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Control for Steer-by-Wire Vehicles via Terminal
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Abstract—In this article, a novel active front steering (AFS) con-
trol strategy including the upper controller and the lower controller
is proposed to improve the yaw stability and maneuverability
for steer-by-wire (SbW) vehicles. The adaptive recursive integral
terminal sliding mode (ARITSM) control is adopted in the upper
controller for guaranteeing the convergence performance of both
the actual sideslip angle and the yaw rate with strong robustness
and fast convergence rate. Then, a fast nonsingular terminal sliding
mode (FNTSM) control with extreme learning machine (ELM)
estimator to estimate its equivalent control is designed in the lower
controller to track the desired front wheel steering angle calculated
from the upper controller for driving the sideslip angle and the yaw
rate to converge ideal value. It is shown that the upper controller
takes two controlled variables (vehicle sideslip angle and yaw rate)
and only one control input (front steering angle) into consideration,
which can obtain a better performance compared with the case of
using only one of these values. Since using the ELM technique in the
lower controller to estimate the equivalent control of the FNTSM,
not only the dependence of SbW system dynamics can be alleviated
in the process of designing controller but also the excellent steering
control performance can be achieved. Comparative simulations are
carried out by utilizing Carsim and Matlab software to validate the
excellent performance of the proposed control strategy for different
steering maneuvers.

Index Terms—Active front steering, electronic stability control,
extreme learning machine (ELM), terminal sliding mode,
steer-by-wire (SbW) vehicles.

I. INTRODUCTION

A LTHOUGH the rapid development of the automotive in-
dustry has brought great convenience to our daily life,

the number of deaths caused by traffic accidents is increasing
every year with the complexity of vehicle driving conditions
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[1]. In order to improve the vehicle safety factor and driving
performance, numerous studies have been conducted for the
vehicle yaw stability control [2]. Electronic stability control
(ESC) is the most effective systems, which includes active
front-steering (AFS) control system, anti-lock braking system
(ABS) and direct yaw-moment control (DYC) system [3].

Although the ESC schemes based on ABS designed in [4]–[7]
can enhance the vehicle stability, there still exists some prob-
lems. For example, ABS-based ESC can only guarantee the
vehicle stability in low-speed scenarios, which may lead to worse
driving feelings and severe driving situation due to the sudden
reduction of vehicle speed caused by the braking force. In [8],
a fuzzy logic DYC control system was proposed to improve the
yaw stability of the all-wheel-drive electric vehicles. An adaptive
neural network sliding mode controller was designed based on
the system uncertainty approximation to obtain superior stability
and tracking performance at different driving conditions [9]. In
order to solve the problems of collision avoidance and stabi-
lization for vehicles in emergency steering situation, a novel
emergency steering control strategy was developed based on
hierarchical control architecture [10].

In recent years, since the yaw stability of vehicles can be guar-
anteed by applying the AFS control system, which has attracted
much attention among researchers. In [11], a robust sliding
mode control (SMC) was designed for four wheel active steering
(4WAS) vehicle. Some researchers and automotive engineers
are devoted to designing the controller integrated with the AFS
and DYC, which exhibits the excellent trade-off between the
control performance and the design complexity. For instance, a
generalized proportional–integral (PI) control law was proposed
to guarantee the vehicle stability through AFS/DYC [12]. In [13],
a new coordination scheme based on optimal guaranteed cost
control technique was proposed by coordinating AFS and DYC
to track the system reference. In [14], a new Takagi-Sugeno
(T-S) fuzzy based SMC strategy was presented for the AFS
system to improve the cornering stability of vehicles. Then,
in [15], a dynamic game theory as a general framework was
proposed to enable the AFS and active rear steering (ARS)
systems to work together for providing more stability for ve-
hicle path tracking control. In [16], a random projection neural
network-based adaptive neural control method was proposed
to further enhance the vehicle yaw stability with AFS system,
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including tracking desired yaw rate, sideslip angle and intended
path.

For the purpose of improving the yaw stability and maneu-
verability of the intelligent vehicle, steer-by-wire (SbW) sys-
tem as a new steering technology has recently attracted many
researches’ attention, and SbW-based AFS control have been
proposed to achieve the control purpose. In [17] and [18], yaw
stability control strategies based on the estimated sideslip angle
by a linear observer and integral terminal sliding mode control
(ITSMC) were designed for SbW-based AFS, but only the yaw
rate was considered in the process of controller design. In order
to make the sideslip angle and the yaw rate converge to their
desired values, an adaptive controller with observer to identity
sideslip angle and cornering stiffness was presented in [19],
which can obtain better control performance than the case that
only considers one of them.

In order to track the desired front wheel steering angle being
the control input of the AFS and the reference signal of the
SbW system, a number of advanced control techniques have
been proposed. In [20] and [21], the conventional proportional–
derivative (PD) control technique and the state feedback control
scheme were proposed to drive the steering angle respectively.
The SMC technique was employed in the SbW system success-
fully with the results that the excellent steering performance
against parameter uncertainties and road condition changes were
achieved in [22]–[25]. However, SbW system parameter and
disturbance information should be required in designing the
equivalent control for the SMC schemes for SbW systems, which
results in the control difficulty of the SbW control system for
practical applications.

