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a b s t r a c t 

A continuum-scale model for the combustion of consolidated nanothermite pellets is introduced. A sim- 

plified chemical kinetics model is used for the solid state nanothermite reaction while a two-phase 

porous media flow accounts for the mass and heat transfer within the consolidated pellet under an 

equilibrium thermodynamic assumption. The thermophysical and chemical kinetic properties of the 

Al/CuO nanothermite pellets are determined from the literature. A sensitivity analysis reveals the rela- 

tive importance of these modelling parameters for both the advection and conduction-dominated com- 

bustion regimes. Based on the governing equations, we propose a thermodynamically consistent non- 

dimensionalization of the global Peclet and Damköhler numbers which are based on the characteristic 

Darcy velocity within the porous pellet. The non-dimensionalization results in a linear scaling between 

the normalized burn rate and Peclet number, which allows a collapse of the numerical results with pub- 

lished experimental data. We identify a transition between the conduction- and advection-dominated 

combustion based on the transient burn rate of the nanothermite pellet combustion. 

© 2021 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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. Introduction 

Nanothermite mixtures are made up of nano-sized metallic 

uel and inorganic oxidizer components. As this solid mixture 

epresents a metastable intermolecular composite, an increase in 

anothermite temperature can initiate a chemical reorganization 

hich is highly exothermic and results in the formation of a stable 

xide and a free metal. As the oxidation usually starts on the sur- 

ace of nanoparticles, the nanothermite composite is characterized 

y a very high reactivity compared to other type of solid propel- 

ants such as their micro-sized counterparts. Furthermore, as their 

eometries and chemical compositions are highly tuneable, so are 

heir burning characteristics. These properties are well suited for a 

umber of engineering applications such as pyrotechnics, igniters, 

xplosives, and propellants. 

Nanothermites are commonly fabricated by physically mixing 

he commercially available metal and metal-oxide powders, which 

s subsequently pressed into fuel pellets. Ignition occurs when the 

ellets are heated (usually with a laser or a hot wire), which ini- 

iates a self-sustaining exothermic reaction through the pellet. The 

eaction front propagation in a burning nanothermite pellet ranges 

rom 1 to 10 0 0 ms −1 and the burn rate has been shown to be
∗ Corresponding author. 
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ighly dependent on the pellet packing density [1–3] ; though, the 

xact mechanism(s) responsible for the dramatic variation in burn 

ates remains subject to debate [4] . The literature generally accepts 

wo dominant burning regimes where the reaction propagation is 

efined, to varying degrees, as either convection or conduction 

ominating [4,5] . Being consolidated metallic pellets, conduction of 

eat is a natural means to advance the reaction front by raising the 

emperature of the unburnt nanothermite pellet to ignition tem- 

erature; the timescale of conductive heat transfer is governed by 

he thermophysical properties of the pellet. Pores, due to the im- 

erfect contact of the compressed nanoparticles within the pellets, 

educe the thermal conductivity and hence inhibit heat conduc- 

ion. The second mean of reaction front propagation is pressure- 

riven advection of high temperature combustion products (con- 

ection) through the porous pellet. Note that the advection af- 

ects both heat and mass transfer. Although increased porosity can 

nhance the advection-driven reaction front propagation, it also 

esults in a lower energetic density of the nanothermite pellet. 

anders et al. [1] observed decreasing burn rates with increasing 

acking density in Al/MoO3 nanothermite specimens, suggesting 

mpeded advection at higher densities. Saceleanu et al. [3] also ob- 

erved a similar trend with Al/CuO pellets. Advection in a porous 

edium highly depends on the local pressure gradient. Weismiller 

t al. [4] observed decreasing burning rates with increasing ambi- 

nt pressures in Al/CuO; as the pressure gradient drives the mass 

ow through the porous medium, increasing the ambient pressure 
. 
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hould naturally inhibit advection. Further scaling analysis done by 

eismiller et al. [4] with Fourier, Darcy and the ideal gas laws con- 

rmed that in addition to conduction, advection or convection is 

lso a primary propagation mode. Therefore it is clear that, from 

he perspective of heat transfer, a combination of conduction and 

onvection mechanisms help sustain the reaction front propagation 

ithin a reacting nanothermite pellet. 

Convective heat transfer (via advecting fluids) associated with 

anothermite combustion is important but also necessitates a large 

ressure gradient to drive the flow. The advection within a porous 

ellet is mainly driven by the pressure rise associated with the gas 

ormation of the thermite reaction. This has been calculated by Fis- 

her and Grubelich [6] where significant amounts of gas are gen- 

rated from certain thermite reactions. A number of experiments 

1,2,4,7] reported on the pressure generation when aluminum re- 

cted with copper, molybdenum, bismuth and tungsten oxides. Re- 

ction equilibrium models developed by Baijot et al. [8] also ad- 

ressed gas generation from thermite reactions. Although Egan and 

achariah [5] suggested the convective heat transfer by gases is not 

ufficient to sustain the high burn rates in less dense pellets, there 

s still a need to consider the roles of both conduction and advec- 

ion in reaction propagation of a burning nanothermite pellet. 

Effort s in modelling nanothermite combustion have been un- 

ertaken despite an incomplete understanding of the tightly- 

oupled physical phenomena arising in this problem. Umbrajkar 

t al. [9] , Ermoline and Schoenitz [10] , and Stamatis et al. [11] at-

empted to model low-temperature ignition of nanothermite spec- 

mens using CuO decomposition and alumina phase transforma- 

ion. The kinetic parameters were adjusted using their respective 

ifferential Scanning Calorimetry (DSC) results which found that 

he rate determining steps during the reaction changed at different 

emperatures corresponding to different mechanisms. A detailed 

echanism for the same thermite was developed by Baijot et al. 

