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Abstract: Protection against lightning-induced voltages is a particularly critical issue, especially for

smart grids, due to the presence of electronic-based equipment, as well as control and monitoring

devices. Analysis of the severity of the induced voltages is then imperative; on the other hand,

the random nature of the lightning phenomenon cannot be disregarded. In this paper, the severity

of lightning-induced voltage is analyzed by means of a probabilistic approach which, starting from

closed-form solutions, uses a Monte Carlo procedure. Parametric distributions that best fit the

distributions of the induced voltages are investigated as well. The results show that the lognormal

and the generalized extreme value distributions are the best candidates.
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1. Introduction

Smart grids require a high level of surge protection, especially because of the presence of

electronic-based equipment, as well as control and monitoring devices. Protection of renewable energy

generation systems against lightning is also an emerging issue to be addressed [1–4]. To this aim,

a critical issue is the analysis of the severity of the induced voltages generated by the lightning.

As the lightning phenomenon is stochastic, a statistical analysis of the induced voltage parameters

is fundamental. Statistical analyses of the lightning current parameters have been proposed in the

relevant literature with reference to peak values and to the parameters of waveshapes, such as the time

intervals between 10% and 90% (or 30% and 90%) of peak value, the corresponding front duration,

the average and maximum front steepness, and the maximum rate of rise in the front wave [5–9].

More specifically, the technical literature has proposed parametric probabilistic distributions for the

statistical characterization of the aforementioned lightning parameters, which were also adopted

in the IEEE Std. 1410 [10]. In the IEEE Std. 1410, a statistical procedure is proposed to infer

the lightning performance in terms of the flashover rate, which is the expected number of annual

insulation flashovers per 100 km per year occurring on the distribution line. In the IEEE Std. 1410 [10],

the flashover rate is evaluated based on the Rusck formula [11]. This formula allows the evaluation of

the peak values of the lightning-induced voltage only for the case of the lightning current modeled

as a step-function current. In order to face more realistic current waveshapes, numerical models that

make use of Monte Carlo techniques have been proposed [4]. They require many iterations to provide

accurate results; hence, these tools are not easy to manage due to the required computational burden.

Numerical methods, able to reduce the required computational effort related to the use of the Monte

Carlo technique, have been recently proposed [12]. On the other hand, efforts have been made to

propose accurate analytical solutions able to reproduce more accurate current waveshapes [13–15],

thus overcoming the problems related to the computation effort.
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Aim of this paper is the statistical characterization of the lightning-induced voltages on

distribution lines. To this aim, peak values of the induced voltages are evaluated by means of

analytical solutions and, specifically, by means of the Andreotti et al. exact solutions (AESs) [13–15].

The solutions refer to a horizontal conductor, placed over an infinite-conductivity ground, excited by an

external field produced by either a step-function or a linearly-rising current, moving unattenuated and

undistorted along a vertical lightning channel (Figure 1). The main contribution of this paper is the use

of analytical formulations (more specifically, the exact ones [13–15]) for the statistical characterization

of the peak-induced voltages, whose inputs were typical parameters of the lightning current. A further

contribution is the identification of parametric distributions able to describe the statistical behavior

of the induced voltage. Values of the parameters of such distributions are provided, which can be

used as reference for future statistical evaluations. Thanks to the analytical formulations, a further

contribution is given to statistically characterize the induced voltages in the presence of a mitigation

procedure (use of an overhead ground wire) [16–18].

The paper is organized as follows. The AESs are briefly reviewed in Section 2. Section 3 describes

the method used for the statistical analysis. Section 4 reports the results of the numerical applications.

Conclusions are drawn in Section 5.
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2. Lightning-Induced Voltage: AESs

In this section, AESs are briefly reviewed. The step-function current case is analyzed in Section 2.1,

and the linearly-rising current case is discussed in Section 2.2.

2.1. Step-Funcion Current

In the case of the step-function current (Figure 2a), the exact analytical solution was derived

in [13,15]. With reference to the geometry of Figure 1, for x = 0, namely the point closest to the lightning

channel, the solution reads as follows:

v(0, t) = ζ0
4π I[v1(h)− v1(−h)], (1)

with

v1(h) = −ln

[

−β(βct − h) +
√

(βct − h)2 + d2/γ2

]

− βln

[

(βct − h) +
√

(βct − h)2 + d2/γ2

]

.

where ζ0 is the free space characteristic impedance, I is the peak value of the return stroke current