Inspired by above researches, in order to further improve the
stability control performance of SbW vehicles via AFS system
against parametric uncertainties and external disturbances, this
paper focuses on the AFS-based ESC for SbW vehicles. The
proposed vehicle stability control scheme consists of two parts:
the upper controller and the lower controller. The upper con-
troller (yaw stability control) adopts adaptive recursive integral
terminal sliding mode (ARITSM) control with a sliding mode
observer (SMO) for estimating the vehicle sideslip angle. It
considers two controlled variables (vehicle sideslip angle and
yaw rate) and only one control input (front steering angle), such
that the sideslip angle and yaw rate can be driven to ideal values.
In order to track the desired front wheel steering angle obtained
from the upper controller, a novel fast nonsingular terminal
sliding mode (FNTSM) control whose equivalent control is
estimated via extreme learning machine (ELM) is developed
as the lower controller for SbW systems. Although the ELM
developed in this paper has a pretty similar structure to the
classical one for pattern classifications whose input weights
and hidden layer biases are randomly assigned [26]–[28], the
output weights of the ELM will be online adjusted via designed
adaptive laws in the sense of Lyapunov from the closed-loop
system global stability point of view.

The main contributions of this paper are given as follows:
(i) The proposed ARITSM-based upper controller of the ESC
system not only guarantees the faster convergence rate and
slighter control chattering than other SMC schemes, but also

Fig. 1. 7DOF vehicle dynamic model.

simultaneously considers the vehicle sideslip angle and yaw rate
as control variables, such that better vehicle yaw stability and
maneuverability can be achieved. (ii) By applying the lower
FNTSM controller, both the strong robustness and excellent
steering tracking of the SbW system can be well guaranteed.
(iii) Due to the utilization of the ELM estimator to well estimate
the equivalent control component of the FNTSM feedback con-
trol law, the design complexity of the lower controller is greatly
simplified and the dependence of the SbW system dynamics on
the lower controller design can be further alleviated, which is
rather preferable for practical SbW applications.

The rest of this paper is organized as follows: In Section II,
the vehicle dynamic model as well as SbW dynamic model are
introduced. In Section III, the SMC-based AFS control strategy
is proposed for the ESC of the SbW vehicles, where the upper and
lower controllers are designed with the detailed stability proof
presented based on Lyapunov theory. In Section IV, simulation
results are carried out via Carsim and Matlab to verify the
excellent performance of the proposed AFS-based ESC system,
in comparison with several existing control strategies. Finally,
Section V draws the conclusion.

II. DYNAMICAL MODELLING

In this section, both the vehicle dynamic model and the
dynamic equation of SbW system are introduced in detail.

A. Vehicle Dynamic Model

In this part, a seven degree of freedom (7DOF) vehicle
dynamic model is presented at first. Then the two degree of
freedom (2DOF) vehicle dynamic model, called bicycle model,
is implemented to simplify the dynamic model of 7DOF vehicle.

The 7 DOF dynamic model is proposed in Fig. 1. This model
includes the motion equations of the longitudinal, lateral, yaw
and four wheels of vehicle [29].

The longitudinal motion equation is modelled as:

max = (Fxfl + Fxfr) cos δf − (Fyfl + Fyfr) sin δf

+ Fxrl + Fxrr + F1 (1)

The lateral motion is presented as:

may = (Fyfl + Fyfr) cos δf + (Fxfl + Fxfr) sin δf + Fyrl
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Fig. 2. 2DOF vehicle dynamic model.

+ Fyrr + F2 (2)

Then the yaw motion can be expressed as:

Iz γ̇ = [(Fxfl + Fxfr) sin δf + (Fyfl + Fyfr) cos δf ] lf

+ [(Fxfr − Fxfl) cos δf + (Fyfl − Fyfr) sin δf ]
d

2

+ (Fxrr − Fxfr)
d

2
− (Fyrl + Fyrr) lr + w (3)

wherem is the total mass of vehicle, Iz is the moment of inertia
around center of gravity (CG),Vx andVy are the longitudinal and
lateral velocities of the vehicle CG, V is the speed of vehicle.
Fxij and Fyij are regarded as the longitudinal and lateral tire
force, i represents front and rear, j represents left and right. d,
lf and lr denote the track width, distance from the front and rear
wheel axis to CG. Additionally, γ, δf , ax, ay are the yaw rate,
front wheel steering angle, longitudinal and lateral acceleration
respectively.F1, F2, andw are the bounded lumped disturbance
including system uncertainties and external disturbance. Please
note that this paper is devoted for the yaw stability control of the
SbW vehicles and thus the lateral motion and the yaw motion
should be focused on.

In general, assuming that the steering angle of front wheel
is small enough, i.e., sin δf ≈ 0, cos δf ≈ 1, we express the
vehicle sideslip angle β which is the angle between the traveling
direction and longitudinal direction, as β = arctan(

Vy

Vx
) [29].

Generally, Vx ≈ V � Vy , thus |β| � 1, cosβ ≈ 1, sinβ ≈ 0.
Therefore, the 7DOF vehicle dynamic model can be simplified as
the 2DOF vehicle dynamic model in Fig. 2, which is convenient
for the subsequent controller and observer designs.

Then, for 2DOF model of vehicle dynamics, Fyfl and Fyrl

are obtained as [17]:

Fyfl = Cf αfl = Fyfr = Cf αfr = Fyf = Cfαf

= Cf

(
−β − lfγ

Vx
+ δf

)
(4)

Fyrl = Cf αrl = Fyrr = Cf αrr = Fyr = Crαr

= Cr

(
−β +

lrγ

Vx

)
(5)

where Cf and Cr are the front and rear tire cornering stiffness.
αij is the sideslip angle of front and rear tire. Assuming the
vehicle speed V is a constant, the lateral acceleration ay can be
given by

ay = Vxγ cosβ + V̇x sinβ + Vxβ̇ cosβ ≈ Vx

(
γ + β̇

)
(6)

Then substituting the equation (4)–(6) into(2) and (3), the
lateral motion and yaw motion can be further expressed as:

mVx

(
γ + β̇

)
= 2

[
Cf

(
−β − lfγ

Vx
+ δf

)]

+ 2

[
Cr

(
−β +

lrγ

Vx

)]
+ F2 (7)

Iz γ̇ = 2Cf lf

(
−β − lfγ

Vx
+ δf

)