12] involving phase changes, ambient oxygen effects, CuO decom- 

osition and the impact of alumina. These studies focused on the 

eaction kinetics and material phase change and not on the reac- 

ive front propagation within a compressed, nanothermite pellet. 

ther works have taken an engineering approach to better under- 

tand the aggregate effects of nanothermite powder or pellet com- 

ustion. In this context, the intrinsic chemical mechanisms are of- 

en simplified and become of secondary importance compared to 

he coupled multi-physics interactions affecting the reactive front 

ropagation. To augment their experimental findings, Nicollet et al. 

13] and Stacy et al. [14] used the heat equation to contrast the ex- 

ected thermal behaviour to their findings. Kim [15] used an one- 

imensional continuum heat transfer model to characterize nano- 

nd micro-scale Al/MoO3 thermites. The reaction details were sim- 

lified into a single source term in the heat equation with a reac- 

ion progress variable. Knapp et al. [16] recently used their devel- 

ped Hot Spot model to capture propagation rates based on equiv- 

lence ratio and particle sizes. Although these researchers have 

aken a meta-scale approach to model the nanothermite combus- 

ion, the effect of porosity, which introduces a mode of convective 

eat transfer within the pellet, has not been addressed. 

This paper introduces a continuum model to study the phe- 

omena governing laser-ignited porous Al/CuO nanothermite pel- 

ets. This numerical study is done in support of our previous ex- 

erimental investigations on Al/CuO nanothermites [3] . The numer- 

cal framework incorporates the important physical processes in- 

luding porous media transport in the self-sustaining combustion 

f the pellets. Many of the proposed thermophysical or chemical 

inetic models are derived from previously published experimen- 

al works. The objective herein is to enable a parametric investiga- 

ion of the important physical characteristics of nanothermite pel- 

et combustion which subsequently help develop engineering ap- 

lications for new nanothermite composites. To this end, the next 
2 
ection will discuss the governing equations and modelling as- 

umptions as well as present a consistent non-dimensionalization. 

ection 3 will focus on the implementation of these physical mod- 

ls into the numerical framework; the validation of the framework 

s addressed in Section 4 . The primary results and discussion are 

n Section 5 and the concluding remarks are left for Section 6 . 

. Modelling and non-dimensional analysis 

A framework is developed to model, at a continuum scale, the 

gnition and subsequent reaction propagation in a consolidated 

l/CuO nanothermite pellet. The governing equations along with 

he corresponding thermophysical models and source term are 

ombined within this numerical framework. The solver, although 

eveloped for Al/CuO thermite pellet combustion, is generalizable 

o any gas-generating nanothermite reaction modelled at a contin- 

um scale. In this section, we first present the governing equations 

nd thermophysical models implemented in this framework. Then, 

ased on these models, the dimensionless parameters driving the 

ombustion processes are proposed. 

.1. Governing equations and modelling assumptions 

.1.1. Mass and momentum conservation 

Nanothermite pellets are porous due to the aggregation and im- 

erfect compression of the nanothermite powders. The chemical 

eactions generate liquid, solid and gas phase products at the com- 

ustion temperature, while some residual reactants remain in a 

olid phase. The liquid product can solidify upon cooling. To sim- 

lify this process, a two-phase, continuum model was adopted to 

ocus on the gas and non-gas phases; termed gas and solid (or 

ondensed) phases respectively. The equivalent reaction equation of 

he process is: 

 (s) → B (s , l) + C (g) (1) 

here A is the solid phase reactants, B is the solid/condensed phase 

roducts and C is the gas phase product. At the expected temper- 

tures of nanothermite combustion, formation of the liquid and 

aseous products can change the original porosity of the pellet. 

owever for these rapidly occurring thermite reactions, it is rea- 

onable to assume the volume change caused by liquid formation 

an be compensated by the reduced space occupied by the solid 

eactants, which leaves the same pore volume to the gaseous prod- 

ct. Most gases have the similar thermal behaviour, so the initial 

mbient gas already present within the porous material is lumped 

nto the gas phase with the produced gases from combustion (C in 

q. (1) ). The mass conservation equation for the phases, denoted 

ith the subscripts s (solid) and g (gas), are: 

∂ρs 

∂t 
= − ˙ ρg,source (2a) 

∂ρg 

∂t 
+ ∇ · ( ρg u ) = ˙ ρg,source (2b) 

here u is the vector of the fluid velocity, and ˙ ρg,source is the 

ource term representing the gas production. For this model, all 

roducts are generated from the solid reactants, hence the source 

erms in both the gas and solid phases have equal magnitudes but 

pposite signs. 

As the advection of gas within the porous pellet is driven by 

he pressure gradient resulting from the nanothermite reaction, we 

ely on Darcy’s law to compute the advection velocity through the 

orous medium of the pellet: 

 = − K 

μ
∇P (3) 
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here P is the pressure, K is the permeability of the solid, and μ
s the viscosity of the gas. The pore Reynolds number being small 

t the scales under consideration, we neglect any inertial effects in 

he pressure-driven porous flow. 

The permeability in Eq. (3) is usually experimentally deter- 

ined for porous media. As we have very limited experimental 

ermeability results for nanothermites pellets, the Kozeny-Carmen 

quation [17] allows us to relate the porosity of a packed bed 

f uniform spheres to its permeability for porous structures. The 

ozeny-Carmen equation is given by: 

 = 

φ3 d 2 c 

k k (1 − φ) 2 
(4) 

here φ is the porosity, d c is the ratio between solid volume and 

uid-solid interfacial surface area (will be referred to as charac- 

eristic pore size) and k k is the Kozeny constant. This relationship 

s a standard model for a packed bed of spheres however, in the 

resent model, it permits an order of magnitude estimation of the 

ermeability and resulting advection velocities given the porosity 

nd characteristic pore sizes. 

