0594347

0.000252739

0.0000539886

0.000110834

0.0000398714

0.0000566614

0.000106028

0.0000743689

0.0000243121

0.000119641

0.000076931

2.57612 �10-7

5.73616 �10-8

1.23088 �10-7

3.42659 �10-7

2.06685 �10-7

1.3331 �10-6

3.07359 �10-7

5.58694 �10-7

7.24512 �10-7

4.20127 �10-7

————————

4.7�10-6

5.1�10-7

7.5�10-6

5.3�10-8

3.4�10-6

9.0�10-6

1.4�10-5

1.2�10-5

9.8�10-7

0.000000e+00

2.257289 �107

2.278492�10-7

1.773369�10-8

1.049474�10-7

4.957365�10-7

3.848718�10-7

8.459576�10-10

1.460351�10-7

1.651769�10-6

Table 5 The numerical results for example 3 with M ¼ 3;N ¼ 2.

x Exact solution Presented Method Absolute Error Approximate solution[19] with m=32

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0.000000

-0.072000

-0.096000

-0.084000

-0.048000

0.000000

0.048000

0.084000

0.096000

0.072000

0.000000

-0.072000

-0.096000

-0.084000

-0.048000

0.000000

0.048000

0.084000

0.096000

0.072000

0.000000e+00

1.091394e-14

2.182787e-14

1.637090e-14

1.909939e-14

0.000000e+00

1.909939e-14

1.637090e-14

2.182787e-14

1.091394e-14

-0.014664

-0.075912

-0.095963

-0.084702

-0.052017

0.007797

0.052017

0.084702

0.095963

0.075912

Table 6 The numerical results for example 4 whenM ¼ 3;N ¼ 4.

x Exact solution Presented Method

M ¼ 3;N ¼ 4

Absolute Error

forM ¼ 3;N ¼ 4

BPFs

N ¼ 4

BPs

M ¼ 3

HBBPFM

[20]

Presented method

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.000000

1.105171

1.221403

1.349859

1.491825

1.648721

1.822119

2.013753

2.225541

2.459603

1.000000

1.105139

1.221215

1.349856

1.491594

1.648668

1.822330

2.013844

2.225408

2.459808

0.134438

0.0292675

0.0869644

0.103935

0.0380311

0.216077

0.0426798

0.148954

0.167943

0.0661188

0.000939946

0.000210236

0.000396173

0.000126329

0.000213179

0.00037144

0.000246979

0.0000965353

0.000412916

0.000254268

2.60043 � 10-6

6.00397 � 10-7

1.08124 � 10-6

1.37399 � 10-6

7.99831 � 10-7

4.28735 � 10-6

9.89894 � 10-7

1.78268 � 10-6

2.26538 � 10-6

1.31873 � 10-6

0.000000

1.169911� 10-5

2.411456� 10-7

2.056056� 10-7

1.583865� 10-6

1.528640� 10-6

1.507022� 10-7

1.842955� 10-7

6.407956� 10-7

1.553279� 10-5
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Table 5 shows the comparison of the absolute error
between presented method and Numerical expansion-iterative

block pulse method (with the number of iteration 32) [19]
(see Tables 6 and 7).

Example 4:. Consider linear Fredholm integral equation

u xð Þ ¼ ex � xþ
Z 1

t¼0

txð Þu tð Þdt;

with exact solution u xð Þ ¼ ex.
Example 5. Consider linear Fredholm integral equation

u xð Þ ¼ x� 2

3
þ
Z 1

t¼0

tþ xð Þu tð Þdt;

with exact solution u xð Þ ¼ 2x.