(Figure 2a), β is the ratio between the return stroke speed and light speed (c), t is the time, h is the

line height, d is the line to stroke distance, and γ = 1/
√

1 − β2. Equation (1) is valid for t > t0,

where t0 =
√

d2 + h2/c, with the symbols’ meaning inferable by Figure 1. In Figure 3a, an example
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of induced voltage due to the step-function current at x = 0 (h = 10 m, d = 50 m, I = 10 kA, β = 0.4)

is shown.Appl. Sci. 2018, 8, x FOR PEER REVIEW  3 of 15 
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Figure 2. Models adopted for the lightning current: step-function (a); linearly-rising (b).
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Figure 3. Induced voltage at x = 0 (h = 10 m, d = 50 m, I = 10 kA, β = 0.4) due to: step-function current

(a); linearly-rising current (b), with t f = 0.5 µs.

2.2. Linearly-Rising Current

In the case of the linearly-rising current, the adopted model can be seen in Figure 2b. The exact

analytical solution for this case was derived in [14]. With reference to the geometry of Figure 1,

for x = 0, the solution reads as follows:

v(0, t) = ζ0
4π

α
c [v1(t, h)− v1(t0, h)− v1(t,−h) + v1(t0,−h)], (2)

with
v1(t, h) =

−
{

(βct − h)

{

ln

(

βct − h +
√

(βct − h)2 + d2/γ2

)

+ 1
β

[

ln

(

−β(βct − h) +
√

(βct − h)2 + d2/γ2

)

− 1

]}

+ d
β

[

atan
(

βct−h
d

)

− atan

(

βd
√

(βct−h)2+d2/γ2

)]

−
√

(βct − h)2 + d2/γ2

}
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In (2), α is the current rate-of-rise for the linearly-rising current waveform (α = I/t f ). In Figure 3b,

an example of induced voltage due to a linearly-rising current at x = 0 (h = 10 m, d = 50 m, I = 10 kA,

t f = 0.5 µs, β = 0.4) is shown.

2.3. Finite Conductivity Ground Effects and Countermeasures to Mitigate the Induced Overvoltages

Darverniza [19] presented an empirical formula for the calculation of the peak values of the

induced voltages at x = 0, which was derived from experimental data, theoretical considerations,

and values obtained from computational simulations. Darveniza’s formula can be an extension of

Equations (1) and (2), but in this case the actual height of the line is replaced by an “effective” value

that accounts for the ground conductivity. This effective height is given by

he f f = h + 0.15
√

ρ , (3)

where ρ is the ground resistivity.

In Figure 4, as an example, the effects of the ground conductivity on the induced voltage are

shown. The waveforms have been obtained by using (3) in (1) and (2).
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Figure 4. Induced voltage evaluated at x = 0 in the presence of a lossy ground (h = 10 m, d = 50 m,

I = 10 kA, β = 0.4) due to: step-function current (a); linearly-rising current (b), with t f = 0.5 µs.

As for the main countermeasures to mitigate the induced overvoltage, they are as follows:

(i) improvement of the critical flashover voltage (CFO) of the line; (ii) use of surge arresters; and (iii)

use of ground wire(s). We will focus our attention on the last one. The presence of ground wire(s)

allows us to reduce the induced voltage on the phase conductor(s) [11,16,20]. For the case of a line

equipped with a ground wire, which is earthed at only one point, the general formulation for the

induced voltage evaluated at the grounding connection is [17,18]

v′a = va − Zba
Zbb+2Rb

·vb, (4)

where b denotes the ground wire, v′a the voltage induced on the considered conductor, va the voltage

that would be induced in the same conductor by removing the ground wire(s), vb the voltage induced

in the ground wire, Rb is the grounding resistance, Zba is the mutual surge impedance of ground wire b

and the phase conductor a, and Zbb is the self-surge impedance of the overhead ground wire b (see [11]

for more details).

The extension to the case of multiple earthing (e.g., earthing at every pole) can be obtained by

selecting a lower effective earth resistance and verifying that the front time of the induced voltages is

much longer than the distances between the poles [11].
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In Figure 5, the effect of a 16 mm2 ground wire placed 1 m above the line conductor (i.e., at a

height of 11 m) and earthed only at x = 0 is shown for different values of the grounding resistance.
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Figure 5. Effect of the ground wire on the induced voltage evaluated at x = 0 (line height ha = 10 m,

ground wire height hb = 11 m, d = 50 m, I = 10 kA, β = 0.4) due to: step-function current (a);

linearly-rising current (b), with t f = 0.5 µs.