The pressure gradient driving the advective flow in Eq. (3) is the 

esult of the formation and dilatation of the gas due to the reac- 

ion. As the gas pressure (more precisely its gradient) is driving the 

dvective flow, we assume an ideal gas law relating the pressure, 

ensity, and temperature : 

 = 

ρg RT 

φ
(5) 

here R is the specific gas constant for the given gaseous com- 

osition. Since the variable density is given per volume of con- 

inuum, porosity must be included to reflect the pressure inside 

he pore. The gas and solid are assumed to be in thermal equilib- 

ium and thus have equal temperatures. Thermal non-equilibrium 

ffects could be considered in future works through the use of a 

egregated energy equation for gas and solid phases. 

.1.2. Energy conservation 

The conservation of mass and momentum equations are sup- 

lemented by the conservation of energy. We assume the kinetic 

nergy of the advecting fluid within the porous media to be neg- 

igible compared to the changes in internal energy of the system. 

hus the conservation of energy is given by: 

∂ρC e f f T 

∂t 
+ ∇ · ( ρg u C p,g T ) = ∇ ·

(
λe f f ∇T 

)
+ 

˙ Q source (6) 

here ρC e f f = ρs C v ,s + ρg C v ,g is the energy storage contribution of 

he solid and gas phases, C v , (g,s ) is the specific heat at constant vol- 

me for each phase, λe f f is the effective thermal conductivity, C p,g 

s the specific heat at constant pressure for the gas , and 

˙ Q source is 

he heat generated due to the reaction, details of which are ex- 

lained in the following section. 

.1.3. Source terms and thermophysical models 

The heat generated from the reaction follows an Arrhenius 

orm, as in Kim [15] : 

˙ 
 source = ρs, 0 ˙ η�H (7) 

˙ = A 0 (1 − η) exp 

(
− E a 

R u T 

)
(8) 

here ρs, 0 is the initial density of solid , �H is the enthalpy of 

ombustion, A 0 is the pre-exponential factor, η is the reaction 

rogress variable, Ea is the activation energy, and R u is the uni- 

ersal gas constant. The initial density of the solid phase is cal- 

ulated based on porosity and the Theoretical Maximum Density 

TMD) by: 

s, 0 = (1 − φ) ρT MD (9) 
3 
here is some uncertainty for the values of the pre-exponential 

nd activation energy in Eq. (8) due to the debate around the ex- 

ct mechanism(s) of nanothermite combustion. This one-step Ar- 

henius equation is commonly accepted for modelling chemical re- 

ctions and is simple enough for implementation in this model. 

he exponential form of the Arrhenius equation provides a realistic 

unctional form of the chemical kinetics, however the implications 

f using such a simplified, one-step model will be addressed in the 

iscussion. The enthalpy of combustion is documented for stoichio- 

etric thermite mixtures in Fischer and Grubelich [6] . In calculat- 

ng these values, the reactions begin at 293 k and the final products 

re in liquid, gas or solid states. For the reactions with liquid prod- 

cts, the enthalpy of combustion includes the enthalpies of fusion 

f the products. Using the full enthalpy of combustion will over- 

stimate the temperature since the melting of these products are 

ot accounted for in the present model. Therefore, the enthalpy of 

ombustion used should subtract the enthalpies of fusion of the 

iquid products to more accurately reflect the expected tempera- 

ure. 

Gas is known to be generated by nanothermite reactions based 

n experiments [1,2] and theory [6,8] . Furthermore, experiments 

ften measure significant pressure increases which supports the 

dea of gas generation. The origins of the gas remain subject to de- 

ate as both oxygen from the oxidizer decomposition [18] or metal 

apours [8] have been shown to contribute to the gaseous phase. 

rom Eq. (8) , the source terms for Eqs. (2a) and (2b) can be de-

ived. The evolution of the global reaction is uniquely characterized 

y the progress variable, η, given the single-step reaction mecha- 

ism. We relate the rate of change of the progress variable to the 

aseous source term production as: 

˙ g,source = ˙ ηρg, f (10) 

here ρg, f is the known density of gas in the post-reaction state 

nd ˙ ρg,source rate of gas generation. Given this formulation, we can 

nderstand the progress variable as an analogue of the density ra- 

io in the system: 

= 

ρg − ρg, 0 

ρg, f 

(11) 

here ρg, 0 is the initial density of gas present in the pores of the 

re-combustion state. We note that in our solver, the evolution of 

he progress variable is not computed based on the density ra- 

ios but computed from the temporal integration of the Arrhenius 

quation. 

To maintain thermodynamic consistency of the solid phase, the 

pecific heat represents a weighted average (based on the reaction 

rogresses variable) of the solid reactants and liquid products: 

 v ,s = C v ,s 0 ( 1 − η) + C v ,s 1 ( η) (12) 

here C v ,s 0 is a mass fraction weighted specific heat of the reac- 

ants at 293 K and C v ,s 1 is a mass fraction weighted specific heat of 

he products at the adiabatic flame temperature. If the products are 

n the solid and/or liquid state at the adiabatic flame temperature 

B phase in Eq. (1) ), the specific heat is reflected in the value of

 v ,s 1 . Specific heat capacity of solids and liquids are approximately 

onstant with respect to temperature, so choosing fixed bounds is 

 reasonable approximation. For the gas phase, the exact compo- 

ition is not known, so the specific heat of the gas was selected 

ased on the expected composition of the gas. 