− 2Crlr

(
−β +

lrγ

Vx

)
+ w (8)

For the ease of observer and controller design, the equations
(7), (8) are rewritten as:

β̇ = − 2 (Cf + Cr)

mVx
β +

[
2 (Crlr − Cf lf )

mV 2
x

− 1

]
γ

+
2Cf

mVx
δf +

F2

mVx
(9)

γ̇ =
2 (Crlr − Cf lf )

Iz
β +

−2
(
l2fCf + l2rCr

)
IzVx

γ

+
2lfCf

Iz
δf +

w

Iz
(10)

Additionally, substituting the equation(9) into (6) yields:

ay = −2 (Cf+Cr)

m
β+

[
2 (Crlr − Cf lf )

mVx

]
γ +

2Cf

m
δf +

F2

m
(11)

Introducing the variables X = [x1x2]
T = [βγ]T , Y =

[y1 y2]
T = [γ ay], u = δf , the equations (9)-(11) can be rewrit-

ten in a state-space form as:{
Ẋ = AX +Bu+D1

Y = CX + Eu+D2
(12)

where

A =

[ − 2(Cf+Cr)
mVx

2(Crlr−Cf lf )
mV 2

x
− 1

2(Crlr−Cf lf )
Iz

−2(l2
fCf+l2

rCr)
IzVx

]
=

[
a11 a12

a21 a22

]
(13)

B =

[
2Cf

mVx
2lfCf

Iz

]
=

[
b1

b2

]
(14)

C =

[
0 1

Vxa11 Vx (a12 + 1)

]
=

[
c11 c12

c21 c22

]
(15)

E =

[
0

Vxb1

]
=

[
E1

E2

]
(16)

D1 =

[ F2
mVx

w
Iz

]
=

[
d1

d2

]
(17)

D2 =

[
0

F2
m

]
=

[
d3

d4

]
(18)

The corresponding parameters of vehicle dynamics with their
descriptions are shown in Table I.
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TABLE I
PARAMETERS OF VEHICLE DYNAMICS

Fig. 3. SbW system model.

B. SbW System Dynamics

For a vehicle equipped with an SbW system, the front wheel
steering angle δf consisting of the driver’s steering angle com-
mand δfd and the corrected steering angle Δδfd, is actually the
control input of the AFS and the reference signal of the SbW
system expressed as [3]:

δf = δfd +Δδfd (19)

Fig. 3 shows the SbW schematic model with a mechanical
backup, where the clutch is designed to switch the steering
system to the mechanical one for safety purpose when the
SbW system malfunctions. A complete dynamic model of SbW
system is detailedly reported in [22], which is given by

Jeq δ̈ft +Beq δ̇ft + τe + τf = kcτ (20)

where τe and τf are the disturbances of SbW system. τe is
the self-aligning moment generated by the tire cornering forces
during turning, τf is the coulomb friction in the motor assembly

TABLE II
PARAMETERS OF SBW SYSTEM

and the steering system [24]. δft is the actual front wheel steering
angle, and τ is the motor control torque, whilekc is the combined
ratio of the motor gearbox, rack and pinion gearbox. Jeq andBeq

are the total effective inertia and damping of the SBW system
which are defined as:

Jeq = Jfw + k2
cJsm (21)

Beq = Bfw + k2
cBsm (22)

where Jfw and Jsm are the moments of inertia of the front
wheels and the steering motor, while Bfw and Bsm are the
damping of the front wheels and the steering motor, respectively.

The parameters of SbW system with their descriptions are
shown in Table II.

C. Control Objective

The control objective in this paper is to improve the yaw
stability performance of SbW vehicles, such that both yaw rate
and sideslip angle can approach the desired ones with a strong
robustness again parameter uncertainties and disturbances.

Considering the tire/road condition, the desired yaw rate γd
is given by [30]:

γd =

{
γt if |γt| < 0.85μg

Vx
μg
Vx
sign (γt ) if |γt| ≥ 0.85μg

Vx

(23)

where μ is the tire-road friction coefficient and the γt is ex-
pressed as:

γt =
Vx

(1 +KV 2
x ) (lf + lr)

δfd (24)

where δfd is the driver’s steering angle command, K =
m(Crlr−Cf lf )

2(lf+lr)
2CfCr

is the vehicle insufficient steering coefficient.

In this paper, the desired sideslip angle βd is set as smaller
as possible, which can be selected as zero to improve the lateral
stability, i.e., βd = 0.

As shown in (12), in order to achieve an excellent tracking
performance, the front wheel steering angle δf is considered
as the control signal, which is also the reference signal of the
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Fig. 4. Block diagram of the proposed ESC system.

SbW system. Thus, we also need to design a lower controller to
guarantee that the actual front wheel steering angle δft can track
the reference with faster convergence rate and strong robustness
such that the yaw stability of SbW vehicles can be achieved.

III. CONTROL SCHEME DESIGN

A. SMO for Sideslip Angle Estimation

Since the sideslip angle β is hard to measure in practice, it
is necessary to design an observer to identify and estimate its
information. In this paper, we adopt the SMO developed in [31]
to estimate the sideslip angle β.

⎧⎪⎨
⎪⎩

˙̂
β = a11 β̂ + a12γ̂ + b1u+ k1k2sign (γ̃) + k3ãy
˙̂γ = a21 β̂ + a22γ̂ + b2u+ k1sign (γ̃) + k4ãy
ây = c21 β̂ + c22γ̂ + E2u

(25)

where β̂, γ̂ and ây are the estimated variables of β, γ and ay
respectively, ki (i = 1, 2, 3, 4) > 0 are observer gains. Defining
β̃ = β − β̂, γ̃ = γ − γ̂, and ãy = ay − ây , the stability proof of
the SMO can be easily obtained. Please refer to [31] for details.