3. Statistical Characterization of the Lightning Parameters

The lightning performance of distribution lines has to be assessed taking into account the statistical

variations of lightning parameters. In this paper, the statistical characterization of the peak values

of the induced voltage (Vpeak) is proposed assuming the following current parameters as random

variables, which are considered as independent statistical parameters:

– the current peak I and the distance d in the case of the step-function current, and

– the above two variables along with front time t f , which is provided in terms of T-10

(t f = T-10/0.8) [10], in the case of the linearly-rising current.

In the relevant literature, approximations by typical probability distributions are proposed to

describe the statistical behavior of the lightning parameters. More in detail, I is assumed to have a

lognormal (LN) distribution. An LN distribution is assumed for parameter T-10 [8] as well; d can

be assumed to be uniformly distributed. The parametric distributions used for the input current

parameters, along with their density functions, and the values of the corresponding parameters [8] are

reported in Table 1.

Table 1. Statistical variations of the lightning first stroke parameters.

Variable Distribution Density Functions Parameters Parameter’s Values

d Uniform y = 1
p2−p1

x ∈ [p1, p2]
p1 lower endpoint (minimum)
p2 upper endpoint (maximum)

p1 = 50
p2 = 500

I Lognormal y = 1
xσ

√
2π

e
−ln(x−µ))2

2σ2

mean m and variance υ

m = eµ+ σ2

2

υ = e(2µ+σ2)e(σ
2−1)

with µ and σ the mean and standard
deviation, of the associated normal

distribution.

µ = 3.44
σ = 0.48

T-10 Lognormal y = 1
xσ

√
2π

e
−ln(x−µ))2

2σ2

mean m and variance υ

m = eµ+ σ2

2

υ = e(2µ+σ2)e(σ
2−1)

with µ and σ the mean and standard
deviation of the associated normal

distribution.

µ = 1.5
σ = 0.58
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For the probabilistic characterization of Vpeak, (1) and (2) are evaluated within a Monte Carlo

iterative procedure, whose inputs are extractions of the aforementioned random variables from their

parametric distributions and whose outputs are the values of Vpeak obtained by iteratively applying

(1) and (2). Thus, the Monte Carlo procedure allows obtaining a distribution of values of Vpeak.

The distributions of Vpeak data, obtained by the iterative procedure, are then analyzed and fitted with

parametric distributions. To evaluate the goodness of fit, two methods have been used, namely the log

likelihood [21] and the determination coefficient [22]. The results obtained by the application of the

procedure are reported in Section 4.

As an example of inputs of the Monte Carlo procedure, Figures 6 and 7 show the probabilistic

density functions (pdfs) of the distributions used for the peak current and the T-10, whose parameters’

values are presented in Table 1.
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4. Numerical Applications

In this section, a statistical analysis is proposed, aimed at evaluating the statistical behavior of the

induced voltage peak values, with specific reference to first strokes. In what follows, the results of the

analysis are reported with reference to both AESs discussed in Section 2. The Monte Carlo procedure

was carried out with 10,000 iterations.

4.1. Step-Function Current

The statistical analysis was carried out with reference to several values of β ranging from 0.2

to 0.4. In Figure 8, the distributions of Vpeak, corresponding to five different values of β are shown.

Note that a few occurrences of the extracted data of Vpeak take on values higher than 300 kV that are

not shown in the figure.

It is apparent in Figure 8 that the variation of β has a weak influence on the statistical behaviour

of the induced voltages. For this reason, in what follows, the results of the statistical characterization

of the induced voltages are reported with reference to β = 0.3. The following fitting analysis led to two

distributions that, among those analyzed, seem the best fit: the LN distribution and the generalized

extreme value (GEV).
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Figure 8. Distributions of Vpeak corresponding to different values of β (step function model).

The LN distribution’s pdfs and their parameters have been already presented in Table 1. As to the

GEV, it is a three-parameter distribution (location parameter µ, scale parameter σ, and shape parameter

k 6= 0) whose pdf is as follows:

y = f (x|k, µ, σ) = 1
σ e(−(1+k

x−µ
σ )

− 1
k )
(

1 + k
x−µ

σ

)−1− 1
k
. (5)

The results of the fitting are summarized in Table 2, where the parameters’ estimates, along with

the result of the two methods used for evaluating the goodness of fit, are reported. Figure 9 shows the

pdfs of the selected distributions as fitting functions, along with the distribution of the extracted data.

Figure 10 shows the corresponding cumulative density functions (cdfs).
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Table 2. Results of Fitting.