The porous nature and changing composition of the pellet will 

ave an impact on the effective thermal conductivity. In our nu- 

erical model, the effective thermal conductivity was assumed 

onstant and determined based on possible theoretical values. 

ore generally, the effective thermal conductivity can be estimated 

or a homogeneous two-phase mixture using the volume fraction 

ontribution of each component. There exists many theories about 
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Fig. 1. Boundary conditions, characteristic dimensions of the simulation with illus- 

tration of the propagation of the reactive front (not to scale). 
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he effect of dispersed phases on effective properties for specific 

icrostructure arrangements [19,20] , however each method is as- 

ociated with specific geometric considerations of the pores in the 

olid matrix. Since the structure of nanothermites is not easily 

uantified, choosing an appropriate model for thermal conductiv- 

ty would prove difficult. As a result, our parametric investigation 

n the subsequent sections spans the bounds of realistic effective 

onductivity of a consolidated pellet. 

.2. Non-dimensional analysis 

Based on the set of partial differential equations governing the 

hysics of nanothermite pellet combustion, we provide a non- 

imensionalization of the problem that is both kinetically and ther- 

odynamically consistent. The proposed non-dimensionalization 

ill help characterize the relative contributions of the heat transfer 

odes and time scales on the overall combustion. 

For the nanothermite pellet combustion, we define the adia- 

atic temperature of reaction, T ad , the ambient pressure, p ∞ 

, and 

he specific heat of the gas , C p as the characteristic thermodynamic 

ariables governing this problem. These thermodynamic variables 

haracterize the advective gas as well as the temperature driving 

he conductive heat transfer in the pellet. Note that the adiabatic 

ame temperature can be theoretically evaluated based on the 

hermophysical characteristics of the nanothermite; in the present 

l/CuO nanothermite combustion, T ad is set to 2844 K . Through the 

se of the ideal gas Eq. (5) , we can define a characteristic density

ased on the preceding thermodynamic variables such that: 

 T re f ] = T ad , [ R re f ] = 

γ − 1 

γ
[ C p,re f ] , [ p re f ] = p ∞ 

, 

 ρre f ] = 

[ p re f ] 

[ R re f ][ T re f ] 
(13) 

Additionally, we define the characteristic length scale, [ L re f ] of 

he problem to be the height of the pellet, H. Although we ac- 

nowledge that other characteristic length scales could be used 

e.g. pellet radius or pore size), we select the pellet height as it 

epresents an easily quantifiable metric. Additionally, the character- 

stic length based on the height of the pellet can be used, in con- 

unction with the characteristic velocity, to estimate the total pellet 

urn time. The characteristic velocity is tied to the advective veloc- 

ty of the fluid within the porous nanothermite pellet. The charac- 

eristic velocity is directly computed from the Darcy Eq. (3) which 

ields: 

 U re f ] = 

K 

μ

[ p re f ] 

[ L re f ] 
(14) 

here the K 
μ represents the ratio of the permeability, K, over the 

ynamic viscosity of the gas. The characteristic time scale of the 

roblem is the ratio of the characteristic length to velocity scale: 

 t re f ] = 

[ L re f ] 

[ U re f ] 
. The use of the ambient pressure to determine the 

haracteristic velocity is slightly inconsistent with the experimen- 

al results [4] that showed a decrease in reaction front propaga- 

ion with increasing ambient pressure. Future works may want to 

onsider determining a characteristic pressure gradient or pressure 

ifference in the porous media flow instead of relying uniquely on 

he ambient pressure. 

By non-dimensionalizing the set of governing equations, and 

ore particularly the energy conservation ( Eq. (6) ), the character- 

stic Peclet and Damköhler numbers emerge. These dimensionless 

umbers are used to respectively define the ratio of advective to 

onductive heat transfer and advective to chemical timescales of 

he problem. Based on the selected characteristic kinematic and 
4 
hermodynamic quantities, we define: 

 e = 

[ ρre f ][ U re f ][ C p,re f ][ L re f ] 

λe f f 

(15) 

a = 

[ L re f ] 

τchem 

[ U re f ] 
= 

μ

K 

[ L re f ] 
2 

τchem 

[ p re f ] 
(16) 

ere, we define the τchem 

as the inverse of the exponential factor 

n the Arrhenius equation, 1 /A 0 . 

. Simulation details and numerical framework 

.1. Simulation details 

A two-dimensional, axisymmetric cylinder with a radius of 

 mm , and height of 6 mm was simulated to compare with ex- 

eriments conducted at the University of Waterloo [3] . Compared 

o the experiments, the domain is larger in the axial direction in 

rder to obtain a stable reaction propagation velocity in the pel- 

et while minimizing the impact of the boundary condition on the 

imulation. Each simulation was run until at least 80% of the ini- 

ial pellet had reacted; this ensures a proper averaged flame front 

elocity. A variable time advancement was selected to maintain 

omputational stability; the variable time step size was selected 

o satisfy both the Fourier and Courant-Friedrichs-Lewy (CFL) con- 

itions. Based on these stability constraints, the time-step of the 

imulation ranged between 1 × 10 −10 and 1 × 10 −8 s . The baseline 

omputational domain was discretized using 1340 and 224 nodes 

n the axial and radial direction, respectively. This grid size pro- 

ided an adequate balance between computational efficiency and 

equired resolution. Spatial and temporal convergence studies were 

onducted and are presented in Section 4 . 

