Consider a problem of an axially loaded elastic bar as shown in Figure 5.10. Dimensions are in meters.
Solve for the unknown displacement andstresses with afinite element (nel=3. nel=1) mesh consisting of
a single three-node element (ng,=3, ng=1) as shown in Figure 5.11.

E=8Pa
wx=2y=0

-

Tix=6)=0
b=8N/m! =g

Figure 5.10  Geometry, loads and boundary conditions of Example 5.2,
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* Element shape functions for three-node 1D elements

(x —.'r'zl: JHx— .l'.“] N [x —<4)[x— ) _ |
{.TI|I|I_II:|:H-TIi”—.T;I:_'_ 1__,3:”:___” _i{'[_'”{-l_t‘]-

N:“ -

(x - .r;H o= xi' _(r=2){k =6}

M = - = ——{x=2){r = 6),
b {.t':h-.t;‘:]i.t'_.h-.t;‘l:] ‘1]{_21 -l[
I} i
i (x=x"lx=x,") (x=2)lx=4) |
= YR T =(r=2)(r=4),

T T U T
avi o dvi!t m a1

II.I__l____ 1 III~=_L=_ - ||= 1 —— -

B'==l=2(x-5. & T =5d-x. 8 =gl
B == 8) (8= 20) (¢= )]
* Element stiffness
tw fi EJ _5]
KV — K= f BTAM g gy — f-ll (% =2 flvHH}i[[.r = 5) (K =2x) (x=3)]dr

3 i {x—3)

& xfr— 57 Mr— 58— sir—Sr—1

= AHE—=2x){x—5) x(H— o) X8 —2r)fxr—13) | dr.
T | k=3 =5) xix=3)(¥=2x) (e =3)°
1 2 3
| = e x
:l“= 2 IE”‘ 4 P 15”; 6

It can be seen that the integrand is cubic (p = 3). So the pumber of quadrature points required for exact
imtegralion is 2ng, — 1 2 3, e ng = 2 that is, two-point Gauss quadrature is adequate for exact
mtegration of the integrmnd., The Jacobaan is

J=

Wreiting . in terms of £ and transforming to the parent domain, we have

[ ]
f flx)de =2 f J(x{€)) de :J[ W ftate) + Wy ftx(&!]] = 2f(n) +f(x)],  (5.35)
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where

f
Ky = f.n[.r— 53 de = 2(2H453( 28453 — 5) 4 5154751547 — 5)%) = 26.667.

The stilfness marms s given by
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k= RS} =5333 | = | =32 W3} =5/33% ).

sym 4% 533 =513 48

Scanned with CamScanner



* Force vector

ay
fh =1} =fN'Tf:d1+ (NTPY s N (5.36)
o coninibution from the point foree
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Two-point Gavss gquadrature s needed because the Tunction 1s quadratic, so
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Thus,
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Note that the boundary foree matnix vanishes, except for the reaction at node 1. Thus the RIS ol[(5.32)is:

r+ 2. 117
F+r= J0.33
1433
The resulting global system of equations is f
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where we have partitiomed the equarions o frer the fimtrow amd column, The reduced sy stem of eguations

e

Hde = rF = K}’rdE .
e’
1]

K531 —5333][uy] _ [3933 u] _ 21103
=5333 48 [les| T L1433 T lus| T | ese |

Solving the above

1 = =56.005
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* Postprocessing
0
=N+ N+ N, d=dV = [2.1193
2.6534

u(x) = %(.r — 4)(x— 6)(0) +_Tl(.'c —2)(x — 6)(2.1193) -1-%(1'— 2)(x — 4)(2.6534)

= —0.198 15x> + 2.248 55x — 3.7045.

» Stress field

du
dx

o) = EX = g9 (Na(D) = B
dx
| 0
= 3;[(-\’ —5) (8 =2v) (x=3)][2.1193 | = =3.17x + 17.99.

2.6534

* Comparison of the FEM (solid line) and exact (dashed line) solutions

¥
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