Fitting Distribution

Generalized Extreme Value

Log Likelihood Det. Coeff. k σ µ

−119,149 0.9989 0.4865 23,409.2 35,382.7

Fitting Distribution

Lognormal

Log Likelihood Det. Coeff. σ 1 µ 1

−119,223 0.9940 - 0.7579 10.7806

1 µ and σ are the mean and variance of the associated normal distribution, respectively.
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Figure 10. Cumulative density functions (cdfs) related to the distribution of the extracted values of

Vpeak and of the selected fitting parametric distributions (step function model, β = 0.3).
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The analysis of the results reveals that both distributions seem to be suitable as reference

parametric distributions for characterizing the lightning-induced voltage peak values; although,

the LN underestimates the distribution’s peak value. The log likelihood analysis gave similar values

for the two distributions, and the determination coefficient is very close to 1 in both cases.

4.2. Linearly-Rising Current

By adopting the linearly-rising current model, the statistical analysis was carried out by

introducing a further random variable, namely the rising time T-10. In this case, the LN distribution

parameters reported in [8] were used, namely median 4.5 and σlog = 0.25 (expressed in terms of the

base 10).

The distribution of Vpeak is shown in Figure 11 for each value of β.
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Figure 11. Distributions of Vpeak corresponding to different values of β (linearly-rising current model).

Figure 11 clearly shows that the results are similar to those obtained in the case of the step-function

model. In this case too, the statistical characterization was carried out for β = 0.3. Among the

analyzed parametric distributions, it appeared that the two distributions that seemed to best fit the

data distributions were, again, the GEV and the LN. For each of them, the log likelihood and the

determination coefficient were evaluated. The resulting values, along with the parameters’ estimates

corresponding to the two distributions, are reported in Table 3. Figure 12 shows the pdfs of the

parametric distributions selected as fitting functions along with the distribution of the extracted values.

Figure 13 shows the corresponding cdfs.

The analysis highlights that goodness of fit in the linearly-rising current case is even better

than that of the step-function. This can be observed in both the values of the log likelihood and

determination coefficient reported in Table 3.

Figures 12 and 13 also show a good fitting. Particularly, this is confirmed in Figure 13, where the

cdfs of the parametric distributions practically overlap those obtained by the Monte Carlo procedure.
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Table 3. Results of Fitting.

Fitting Distribution

Generalized Extreme Value

Log Likelihood Det. Coeff. k σ µ

−115,898 0.9990 0.340768 18348 30962.5

Fitting Distribution

Lognormal

Log Likelihood Det. Coeff. σ 1 µ 1

−115,897 0.9984 0.660467 10.5856

1 µ and σ are the mean and variance of the associated normal distribution, respectively.
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4.3. Comparison with Experimental Data

The proposed procedure was applied to a power line for which experimental overvoltage data

are reported in [23], where the results referring to some lightning events are reported in terms of peak

values of the induced overvoltages. Despite the limited number of events registered in [23], as well as

the lack of details regarding some input data (such as line-to-stroke distance), a qualitative comparison

between the reported experimental data and the results of the proposed procedure applied to this

power line was attempted in this section. Figure 14 shows the distribution of the experimental induced

voltages reported in [23] (Figure 14a) and of those that resulted from the application of the proposed

procedure (Figure 14b).

The experimental line is identical to the Standard Tampa Electric Company single-phase

distribution line [23]. In the proposed application, the phase conductor’s height is assumed to be 10 m,

whereas the neutral conductor’s height is 9 m with ground resistance of 20 Ω. Both conductors are

assumed to have a cross-section of 16 mm2.
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Both Figure 14a,b refer to first-stroke events. Note that Figure 14a refers to the number of events

collected in the experimental test reported in [23]; Figure 14b refers to the 10,000 samples of the Monte

Carlo procedure. By the comparison of the figures, it appears that the distribution of theoretical

induced voltages reproduces the experimental data reasonably well.

4.4. Effect of the Countermeasures to Mitigate the Induced Overvoltages

Further simulations were performed by introducing an overhead ground wire as a countermeasure

to mitigate the induced overvoltages. The ground wire’s height is 11 m and grounding resistance

is 20 Ω. Again, the statistical characterization was carried out for β = 0.3 and by using both the

step-function current model 1 and the linearly-rising current model 2. In both cases, the presence of

the ground wire has been taken into account through Equation (4).

Figure 15 shows the distribution of the extracted values of Vpeak and selected fitting parametric

pdfs in the case of the step-function current model. The resulting values, along with the parameters’

estimates corresponding to the two distributions, are reported in Table 4.

Figure 16 shows the distribution of the extracted values of Vpeak and selected fitting parametric

pdfs in the case of the linearly-rising current model. Table 5 reports the resulting values, along with

the parameters’ estimates corresponding to the two distributions.
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Figure 15. Distribution of the extracted values of Vpeak and selected fitting parametric pdfs (step current

model, β = 0.3).