.2. Boundary and initial conditions 

The computational domain of the nanothermite pellet is shown 

n Fig. 1 along with the boundary conditions and an illustration 

f the reaction front propagation. Being an axisymmetric domain, 

 zero flux boundary condition is enforced along the centreline of 

he pellet. A constant heat flux, to represent the laser heating, is 

pplied over a radius of 0.2 mm of the top boundary at middle 

f the pellet, the power of the laser ( 400 MWm 

−2 ) is taken from 

aceleanu et al. [3] . The constant heat flux is applied until a self- 

ustained ignition of the nanothermite is achieved at which point 

he heat flux is removed. 

The remaining boundary conditions (blue boundaries in Fig. 1 ) 

n the pellet impose a Dirichlet boundary condition on the pres- 

ure. As a result a pressure gradient may develop at the boundary, 
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Table 1 

Modelling parameters used in numerical study. Cited sources are provided when 

available. 

Parameter Baseline Case Parametric study 

C v ,g , C p,g , R O 2(g) (T ) [9,18] Cu (g) (2844 K) , Al (g) (2844 K) [8] 

dc × 10 9 [ m ] 40 100, 1000 

μ × 10 5 [ kg m 

−1 s −1 ] 1 10, 100 

A 0 × 10 −6 [ s −1 ] 4.89 [9] 0.489, 2.44 

E a [ kJ mol −1 ] 48 [15] 70 [15] , 80 

λe f f [ Wm 

−1 K −1 ] 65 1 [21] , 100 
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1 https://github.com/jmreppsUWGrad/2D-Nanothermite . 
hich permits a gaseous mass flux leaving the computational do- 

ain; this boundary condition is selected to model the advective 

ass loss from the pellet to the atmosphere through the porous 

oundary walls. The thermal boundary conditions allow for natural 

onvection on the pellet walls. The order of magnitude for natural 

onvection of gases is around 1 to 10 Wm 

−2 K 

−1 . Even with this 

alue over an expected temperature range of 2500 K , the heat loss 

s less than 1% of the laser flux power used, so it is expected to not

ave an impact. Nevertheless, a value of 5 Wm 

−2 K 

−1 was used as 

he convective coefficient and an ambient temperature of 293 K . 

As initial conditions, the bulk density of solid is calculated as a 

raction of the TMD ( Eq. (9) ). The initial density of the gas , ρg, 0 , is

alculated by Eq. (5) based on an atmospheric pressure and initial 

emperature of 293 K . 

.3. Thermophysical and reaction parameters 

The accurate estimation of the thermophysical and combustion 

roperties of the system is needed for experimental validation. 

 baseline case was performed by setting all thermophysical and 

ombustion properties ( C v ,g , C p,g , R, λe f f , μ, d c , A 0 , and E a ) based

n the sensible estimates from existing literature. In order to char- 

cterize the relative importance of these parameters on the physi- 

al phenomena driving the nanothermite combustion, a sensitivity 

nalysis was performed on these variables. The values of the base- 

ine case and parametric study are summarized in Table 1 . For each 

hermophysical condition, the porosity of the pellet, φ, was var- 

ed from 0.1 to 0.9 (corresponding to 90–10% TMD respectively). 

ince experimental results don’t use packing densities above 80% 

MD [2] and tend to go as low as about 6% TMD [4] when packed

ightly, this range of porosity values is appropriate. 

The exact composition of the gas generated is not known, but 

ome works [9,18] have suggested that oxygen is formed due to 

he decomposition of CuO. Aluminum and copper vapour is also 

ossibly present due to the high adiabatic flame temperature [8] . 

o address this uncertainty, we model the properties of the gas ei- 

her as oxygen, aluminum or copper vapour. The specific heats will 

e temperature dependent for oxygen, but constant at 2844 K for 

he others gaseous species since their states vary between solid, 

iquid and gas in the simulated temperature range and we are in- 

erested in their gas state values. The choice of gas species will fix 

he relation between C v ,g , C p,g and R due to their thermodynamic 

elationship. The thermal conductivity was also varied to reflect 

ossible dominant heat conduction modes. We expect the thermal 

onductivity to be a function of the material properties and of the 

orosity characteristics of the pellet. Although, we could have ac- 

ounted for the effect of porosity on the effective thermal conduc- 

ivity by using a parallel conductance formula, similar to [20] , we 

pted to keep the effective thermal conductivity constant with re- 

pect to porosity in our study. By doing so, we can decouple the 

nfluence of the thermal conductivity from the porosity and per- 

eability of the pellet. For the baseline case, we assumed the the- 

retical thermal conductivity of aluminum and copper oxide at sto- 

chiometric conditions ( λe f f = 65 W M 

−1 K 

−1 ). For the paramet- 
5 
ic study, we considered the experimentally-measured conductiv- 

ty of consolidated aluminum pellets proposed by Stacy et al. [21] , 

hich provides a lower bound on conductivity ( λe f f = 1 W M 

−1 

 

−1 ). At the other extreme, we considered the thermal conduc- 

ivity of pure aluminum ( λe f f = 100 W M 

−1 K 

−1 ), as it is signifi-

antly higher than most metals. These large bounds cover the rep- 

esentative thermal conductivities that are likely to arise in react- 

ng Al/CuO nanothermite pellets. 

The viscosity was parametrically varied to span the range of vis- 

osity from gases and liquid metals. The baseline case uses the gas 

alues due to the consensus that gas is generated during the re- 

ction and thus advecting through the pores under a pressure gra- 

ient. Nanothermite pellets are a mixture of nano-sized particles, 

owever SEM images show that the agglomerates are closer to mi- 

ron sized [22] . Without knowing the exact geometry of the pores, 

e estimate the characteristic pore size by considering a spherical 

ore contained in a cubic volume of length equal to the diame- 

er. By considering the volume of the cube and surface area of the 

ore, the ratio is 1 /πd pore ≈ 0 . 318 d pore , which gives the character-

stic pore size a close relationship to the actual pore sizes. There- 

ore, assuming spherical pores, the characteristic pore size ranged 

rom the order of nanometers to micrometers. 

