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Adaptive Control of Manipulators
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Difficulity of Feedback Linearization (Computed
Torque) Control

Dynamic equation

M(q)d+C(q,4)4+G(q) =7 ()

where.q € R" is the joint positions and 7 € R" is the applied joint torques.
*  The feedback linearization (computed torque) control law is defined as

7= M(q)v+ C(q,q)q+ G(q) (2]

where vector v is the outer loop control signals.

Since there are consliderable uncertainties in all robot dynamic models,
for example, model parameters such as link length, mass and inertia, vari-
able payloads, etc, which are either impossible to know precisely or varying
unpredictably, in this case, the feedback linearization method or the com-
puted torque method cannot be directly used.

Adaptive Feedback Linearization (Computed
Torque) Control of Manipulators

Objectives

Apply adaptive control methods in which controllers are designed to be
- adjustable so as to automatically compensate for these uncertainties.

Properties of Robotic Dynamics

e Positive definite
The inertia matrix M(q) is symmetric, positive definite, and both
M(q) and M(q)~! are uniformly bounded as function of q.

¢ Skew-symmetric =
A suitable definition of C(q, ¢) makes matrix (M —2C) skew-symmetric.
In particular, this is true if the elements of B(q, q) are defined as
1. p0M;; B OMy  OMj. . )
C’J = 2[(] ) +,§::1( an aqi )Qk] (3 )

q



e Linear parameterization

M(q)d + C(q,a)q + G(q) = ¥(q, 4, §)8 (%)

where Y € R™ ™ is-a matrix of known functions, known as the regres-

sor; 6 € R™ is a vcctor of the manipulator inertia parameters (masses,
moments of inertia, etc.).

Control Objectives

For any giveil desired trajectory q4 € R", with some or all the manipulator
parameters unknown, find 7 so that

lim [lq(t) — qu(t)|| = 0.
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. Adaptive Case

The adaptive implementation of the inverse dynamics control law

is obtained by replacing M, C, and G by their
estimates, i.e.,

7=FRgN§! —K,é - K ,e) + C(q, 9)g +4(9). 6)

We assume that i, C, and._g have the same functional form as MC g
with estimated parameters 6, , .- -,6,. Thus,

MG+Cd+4=Y(q, d, Db (7)
where 6 is the vector of estimated parameters.
Substituting  (6) into (l) gives
MT+CG+G= MG -~K,é=K,e) +C + & (8)

- Adding and subtracting Mg on the left-hand side of (8) and using
(7) we can write

ME+K.é+K,e) = n-q“+c"q'+(;

=Yg, 4, §)f (9)
where () :=(7) = (.). Finally, the error dynamics may be written as
E+K,6+Kpe=fa"'Yd := 3§, - (10 Assumphon3
We may write the system (10) in state space as 7 / ° ell —
q 3 9,4‘ 71 ;j
X =Ax+ Bd (11) 2o 7
=St Smi g 4 MFM
where A is the Hurwitz matrix
1-1;5
Gk 0 e 2) M J
A=[ J;andB=[J;x=[}. (12) bo&loa‘f >
-K, -K, I (4

Theorem  I: Choose thc‘ﬁbdaEe léw

where ' = IV 5

and P is th
solution to the Lyapun

€ unique symmetric positive definite
OV equation '

(14)
for a given Symmetric, positive definite Q. Under these conditions then,
the solution x of 7(11) satisfies

xX—0 as T — oo (15)

with all signals remaining bounded.



93/

Proof: Choose the Lyapunov function candidate

V=x"Px+67T4, (16)
The time derivative of V along trajectories of (11) is computed to be
V = —x"Qx + 267 (& B Px + T4, (17)
Using the parameter update law  (11), this reduces to :
V=-0x<0. . (18) \\%
. A New Adapiive Inverse Dynamics Scheme
The main drawback of the result in the previous section is the requirg- |
ment that M remain uniformly positive definite. "~ \
we choose an inverse dynamics control law of the form , \?\
T =Mo(@)(V+6V) + Co(g, §)d +6, (20) f
where M, = Mg >0,Co, &o are a priori estimates of M, C, §, respec- ‘;Qz(’

tively, with fixed parameters, Vis given by (2), and 8V is an addjtional
outer loop control that compensates for the deviations AM, AC,A&,
where A(-) = () — (-). In the present setup we will choose 6V adap- >‘
tively. It is important 1o note that the terms My, Co.G, in  (20) are not
updated on-line, and hence the invertibility of My is not an issue.