Remark 1: Although the uncertainties, including external
disturbances, modeling errors and sensor measuring errors,
might affect the observer convergence characteristics leading
to inaccurate estimation, the induced estimation errors will be
inhibited by properly selecting ki to satisfy the stability condi-
tion. In addition, the designed ARITSM control approach for
the upper controller in the next section can also contribute to
the alleviation of the effect of estimation errors for practical
applications.

B. Upper Controller

The yaw stability control for SbW vehicles using ARITSM
technique, as the upper controller, is designed to guarantee
the vehicle stability, which considers two controlled variables
(sideslip angle and yaw rate) and only one control input (front
steering angle). In other words, the upper control object is to
obtain fast and accurate tracking performance of the vehicle
sideslip angle and yaw rate.

Firstly, we define the tracking errors between the actual
sideslip angle β, yaw rate γ and their reference values as:

e1 = β̂ − βd = β̂ (26)

e2 = γ − γd (27)

Combining (26), (27) with (12), the error dynamics can be
given by:

ė1 =
˙̂
β = β̇ − ˙̃

β = a11 β + a12γ + b1δf + d1 − ˙̃
β (28)

ė2 = γ̇ − γ̇d = a21 β + a22γ + b2δf + d2 − γ̇d (29)

To construct the ARITSM controller, we first introduce the
following sliding functionσ,which consider two controlled vari-
ables, given by:

σ = ae1 + e2 (30)

where a > 0 is the weight coefficient reflecting the proportion
of sideslip angle deviation.

Then, a recursive integral terminal sliding function s is defined
as follows [32]:

s = σ + λσI (31)
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σI is given as:

σ̇I = sig(σ)b = |σ|bsign (σ) (32)

where the parameters λ > 0, 0 < b < 1.
Note that if we choose the initial value of integral element σ̇I

as follows, the reaching time will be eliminated.

σI (0) = −λ−1σ (0) = ae1 (0) + e2 (0) (33)

The derivative of the recursive integral terminal sliding func-
tion s is expressed as:

ṡ = σ̇ + λ σ̇I = a
(
a11β + a12γ + b1δf + d1 − ˙̃

β
)
+ a21β

+ a22γ + b2δf + d2 − γ̇d + λ|σ|bsign (σ)

= (a21 + aa11)
(
β̂ + β̃

)
+ (a22 + aa12) γ − γ̇d + λ|σ|b

× sign (σ) + ad1 + d2 − a
˙̃
β + (b2 + ab1) δf (34)

Substituting (33) into (31), it can be obtained that the sliding
variable s(0) = 0. This implies that the control system is en-
forced to start on the sliding surface at the initial time such that
the reaching time is eliminated [33].

Finally, the controller is design as

u = δf =
1

b2 + ab1

[
− (a21 + aa11) β̂ − (a22 + a12a) γ + γ̇d

− λ|σ|bsign (σ)− ρ̂sign (s)

]
(35)

where β̂ is the estimated vehicle sideslip angle from SMO and
ρ̂ is the estimation of the desired switching gain ρ to be updated
by the following adaptive law:

˙̂ρ = η1 |s| (36)

where η1 is the positive constant defined as adaption rate.
Lemma 1: An upper bound always exists for ρ̂, i.e., there

exists a positive number ρ such that ρ̂ ≤ ρ always holds. Proof
of Lemma 1 is shown as follows [32]:

Proof of Lemma 1: Assuming |s| �= 0, we can see from
equation (36)that ρ̂ is increasing and there must exist a time
t0 such that:

ρ̂ (t0) > |D| (37)

If t = t0, the adaptation gain ρ̂ will be large enough to make
the |s| decreasing based on the derivative s in (34). Then ρ̂ will
continue to increase until s = 0 in a finite time Δt. Finally, the
ρ̂ stops increasing in the final value ρ̂(t0 +Δt). That means the
ρ̂ has an upper bound, i.e., ρ̂ ≤ ρ̂(t0 +Δt), thus we can choose
the upper bound as ρ, i.e., ρ̂ ≤ ρ = D̄ .

The Proof of Lemma 1 is completed.
Theorem 1: If the sliding mode surface is designed as (31)

and the closed-loop control law for the upper ESC scheme
is proposed as (35), both two sliding functions s and σ will
converge to zero in a finite time.

Proof: Substituting (35) into (34), it yields:

ṡ = (a21 + aa11) β̃ − a
˙̃
β + ad1 + d2 − ρ̂sign (s)

= D − ρ̂sign (s) (38)

where D denotes all system internal and external uncertainties,
which is expressed as:

D = (a21 + aa11) β̃ − a
˙̃
β + ad1 + d2 (39)

And the desired switching gain ρ is shown as:

ρ = D̄ > |D| (40)

D̄ is an unknown but bounded positive number.
Proof of controller stability: define the adaptive estimation er-

ror ρ̃ = ρ− ρ̂ = D̄ − ρ̂ ≥ 0 and choose the Lyapunov function
V = 1

2 s
2 + 1

2μρ̃
2, where μ is a positive number.

The time derivative of V is given as:

V̇ = sṡ+ μρ̃ ˙̃ρ (41)

Substituting (38) and considering ˙̃ρ = − ˙̂ρ

V̇ = s [D − ρ̂sign (s)]− μρ̃ ˙̂ρ ≤ |D| |s| − ρ̂ |s| − D̄ |s|
+ D̄ |s| − μρ̃ ˙̂ρ

= |D| |s|+ ρ̃ |s| − D̄ |s| − η1μρ̃ |s|
= − (

D̄ − |D|) |s| − (η1μ− 1) |s| ρ̃

= −
√

2
(
D̄ − |D|) |s|√

2
−
√

2
μ
(η1μ− 1) |s|

√
μ

2
ρ̃

≤ − Γ

( |s|√
2
+

√
μ

2
ρ̃

)
≤ −Γ

√
V (42)

whereη1μ > 1 andΓ = min{√2(D̄ − |D|),
√

2
μ (η1μ− 1)|s|}

> 0.
The inequality (42) satisfies the finite time stability criterion

[34]. Consequently, V reaches zero in a finite time tr that is
bounded by:

tr ≤ 2
√
V (0)
Γ

(43)

Furthermore, the sliding variable s will converge to zero in
a finite time, after that it can be verified that σ can converge to
zero as well.