Example 6. Consider linear Fredholm integral equation

u xð Þ ¼ sin xð Þ � x cos 1ð Þ þ 2 sin 1ð Þ � 2ð Þ þ
Z 1

t¼0

xt2
� �

u tð Þdt;



Table 7 The numerical results for example 5 when

M ¼ 3;N ¼ 4.

x Exact solution Presented Method Absolute Error

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0.000000

0.200000

0.400000

0.600000

0.800000

1.000000

1.200000

1.400000

1.600000

1.800000

0.000000

0.200000

0.400000

0.600000

0.800000

1.000000

1.200000

1.400000

1.600000

1.800000

0.000000e+00

6.548362e-14

2.482921e-13

3.246896e-13

1.800800e-13

6.821210e-13

3.110472e-13

3.055902e-13

3.055902e-13

3.492460e-13

Table 9 The numerical results for example 7 when

M ¼ 3;N ¼ 3.

x Exact solution Presented Method

N=3, M= 3

Absolute Error

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.00000

1.10000

1.20000

1.30000

1.40000

1.50000

1.60000

1.70000

1.80000

1.90000

1.00157

1.10111

1.20065

1.30018

1.39972

1.49925

1.59879

1.69832

1.79786

1.89740

1.57500e-03

1.11025e-03

6.45771e-04

1.81784e-04

2.82527e-04

7.47000e-04

1.21128e-03

1.67535e-03

2.13953e-03

2.60375e-03

Table 10 The numerical results for example 8 when M= 1,

N= 2.

x Exact

solution

Presented

Method

N=2, M=1

Absolute

Error

Approximate

solution [34]

with k=32

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.105170918

1.221402758

1.349858808

1.491824698

1.648721271

1.822118800

2.013752707

2.225540928

2.459603111

1.10181

1.22165

1.34293

1.49495

1.62698

1.82900

2.01102

2.22428

2.40752

3.36092e-03

2.47242e-04

6.92881e-03

3.12530e-03

2.17413e-02

6.88120e-03

2.73271e-03

1.26093e-03

5.20831e-02

1.107217811

1.218102916

1.341165462

1.474918603

1.667402633

1.833861053

2.016679830

2.217456630

2.437978177
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with exact solution u xð Þ ¼ sin xð Þ.
Table 8 shows the comparison of the absolute error

between exact solution and approximate solution for k=2,
m=3, among Legendre wavelets (Leg for short), CAS wave-

lets, the second Chebyshev wavelets (Che for short) methods
and presented method for M=3, N=4. Note that the results
of absolute error of among Legendre wavelets (Leg for short),

CAS wavelets, and the second Chebyshev wavelets (Che for
short) methods in the above table are taken from Table 1, page
4, and reference [32].

Example 7. Consider nonlinear Fredholm integral equation

u xð Þ ¼ �5

12
x� 4

3
þ
Z 1

t¼0

xtþ 1ð Þ u tð Þð Þ2dt;

with exact solution u xð Þ ¼ xþ 1.
Table 9 shows the comparison between the exact solution

and the approximate solution for presented method

Example 8. Consider nonlinear Fredholm integral equation
[34].

u xð Þ ¼ exþ1 �
Z 1

t¼0

ex�2t u tð Þð Þ3dt;

with exact solution u xð Þ ¼ ex.
Table 10 shows the exact solution and the comparison of

the approximate solution for presented method and Haar
wavelets method [34]. We can improve the accuracy by increas-
ing M and N.
Table 8 The numerical results for example 6 when M ¼ 3;N ¼ 4.

x Exact solution Presented Method Absolu

Che

0.0

0.2

0.4

0.6

0.8

1.0

0.000000

0.198669

0.389418

0.564642

0.717356

0.841471

0.000000

0.198669

0.389419

0.564643

0.717356

0.841471

0.0012

0.0002

0.0001

0.0001

0.0001

0.0009
7. Conclusion

The integral equations are important for studying and solving
a large proportion of the problems in many topics. In the pre-
sent work, we present a new hybrid function for solving linear
Fredholm integral equation numerically. The new hybrid is

combination Bernstein and improved block-pulse functions.
Illustrative numerical examples are included in order to test
te Error

Leg CAS Presented method

69

35

99

81

60

36

0.001013

0.000280

0.000358

0.000284

0.000219

0.000734

0.123699

0.008219

0.008096

0.008002

0.006031

0.080036

0.000000e+00

1.076863e-07

2.949670e-07

3.688978e-07

1.083650e-07

6.222436e-08
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the accuracy of the proposed method. Moreover we see that
accuracy of solutions in HBIBPFs is more satisfactory than
the methods of BPFs and BPs. Form the obtained numerical

results we can see that the method is very promising to handle
more general nonlinear integral equations which is under
investigation by the authors.
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