The pre-exponential factor taken from [9] was used in the base- 

ine case, but smaller values were also selected to examine the ef- 

ect of slower reaction time scales. In Kim [15] , the activation en- 

rgy values were taken from the reaction of nano- to micron-sized 

luminum particles in air. Activation energies reported in Stama- 

is et al. [11] and Ermoline and Schoenitz [10] are significantly 

igher, however their kinetic models were more advanced than the 

resent model. The values from Kim [15] were used to span differ- 

nt possible chemical kinetic time scales. 

The enthalpy of combustion is documented for stoichiometric 

l/CuO mixtures to be 4 . 07 kJ g −1 [6] . As the reaction progresses 

rom ambient to 2844 K , the products of alumina and copper metal 

re formed that have melting points of 2327 K and 1358 K , respec- 

ively. Using the full enthalpy of combustion will overestimate the 

emperature since the melting of these products is not accounted 

or in the present model. Therefore, we subtract the enthalpies of 

usion for alumina and copper (1.09 and 0 . 21 kJ g −1 , respectively) 

rom the enthalpy of combustion to more accurately reflect the ex- 

ected temperature of combustion. 

.4. Numerical framework 

The numerical implementation of the governing and transport 

quations in a two-dimensional, axisymmetric domain was done 

n Python. The open-source solver is freely accessible 1 ; the parent 

epository also contains all the input files, simulation results and 

aw data of all the cases in this paper. 

In the present work, the focus is on Al/CuO nanothermite pel- 

et but the numerical framework can be generalized to any gas- 

enerating nanothermite material. The conservation of mass (2a), 

2b) , momentum (3) , and energy (6) equations for the two-phases 

re solved using finite-volume method. At each control surface, a 

rst-order scheme is used to calculate the convective and diffusive 

uxes. The temperature gradients in the diffusive flux are calcu- 

ated using second-order central difference whereas other proper- 

ies are interpolated to first-order. Time integration of the govern- 

ng equations uses a first-order, explicit scheme in which the sta- 

ility is ensured by maintaining Fourier and CFL numbers below 

heir stability bounds for the selected numerical schemes. 

The numerical framework solves the governing equation set in 

 segregated manner. The temperature-dependent thermophysical 

https://github.com/jmreppsUWGrad/2D-Nanothermite
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Fig. 2. Left: Steady-state heat transfer solution (blue lines and color) compared to 

analytical solution (dashed red line). Right: Evolution of the temperature along the 

centerline of the axisymmetric wedge with non-uniform heating at time 10, 40, 60 

and 100 s. (For interpretation of the references to color in this figure legend, the 

reader is referred to the web version of this article.) 
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roperties and the Darcy velocity fields are re-computed at the 

tart of each time-step and are assumed constant over the small, 

t of time-advancement step. Similarly, the source terms for the 

nergy and mass equations are computed at the start of the time- 

tep. Given the very small time steps imposed by the numerical 

tability of the problem, the error resulting from constant source 

ver the small �t was minimized and allowed us to avoid the use 

igher-order treatment for these stiff differential equations (such 

s Strang splitting). The effect of the selected time step on the re- 

ction is assessed in the temporal convergence study in Section 4 . 

sing the computed source terms and velocity field, the conserva- 

ion of mass is then applied. As the momentum equation is sim- 

lified to a time independent Darcy flow, it is used directly in 

he computation of the mass conservation equation. The boundary 

onditions are then applied on the pressure field which sets the 

mbient pressure of the combustion. As the thermodynamic con- 

itions are fully prescribed at the external bounds of the pellet, 

ass advection at the boundary nodes is necessary to enforce the 

ressure and density. This permits the advective mass loss through 

he porous boundaries of the nanothermite pellet and maintains a 

onsistent numerical boundary condition in the problem. The en- 

rgy equation is then solved by applying the diffusion and advec- 

ion for both phases. The laser heating and natural convection with 

he ambient boundary conditions are applied last. 

The burn rate is usually determined using high-speed camera 

mages, but in this paper the reaction progress was used, as seen 

n Kim [15] , to calculate the instantaneous burn rate: 

 cw 

= 

d 

dt 

∫ H 

0 

ηdz (17) 

here H is the height of the pellet. After ignition, the instanta- 

eous burn rate was calculated at every time step and then arith- 

etically averaged over all time to obtain the average burn rate, 
¯
 cw 

. The transient burn rates are shown in Fig. 7 in the following 

ection. 

. Assessment of the numerical solver 

A limited number of standardized, benchmark cases are avail- 

ble in the open literature for the validation of the heat and mass 

ransport with chemical reactions in porous media. It is worth 

entioning that some work is being actively pursued in the wood 

yrolysis community, but benchmarking cases that are relevant to 

onsolidated nanothermite combustion are currently unavailable. 

he assessment of the numerical solver was done in a number of 

teps. First, we evaluated the temperature distribution in a steady 

tate heat transfer case against an analytical solution. Second, we 

ompared the unsteady heat transfer case, on an axisymmetric do- 

ain, against an established porous media solvers. For this work, 

e validated the results using Porous material Analysis Toolbox 

PATO) which leverages the differential equation framework from 

penFOAM [23] . Finally, we conducted a spatial and temporal con- 

ergence study on the reacting nanothermite pellet case. 