The proof is completed.
Remark 2: Although the variable s and σ will converge to

zero in a finite time, it does not theoretically imply that the
sideslip angle β and yaw rate γ converge to their reference ones
in a finite time. However, by properly tuning the parameter a
in (30), we can ensure the two controlled variables to approach
as much as possible to their desired values in the sliding mode.
The following two facts have been noted: (i) It will be seen
from the simulation results that β and γ are quite closed to
their desired values after s and σ converge to zero. (ii) As has
been shown in previous researches [35], [36] and revealed in
this study, by combining the sideslip angle and yaw rate as the
control objective, better stability performance can be obtained
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when compared with the case of using only one of these values
alone.

Remark 3: Compared to the traditional SMC schemes [31],
[35], [36] whose control objects are also β and γ, the proposed
ARITSM control can not only guarantee the stronger robustness,
but also reduce the reaching time by designing the ARITSM
surface to eliminate the reaching phase. Also, since the integral
element in (32) is a continuous function, the chattering phe-
nomenon can also be decreased further. In addition, by using
the adaptive law (36), the bound of uncertainty information can
be estimated successfully in the sense of Lyapunov, which can
overcome the difficulty of choosing the desired switching gain
for practical applications.

C. Lower Controller

According to the above description, the designed control input
of the upper controller δf can enable the actual sideslip angle
β and yaw rate γ to track the desired ones, such that the vehicle
stability and maneuverability can be well guaranteed. In order to
obtain the ideal δf for SbW vehicles, a robust controller should
be required to guarantee the actual front wheel steering angle of
the SbW system to closely converge to the ideal one, which is
actually the control target of the lower controller.

In this paper, a novel FNTSM control methodology whose
equivalent control is estimated via ELM is proposed as the lower
controller for SbW vehicle to achieve the excellent tracking of
the front wheel steering angle.

1) Basic Theory of ELM: Before proceeding the controller
design, we first introduce the basic theory of extreme learning
machine.

For N arbitrary distinct samples (zj , tj), if an SLFN with Ñ
hidden nodes can approximate these Nsamples with no error, it
can be expressed as:

Ñ∑
i=1

ψiG (wizj + ci) = tj , j = 1, . . . , N. (44)

where zi = [zi1, zi2, . . . , zin]
T ∈ Rn is the input and

ti = [ti1, ti2, . . . , tim]T ∈ Rm is the output, wi =
[wi1, wi2, . . . , win]

T is the input weight vector, ci are input bias
of the hidden nodes, ψi = [ψi1, ψi2, . . . , ψim]T is the output
weight vector connecting the ith hidden node and the output
nodes, and G(·) is the activation function[26].

The equation (44) can be rewritten compactly as:

Hψ = T (45)

where H is called the hidden layer output matrix of
the neural network, ψ = [ψT

1 , . . . , ψ
T
Ñ
]T ∈ RÑ×m, and T =

[tT1 , . . . , t
T
N ]T ∈ RN×m.

H =

⎡
⎢⎣
G (z1,w1, c1) · · · G (z1,wÑ , cÑ )

... · · · ...
G (zN ,w1, c1) · · · G (zN ,wÑ , cÑ )

⎤
⎥⎦ ∈ RN×Ñ

(46)

The ELM algorithm has the following property [26]: Given
any small positive value ε, and infinitely differentiable activation

function G(·), there exists Ñ ≤ N such that for N arbitrary
distinct samples (zi, ti), for any w and c chosen from any
intervals ofRn andR, respectively, according to any continuous
probability distribution, then with probability one:

‖H (z,w, c)ψ − T ‖ = ‖ε (z) ‖ < ε (47)

2) FNTSM Controller Design: Firstly, we define the tracking
error between the actual front wheel steering angle δft and its
reference δf as {

eδ = δft − δf
ėδ = δ̇ft − δ̇f

(48)

Given the system model in (20), we obtain the error dynamics
of the closed-loop SbW system as follows:

ëδ =
1
Jeq

(
−Beq δ̇ft − τe − τf + kcτ

)
− δ̈f (49)

Then the FNTSM surface is designed as [37]:

sl = eδ + l1|ėδ|λ1sign (ėδ) + l2|eδ|λ2sign (eδ) (50)

where l1 > 0, l2 > 0, 1 < λ1 < 2, λ2 > λ1, and λ1 is chosen as
λ1 = q/p with q and p being positive odd numbers.

If all the parameters and uncertainties of the SbW system
dynamic model in (20) can be obtained precisely, the controller
can be designed as follows:

τ = τ ∗eq + τsw (51)

where

τ ∗eq =
Beq

kc
δ̇ft +

τe + τf
kc

+
Jeq
kc
δ̈f − Jeq

kcl1λ1
|ėδ|1−λ1

(1 + l2λ2|eδ|λ2−1)ėδ (52)

τsw = − ϕsign (sl) (53)

where τ ∗eq and τsw are the equivalent and compensation control
of the FNTSMC, ϕ is a positive constant.

However, it is always unavailable to obtain all the accurate
parameters and uncertainties in a real SbW system. It means that
the equivalent control in (52) cannot be well implemented for
practical situation. To solve this problem, this paper proposes
an ELM based-estimator to approximate the ideal equivalent
control in the closed-loop control of the lower controller.