Table 4. Results of Fitting.

Fitting Distribution

Generalized Extreme Value

Log Likelihood Det. Coeff. k σ µ

−114,827 0.9993 0.489427 15,166.9 23,092.8

Fitting Distribution

Lognormal

Log Likelihood Det. Coeff. σ 1 µ 1

−114,941 0.9945 0.756103 10.3548

1 µ and σ are the mean and variance of the associated normal distribution, respectively.

Appl. Sci. 2018, 8, x FOR PEER REVIEW  12 of 15 

 
Figure 15. Distribution of the extracted values of 𝑉  and selected fitting parametric pdfs (step 
current model, 𝛽 = 0.3). 

Table 4. Results of Fitting. 

Fitting Distribution  
Generalized Extreme Value 

Log Likelihood Det. Coeff. k 𝝈 𝝁 
−114827 0.9993 0.489427 15166.9 23092.8 

Fitting Distribution  
Lognormal 

Log Likelihood Det. Coeff.  𝝈 1 𝝁 1 

−114941 0.9945  0.756103 10.3548 
1 𝜇 and 𝜎 are the mean and variance of the associated normal distribution, respectively. 

 
Figure 16. Distribution of the extracted values of 𝑉 and selected fitting parametric pdfs (linearly-
rising current model, 𝛽 = 0.3). 

  

pd
f

pd
f

Figure 16. Distribution of the extracted values of Vpeak and selected fitting parametric pdfs

(linearly-rising current model, β = 0.3).



Appl. Sci. 2018, 8, 651 13 of 15

Table 5. Results of Fitting.

Fitting Distribution

Generalized Extreme Value

Log Likelihood Det. Coeff. k σ µ

−111,639 0.9992 0.339906 11,990.6 20,166.9

Fitting Distribution

Lognormal

Log Likelihood Det. Coeff. σ 1 µ 1

−111,631 0.9986 0.662053 10.1567

1 µ and σ are the mean and variance of the associated normal distribution, respectively.

In this case too, the selected fitting distributions seem to reproduce the data distribution

reasonably well. The effect of the countermeasure is apparent in terms of the mitigation of the

induced overvoltages.

4.5. Discussions of the Results

The results obtained in both of the case studies revealed slightly different performance of the

two fitting distributions. It can be noted that in the case of the step-function current model, the GEV

seems to have a slight better performance in reproducing the distribution of the data. In the case of

the linearly-rising current model, the GEV is able to reproduce quite accurately the higher values

of the distributions, whereas a better performance can be observed for the LN in reproducing the

whole waveshape. This can be explained if one considers that the GEV is based on three parameters,

whereas the LN is a two-parameter distribution.

The results of the case study, including the ground wire as countermeasure, also indicated the

good performance of the selected parametric distributions for the fitting of the induced voltage data.

By observing the values of the determination coefficient (which give an immediate idea of the goodness

of fitting when assuming values close to 1), it is clear that the performance of the fitting is even better

in this case than in the case of the power line without the ground wire. This allows us to consider still

valid the use of parametric distributions even in the case of more realistic power line configurations

where the induced overvoltages can be limited by using appropriate countermeasures.

In conclusion, both the proposed distributions can be considered as good references for the

statistical characterization of the lightning-induced voltage peak values.

5. Conclusions

This paper focuses on the statistical characterization of lightning-induced voltage peak values;

the analysis was carried out by means of a Monte Carlo procedure applied to analytical formulations,

namely Andreotti et al. exact solutions. Use of analytical formulations for the evaluation of the

peak-induced voltage allowed overcoming the problems related to the computation effort that typically

characterizes Monte Carlo procedures.

The analysis has led to the identification of parametric distributions that seem to fit quite accurately

the distribution obtained by the Monte Carlo procedure. Specifically, in this paper, we have focused

on two parametric distributions, namely lognormal and generalized extreme value. The analysis

was carried out in both the cases of power lines with and without ground wire, which was adopted

as a countermeasure to limit overvoltages. Both distributions seem to reproduce quite accurately

the statistical behavior of the lightning-induced voltage peak values. In order to better evaluate the

feasibility of the proposed procedure, a qualitative comparison with some experimental data available

in the literature, was performed. The comparison in terms of the distribution of peak values of the

induced voltages showed the good performance of the applied method, even if only a limited number



Appl. Sci. 2018, 8, 651 14 of 15

of experimental data were available. Future work will focus on further validations by means of more

significant number of lightning historical data.
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