.1. Validation: steady heat transfer 

We first consider a square, planar domain in a steady state 

eat transfer. In this case, three side walls have a unitary temper- 

ture boundary condition, the top wall has a temperature value of 

 = 2. The tractability of the steady-state partial differential equa- 

ions means that an analytical solution that can be used to validate 

he heat transfer of the numerical solver. The analytical solution of 

his problem with the prescribed boundary conditions reads: 

 = 1 + 

4 

π

∞ ∑ 

n =1 

(
sin [ (2 n − 1) πx ] sinh [ (2 n − 1) πy ] 

(2 n − 1) sin [ (2 n − 1) π ] 

)
(18) 
6 
igure 2 (left) shows the good agreement of the numerical solver 

nd the analytical solution for this simple problem. 

.2. Validation: transient heat transfer 

In the second case, we consider a two-dimensional, wedge (ax- 

symmetric) with a height and radius of 0.05 m. The material 

roperties are set as: density ρs = 10 0 0 kg/m 

3 , specific heat c p =
0 0 0 J/(kg ·K), and thermal conductivity λ = 1 W/(m ·K). The 300 K

nitial temperature wedge is heated at the upper boundary about 

he central axis of the wedge to 600 K over a radius of 0.025 m; all

he other side walls are set to a zero gradient boundary condition. 

ere we only assume heat transfer within the wedge without any 

nderlying advective mass transport. This simple test case allows 

 direct assessment of the unsteady heat transfer characteristics of 

he code in an axisymmetric domain. The results of our numerical 

olver are compared to the solution of the identical case computed 

sing Porous material Analysis Toolbox (PATO) [23] . Figure 2 (right) 

hows temperature evolution along the side wall of the wedge at 

arious time instances. 

.3. Verification: spatial convergence 

A mesh independence study was performed on a reactive, ax- 

symmetric case. To assess spatial convergence, we consider the 

aximum local pressure during the entire combustion of the nan- 

thermite pellet. For this case, we selected the permeability based 

n particle diameter of d c = 1 μm and porosity of φ = 0 . 3 . This test

ase was selected as it falls in a regime which is characterized by 

oth conduction and convection; thus it represents a more chal- 

enging case to achieve grid convergence. Furthermore, the max- 

mum pressure, over the entire pellet combustion, represents a 

ighly-sensitive quantity that can be used to assess the adequacy 

f the mesh resolution. The maximum pressure as a function of 

he grid resolution is shown in Fig. 3 (left). For a grid resolution 

reater than about 100 000 nodes tend to converge to the same 

alue within 1% which confirms that the selected mesh (around 

0 0 0 0 0 nodes in our subsequent simulations) is appropriate for 

ll the simulation results. Other metrics, such as reactive front 

ropagation speed, Darcy velocity, temperature field were also as- 

essed and converge more rapidly than maximum pressure. 

.4. Verification: temporal convergence 

As we have a tightly-coupled set of equations which are solved 

n a segregated manner, the effect of the time step on the reac- 

ion is assessed. The stability of the numerical schemes dictates the 

pper limit of the time step but the highly non-linear source term 

ith a segregated fluid solver may impose a more severe time-step 
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Fig. 3. Left: Mesh sensitivity study for maximum pressure within the domain. 

Right: Temporal convergence of the reactive simulations. The ignition time of the 

simulation and the average reactive front propagation speed at t = 0.2 ms is evalu- 

ated. 
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Fig. 4. Peclet number versus packing density for all simulation data. (a) corre- 

sponds to the variation of transport properties; (b) isolates the chemical kinetic 

parameters. 

Fig. 5. Burn rate versus packing density for all simulation data. (a) corresponds to 

the variation of transport properties; (b) isolates the chemical kinetic parameters. 
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estriction than the numerics alone. To evaluate the influence of 

he time advancement on the solution, we select the baseline con- 

guration case (discussed in the previous section) with a porosity 

f 0.7 and modify only the time step of the simulation through the 

odification of the Fourier (Fo) and Courant-Friedrichs-Lewy (CFL) 

umber. An adaptive time step is computed based on the mini- 

al dt necessary to satisfy both the imposed Fo and CFL numbers 

ver all the computational domain, therefore the systematic varia- 

ion of either of the parameter is sufficient to assess the temporal 

onvergence. Note that up until the time of ignition, the Fourier 

umber dictates the time step of the simulation (as there is only 

hermal diffusion), as a result the time step is much larger than 

n the post-reaction time-step which is dictated by the convective 

onstraint imposed by the CFL number. For comparative purposes, 

e present the results in terms of the average dt until t = 0 . 2 ms

ignition occurs at around t = 0 . 1035 ms). We evaluate the effect

f the time step on both the ignition time and the average reac- 

ion front propagation speed (at t = 0 . 2 ms)–both these quantities 

ould be directly affected by the highly non-linear source term. 

igure 3 (right) shows the change of these critical quantities with 

he variation of the average time step until t = 0 . 2 ms. We note

hat if the time step is too large–although still below the numeri- 

al stability limit–ignition is impeded. We also note that varying 

he Fourier number alone (as was done at around 9 × 10 −5 ms 

n Fig. 3 (right)) while maintaining the same average time, can 

reatly impact the ignition time but has a limited influence on the 

ront propagation speed. All of the simulations in the present pa- 

er were conducted at a CFL < 0 . 1 –which is far below the numeri-

al stability–results in an average below dt = O( 1 × 10 −6 ) ms. This 

ives us confidence in the selected time step for our simulations. 