If we now combine (20) with ([') we have an equation similar 1o

(9)
Mo(é+ K. € + K e — 5) = AMf+ACH+ A4

= Y(q, 4, HA6 (21)

where the last equality is obtained using Property 3 of linearity in the
parameters. Note, in . (21), that Ag = 6o — 0 is a fixed vector in @
and not a function of time, since the terms in ¢.20) are fixed estimates.
Finally, we write

€+K,6+K,e=M'YAG+8V:= Dy AG + 6V. (22)
Choosing the control 5V as
. 6V=-0,Af (23)

yields an equation identical to (11) with ¢ replaced by &,. Note that
Af = 6 and that now &, is not a function of the estimated parameters
since My is fixed. Choosing an update law for A8 according to

A= D-'@IBTPy (29)
where P satistLJcs (14), and choosing a Lyapunov function candidate

V=X Px+ A0'TAG = X Px +§7T§ (25)

a proof identical to that of Theorem 1 shows that x — 0 as 1 — o,
with all signals remaining bounded.
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SLOTINE AND LI: ADAPTIVE MANIPULATOR CONTROL

Fig. 2. The experimental two degree-of-freedom manipulator.
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Fig. 3. The schematic structure of the manipulator.




B. Dynamic Model and Adaptive Controller Design

Q The dynamic model of the manipulator can be derived from
Lagrange s equations to be |
aydy + (a3¢a1 + 84821 G2 — a3S21 G2+ aycngi=1 (%-a) |
|
(@321 +a4521) G + @22+ @350 43— acadgi=m, (9-b) ||
where ¢;; = cos (@2 — qu), 2y = sin (g2 — q). It is clearly '

linear in terms of the four parameters a,, a;, @3, a, which are |
related to the physical parameters of the links in Fig. 3 through |

|
|'
a;--m:hzh cos & — m.h.r,, as=myh,l, sin & (10) |I

with the load treated as part of the second link. Defining the'

components of the matrix C as i
|

C(1, )=C(2, 2)=0 .

ay=Jy+Jo+ myl3 + moh? az—Jz+J,,+m(2)h§+m.rf,

CQ, )=(aen—assu)gx  C2, )=(ays21—asc21)dy
* the skew-symmetry of § — 2C can also be confirmed easily.
For simplicity, the feedback gain matrix K, and the adaptation |
gain matria I' in the controller design are chosen to be diagonal |

O Kp=diag (ky1, ka2) P=ding (71, 725 735 74):

The explicit form of the control law 7 = H§, + G4, - K,;s in
terms of the parameter vector a is

n=Yna+ Yaay+ Yyai—kas, (11-a)
T2=Yaua+ Yo+ Yuaf—ksz; . (l l"b)
where
Yu=dn  Yu=cudn—sud:dn Yu=sudn+endafe

Ya=4d2 Ya=cudn+sudndi - Yu=sudn—cy quql'g.
The adaptation law can be explicitly written as

dy=—7 Yus, (12-8)

dy= —, Y 252 ' (12-b)
ds= —73(Yiss1+ Yiss) a2
o= —v( Y18y + Yau$2). (12"‘)‘



. SLOTINE AND LI: ADAPTIVE MANIPULATOR CONTROL
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Fig. 6. Adaptive control starting from zero estimates.

Fig. 7. Computed torque control.
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Fig. 8. Adaptive control starting with nonzero estimates, ‘
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'Fig. 10. Computed torque cohtrol under-large load.
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Fig. 11. Adaptive control under load.
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Fig. 9. PD coatrol under load.
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