The estimation of the equivalent control τ̂eq is designed as:

τ̂eq =H (z,w, c) ψ̂ (54)

where ψ̂ is updated by the following adaptive law:

˙̂
ψ

T

= −η2l1λ1|ėδ|λ1−1sH (z,w, c) (55)

where the learning rate η2 > 0, and the input vector z =
[eδ ėδ δ̇ft δ̈f ]

T.
Thus, the lower controller (51) becomes:

τ = τ̂eq + τsw (56)

According to the universal approximation theorem of SLFN
in [26], there exists the optimal output weight parameters ψ∗ to
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estimate the equivalent control τ ∗eq .

τ ∗eq =H (z,w, c)ψ∗ + ε (z) (57)

where the estimation error ||ε(z)|| ≤ ε.
Before stability analysis, the error of output weights is defined

as ψ̃ = ψ∗ − ψ̂.
The derivative of sl is expressed as:

ṡl = ėδ + l1λ1|ėδ|λ1−1ëδ + l2λ2|eδ|λ2−1ėδ

= ėδ + l2λ2|eδ|λ2−1ėδ + l1λ1|ėδ|λ1−1

×
[

1
Jeq

(
−Beq δ̇ft − τe − τf + kcτ

)
− δ̈f

]
(58)

Substituting (54), (56) and (57) into (58), it can be obtained
that:

ṡl = ėδ + l2λ2|eδ|λ2−1ėδ + l1λ1|ėδ|λ1−1

×
{

1
Jeq

[−Beq δ̇ft − τe − τf

+
(
kc

(
Hψ̂ − ϕsign (sl)

)]
− δ̈f

}

= ėδ + l2λ2|eδ|λ2−1ėδ + l1λ1|ėδ|λ1−1

×
{

1
Jeq

[−Beq δ̇ft − τe − τf + (kc(Hψ̂ − ϕsign (sl)

+Hψ∗ + ε (z)−Hψ∗ − ε (z))]− δ̈f

}

=
l1λ1|ėδ|λ1−1kc

Jeq

[
−ϕsign (sl) +Hψ̂ −Hψ∗ − ε (z)

]

=
l1λ1|ėδ|λ1−1kc

Jeq

[
−ϕsign (sl)−Hψ̃ − ε (z)

]
(59)

Theorem 2: If the sliding mode surface is chosen as in (50),
and the lower controller is designed as in (56) and the output
weight ψ̂ of the ELM is updated by the adaptive law in (55),
then the closed-loop SbW error dynamics in (49) will reach the
sliding mode surface in a finite time. Thereafter, the steering
tracking error will converge to zero in a finite time along sl = 0.

Proof: Choose the Lyapunov function Vl =
Jeq

2kc
s2
l +

1
2η2
ψ̃

T
ψ̃, where η2 is a positive number.

The time derivative of Vl is given as:

V̇l =
Jeq
kc

slṡl +
1
η2

˙̃ψ
T

ψ̃ (60)

Substituting equation (55) and (59) and considering ˙̃
ψ

T

=

− ˙̂ψ
T

:

V̇l =
Jeq
kc

sl

[
l1λ1|ėδ|λ1−1kc

Jeq

(
−ϕsign (sl)−Hψ̃ − ε (z)

)]

+ l1λ1|ėδ|λ1−1slHψ̃ = l1 λ1|ėδ|λ1−1 [−ϕ |sl| − slε (z)]

≤ l1λ1|ėδ|λ1−1 [−ϕ |sl|+ |ε (z)| |sl|]
≤ − l1λ1|ėδ|λ1−1 |sl| (ϕ− ε) 〈−σ for |sl| �= 0,| ėδ| �= 0

(61)

where ||ε(z)|| ≤ ε, and l1λ1|ėδ|λ1−1|sl|(ϕ− ε) > σ, σ > 0.
Then if ėδ = 0, the error dynamics (49) can be expressed as:

ëδ =
1
Jeq

[−Beq δ̇ft − τe − τf + (kc(Hψ̂ − ϕsign (sl)

+Hψ∗ + ε (z)−Hψ∗ − ε (z))]− δ̈f

=
1
Jeq

[
kc

(
−ϕsign (sl)−Hψ̃ − ε (z)

)]
�= 0 (62)

which means that the ėδ = 0 is not an attractor in the reaching
phase.

It is obvious that the controller (56) can drive the variable sl
to zero in a finite time and will keep it at zero thereafter. Then the
tracking error between actual front wheel steering angle δft and
its reference δf will converge to zero alongside the FNTSM
surface (50) with a faster convergence rate and strong robustness
[38].

Here completes the proof.
Remark 4: Compared with the traditional linear SMC

schemes which only guarantee the tracking error to asymp-
totically converge to zero [23], [24], the proposed FNTSM
control can achieve faster convergence characteristics. Also,
considering that the SbW system dynamics should be known
precisely in the process of designing the equivalent control of the
traditional sliding mode control, a novel estimator via the ELM
is proposed in this paper to adaptively estimate the equivalent
control such that the dependence of system dynamics can be
nicely alleviated, which significantly facilitates the sliding mode
control for practical applications.

Remark 5: It is noted that the implementation of the ELM is
serving as the equivalent control estimator, whose output weight
ψ is updated by the adaptive law (55) in Lyapunov sense from the
perspective of global stability of the closed loop system, which is
different from the conventional ELM whoseψ is offline updated
by the least-square method with batch training data. However,
the input weights and hidden layer biases of the proposed ELM
can still be randomly assigned like the original ELM, which
remains the advantages of ELM technique.

Remark 6: Both the upper controller in (35) and the lower
controller in (56) contain the signum function, which can cause
the control chattering. In this paper, the saturation function is
used to replace the signum function to alleviate the chattering
phenomenon, which is expressed as:

sat (s) =

{ s
ξ for |s| < ξ

sign (s) for |s| ≥ ξ
(63)

where ξ > 0 is a boundary layer constant to be properly tuned,
such that a tradeoff between the control smoothness and the
tracking precision should be taken.

Remark 7: It is noted that the control parameters of both
the upper controller in (35) and the lower controller in (56)
should be selected properly to obtain the best stability control
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performance. The corresponding parameter selection criteria
are shown below in detail. 1) For the upper controller, the
weight coefficient a reflects the proportion of the sideslip angle
deviation. If the vehicle experiences a large tire-road friction
coefficient μ, smaller value of a is required to decrease the
effect of sideslip angle. 2) The larger value of λ and smaller
value of b, the faster σ convergence rate, but overlarge values
would bring large control amplitude. 3) The adaption rate η1

should be normally chosen large enough to enhance the update
rate of ρ̂ have a fast update rate, but a reasonable range should be
taken into consideration for maintaining the close-loop stability.
4) For the lower controller, ϕ should be chosen large enough to
resist large uncertain disturbances, but too large value will cause
the overlarge control amplitude. 5) For λ1, λ2, l1 and l2, larger
values would enhance the convergence rate, but too large values
may affect the closed-loop stability. 6) Large learning rate η2 can
guarantee fast learning speed but may cause overshoot or even
instability of the closed-loop output weight ψ̂, thus it should be
selected properly to balance the relationship between the learn-
ing speed and closed-loop system stability. 7) Theoretically, the
bigger Ñ , the more excellent estimation accuracy, but overlarge
value may increase computation burden which slows down the
estimation speed in the real-time control system.

Remark 8: The superiorities of all the components in the
control scheme are detailed described as follows: (i) Due to the
introduction of an integral element in the proposed ARITSM,
not only can the reaching time be reduced, but also the chat-
tering phenomenon can be decreased further. (ii) The bound of
uncertainty information in the upper controller can be estimated
successfully in the sense of Lyapunov by using the adaptive
law which relaxes prior knowledge of the system uncertainty
required for conventional sliding mode controller design. (iii) As
for the lower controller, the proposed FNTSM control achieves
faster convergence characteristics compared with the traditional
linear SMC schemes. Besides, a novel estimator via the ELM
is proposed to adaptively estimate the equivalent control com-
ponent such that the dependence of system dynamics can be
nicely alleviated. All the above features of the proposed control
reveal the better stability performance of the SbW vehicles, with
respective to error convergence rate, robustness towards uncer-
tainty and easy implementation compared with other control
methods.

The block diagram of the proposed ESC system is detailed
depicted in Fig. 4 and the corresponding stability control per-
formance of SbW vehicles will be fully verified by simulation
studies in the subsequent section.

IV. SIMULATION RESULTS AND ANALYSES

In order to verify the excellent performance of the proposed
control scheme, a series of simulations are carried out by utiliz-
ing Carsim and Matlab software and the detailed result analyses
are shown in this section. For evaluating the stability control
performance, the traditional sliding mode control methods con-
sidering two controlled variables and only one control input
variable, are also given for the upper controller of the yaw
stability control scheme.

TABLE III
KEY PARAMETERS OF VEHICLE MODEL IN CARSIM

TABLE IV
CONTROLLER PARAMETERS

The first traditional sliding mode controller (SMC1) consid-
ering two controller variables is designed as:

u1 =
1

(a1b1 + b2)

[
− (a1a11 + a21) β̂ − (a1a12 + a22) γ

+ γ̇d − ρ1sign (s1)
]

(64)

where a1 > 0 is the weight coefficient, ρ1 > 0 and the sliding
mode surface s1 is designed as:

s1 = a1 β̂ + (γ − γd) (65)

The second sliding mode controller (SMC2) which only con-
siders the yaw rate is designed as:

u2 =
1
b2

[
a21β̂ − a22γ + γ̇d − ς (γ̇ − γ̇d)− ρ2sign (s2)

]
(66)

where the sliding mode surface s2 is designed as:

s2 = (γ̇ − γ̇d) + ς (γ − γd) (67)

where ς > 0 and ρ2 > 0.
The key parameters of the vehicle model in Carsim and all

the controller parameters are listed in Table III and Table IV,
respectively.
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Fig. 5. Hand-wheel angle and disturbance input. (a) J-turn maneuver.
(b) Double-lane change maneuver. (c) Sidewind disturbance.

According to the typical driving behaviors, two practical
hand-wheel inputs are considered which are shown in Fig. 5 (a)
and (b). The first maneuver is J-turn maneuver and the other
is double-lane change maneuver. In order to test the control
robustness, a side wind disturbance is considered in the J-turn
and double-lane change maneuvers as shown in Fig. 5(c).

A. J-Turn Maneuver With/Without Side Wind Disturbance

Under J-turn maneuver without considering the effect of side
wind disturbance, the simulation results are shown in Fig. 6 by
applying the proposed controller (35), and the two comparative
controllers (64) and (66).

It is obvious that the control performance of the proposed
control strategy is superior to other two controllers, since not
only is the actual yaw rate closest to its desired value, but also the
smallest sideslip angle is achieved, as clearly shown in Fig. 6(a),
(b) and (c). We can also observe that the proposed control obtains
nearly zero tracking error of the yaw rate and the maximum yaw
rate error (MYRE), i.e., max (|e2|), is 0.131 deg/s, while the
SMC2 exhibits the worst yaw tracking performance with the
MYRE value of 1.52 deg/s. followed by the SMC1 with MYRE
value of 0.517 deg/s. As shown in Fig. 6 (d), the proposed control
obtains best trajectory tracking performance for J-turn maneuver

Fig. 6. Control performance of all controllers in J-turn maneuver without side
wind disturbance. (a) The response curves of yaw rate. (b) The yaw rate tracking
error. (c) The response curves of sideslip angle. (d) The vehicle trajectory.

while other two controllers perform a large trajectory deviation
due to the large yaw rate error and sideslip angle. In addition,
by comparing the simulation results of SMC1 and SMC2, it
can also be found that a better performance can be obtained via
combining sideslip angle and yaw rate as the control objective
as compared with the case of using only one of these values.

Then, the side wind disturbance is added to compare the
robustness of the proposed control with other two SMC methods.
Fig. 7 shows the simulation results under different controllers
with the side wind disturbance. It is shown that similar control
performance is obtained for the proposed controller compared
with that without disturbance shown in Fig. 6, but other two
controllers have much worse performance especially SMC2. By
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Fig. 7. Control performance of all controllers in J-turn maneuver with side
wind disturbance. (a) The response curves of yaw rate. (b) The yaw rate tracking
error. (c) The response curves of sideslip angle. (d) The vehicle trajectory.

comparing Fig. 6 (a), (b) (d) with Fig. 7 (a) (b) (d), the proposed
controller still exhibits the best robustness and excellence among
all the controllers in tracking the desired yaw rate and obtaining
the ideal trajectory. Although Fig. 6 (c) and Fig. 7(c) demonstrate
that the vehicle sideslip angle is a bit larger compared with the
one without disturbance for three controllers, the value is also
small enough to guarantee the vehicle yaw stability.

B. Double-Lane Change Maneuver With/Without Side Wind
Disturbance

Fig. 8 displays the simulation results of double-lane change
maneuver without sidewind disturbance under different control

Fig. 8. Control performance of all controllers in double-lane change maneuver
without side wind disturbance. (a) The response curves of yaw rate. (b) The yaw
rate tracking error. (c) The response curves of sideslip angle. (d) The vehicle
trajectory.

methods. It is noted from Fig. 8 (a) and (b) that the ARITSM
control exhibits the best tracking performance and smallest
MYRE value of only 0.109 deg/s. Comparatively, the SMC1
behaves with a better tracking performance than the SMC2, with
their MYRE values of 0.812 deg/s and 1.324 deg/s, respectively.
In addition, Fig. 8 (c) shows that the sideslip angles are in the
range of -0.5 deg to 0.5 deg under all control strategies, which
is small enough to enable the driver to obtain better driving
experience. It can be observed from Fig. 8(d) that, the proposed
control is capable of driving the vehicle to closely track the
desired trajectory and travel along the specified path.
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Fig. 9. Control performance of all controllers in double-lane change maneuver
with side wind disturbance. (a) The response curves of yaw rate. (b) The yaw
rate tracking error. (c) The response curves of sideslip angle. (d) The vehicle
trajectory.

Further, simulation results with the same double-lane change
maneuver under sidewind disturbance are shown in Fig. 9. It is
seen that although the sideslip angles with all controllers have
the similar range of values, the proposed control can ensure
the yaw rate to well track the desired value, regardless of
the effect of the side wind disturbance. As clearly seen from
Fig. 9 (a) and (b), the vehicle with the SMC2 cannot track
the desired yaw rate accurately to guarantee the vehicle yaw
stability. In addition, the best vehicle trajectory is also nicely
obtained by using the proposed control, as clearly demonstrated
in Fig. 9(d).

Fig. 10. Steering angle tracking performance.

TABLE V
PERFORMANCE EVALUATION UNDER DIFFERENT RANDOM INTERVALS OF

PARAMETERS

In addition, we further present the steering tracking perfor-
mance of the proposed lower controller under the double-lane
change maneuver as shown in Fig. 10, which verifies that the pro-
posed lower controller obtains excellent steering performance.
It is seen from Fig. 10 (a) that the steering operation of the
driver is corrected by using the upper controller to improve
the yaw stability and maneuverability. Since the desired front
wheel steering angle of the lower controller is generated from
the upper controller, the tracking performance of the lower
controller can also affect the yaw control performance. Thus,
the lower controller also plays an important role in the stability
control system. It is clearly seen from Fig. 10 (b) that, the pro-
posed FNTSM-based lower controller can obtain high precision
steering performance with the steering tracking error of only
0.05 deg, such that the demand of stability control performance
of the SbW vehicle can be well satisfied.

In order to show the sensitivity of the proposed ELM estimator
in the proposed control scheme, different random input intervals
are applied to double-lane change maneuver. Performance eval-
uation under different random intervals of parameters is listed
in Table V. It is clearly observed that similar results are obtained
for different random input intervals, and thus the proposed
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controller will not be affected by the arbitrary input weights
and the hidden layer biases.

V. CONCLUSION

In this paper, a novel AFS-based ESC strategy including the
ARITSM controller (upper controller) and the FNTSM con-
troller based on the ELM estimator (lower controller) has been
proposed for SbW vehicles to improve the yaw stability and
maneuverability. By using the terminal sliding mode technique
in both upper and lower controllers, the proposed control not
only ensures the yaw rate and the sideslip angle track their
desired values, but also assist the vehicle to obtain the best trajec-
tory tracking performance regardless of the external side wind
disturbance. Furthermore, since the equivalent control of the
lower FNTSM controller has been estimated by the developed
ELM estimator, the dependence of the SbW system dynamics on
the lower controller can be alleviated, which nicely guarantee the
excellent tracking performance of the front steering angle for the
SbW vehicle. The simulation results via Carsim and Matlab have
successfully shown the superiority of the proposed control under
practical steering maneuvers and sidewind disturbance. The
future work on designing a sliding mode-based vehicle stability
control scheme for SbW vehicles with prescribed performance
by considering the rollover prevention and input saturation are
under the authors’ investigation.
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