. Results and discussion 

.1. Burning regimes 

The results of the non-dimensionalization and the numerical 

tudy confirm previous experimental observations on the pres- 

nce of convection- or conduction-dominated burning regimes. In 

oosely packed pellets (low TMD), burn rates increase significantly 

ue to the strong advection through the higher porosity pellets 

3,5] . This is first demonstrated with the Peclet number in Fig. 4 

hich shows an exponential decrease with increasing packing den- 

ity. Here, the Peclet number is defined uniquely based on the 

haracteristic scales of the problem ( Eq. (15) ) and not on numer- 

cal results. Note that many of the cases overlap with the baseline 

ase in this figure. At higher packing densities, conduction is en- 

anced by the lower void fraction and the advection of the burnt 

aseous products is impeded compared to the lower density pel- 

ets. The thermal state of the gas and kinetic parameters do not 
7 
ave an impact on the global Peclet number definition (based on 

ur non-dimensionalization from the previous section). As the re- 

ction timescale of the nanothermites is significantly smaller than 

ither the advective or conductive transport timescale, a change 

n the reaction timescale does not impact the burning regime (see 

ig. 4 , right) as it does not enter our non-dimensionalization of the 

eclet number. 

The effect of the selection of the transport properties is appar- 

nt when plotting the burn rate (as measured from the numeri- 

al simulations) with respect to the packing density, as shown in 

ig. 5 . Thermal conductivity and viscosity have significant impacts 

n the burn rate of low density pellets whereas the characteristic 

ore size affects all ranges of TMD. Since advection is not signifi- 

ant at high densities, viscosity should not be as important, how- 

ver the characteristic pore size still has an impact on the burn 

ate. Not too surprisingly, the reaction kinetics show a strong in- 

uence on the burn rate. It is also noticeable that the gas charac- 

eristics do not have a significant impact on the burning rate. 

Given that the Darcy velocity characterizes the advection por- 

ion of the Peclet number and the velocity is strongly dependent 

n the permeability, there should be a significant impact of the 

acking density of the pellets on the burn rate. Analyzing the ve- 

ocity contours for the baseline case at 90 and 10% TMD shown in 

ig. 6 , the velocity difference is evident. 

The contours in Fig. 6 represent a snapshot of the Darcy ve- 

ocity at a steady burn rate; these cases are shown at normalized 

imes of 0.62 and 0.48 for 90% and 10% TMD, respectively. After 

gnition, the burn rate initially increases with time until a steady 
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Fig. 6. Axial Darcy velocity (units ms −1 ) contours for 90% (a) and 10% (b) TMD near 

the reaction front at the middle of the pellet. The isothermal lines at T = 500K and 

2500K are overlaid to illustrate the pre-heat zone in the pellet. The arrows indicate 

the approximate direction of the propagating reactive front. 

Fig. 7. Transient burn rate data for baseline cases. The dashed line corresponds 

to the approximate delineation between the conduction- (left of the line) and 

advection-dominating regimes. 
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Fig. 8. Non-dimensional burn rate versus Peclet number for simulation data. 

(a) corresponds to the variation of transport properties; (b) isolates the chemical 

kinetic parameters. 

Fig. 9. Damköhler number versus packing density for transport parameters. 
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urn rate is reached. With an increase in the Darcy velocity at low 

acking densities, we observe an increasingly large pre-heat zone 

s observed by the isothermal lines at 500 and 2500K in this same 

gure. As a Dirichlet boundary condition is imposed on the outer 

alls of the pellet, a pressure gradient can develop which causes 

he formation of small pockets of positive velocity Darcy flow, see 

ig. 6 (b) at (r, z) = (0.95,3.45). 

Figure 7 shows the transient burn rate data for the baseline 

uns. Since the ignition time, burn rate, and extinction time vary 

mong all cases, the average burn rate is plotted as a function 

f the normalized time. We recall that the simulations are run 

ntil 80% of the pellet is consumed which is used to map the 

urn time between 0 and 1. An interesting observation is that at 

ower packing densities, it takes longer to achieve a steady burn 

ate. Before self-sustained ignition, the main thermal propagation 

echanism is driven by conduction since minimal gas is gener- 

ted, thus pressure, necessary to drive the Darcy flow, does not 

ave sufficient time to build in the pellet. This regime is char- 

cterized by a nearly linear increase in the burn rate. The dura- 

ion of this conduction-dominated regime is highly dependent on 

he packing density of the pellets—the higher the packing density, 

he shorter the conductive-dominated regime. Once the ignition is 

elf-sustained, gas is generated at a faster rate and contributes to 

n enhanced burning rate through a pressure-driven, advection- 

ominated flow; this is most specifically observed at the lower 

ensities. The dashed curve plotted in Fig. 7 shows the approxi- 

ate transition from conduction- to advection-dominated burning 

egimes. For densities of 50% TMD and higher, the steady burn rate 
8 
s achieved faster since the permeability inhibits advection and 

hermal diffusivity is enhanced with lower porosity. Thus for high 

acking density, conduction always dominates. 

The effect of conduction and advection can also be inferred 

rom non-dimensionalizing the average burn rate ( V ∗cw 

= V̄ cw 

/U re f ) 

nd plotting it with respect to the Peclet number. As shown in 

ig. 8 , a predictable trend of burn rate as a function of the Peclet

umber is apparent. The major contributors to this trend are the 

ow- and conduction-determining parameters; the chemical ki- 

etic parameters collapse on the baseline results. While there is 

 clear relationship with the Peclet number and non-dimensional 

urn rate, there is a significant deviation between the lowest 

nd highest thermal conductivity cases. Although the definition of 

eclet number is based on the thermal conductivity, the Peclet 

umber alone cannot be used to characterize the transport phe- 

omena occurring. In this paper each parameter is treated inde- 

endently, however in reality the thermal conductivity and charac- 

eristic pore size would be related through the nature of the pore 

tructure, more will be discussed in Section 5.4 . The thermal state 

f the gas followed the trend in Fig. 8 but was removed due to 

verlapping data points. The chemical kinetic parameters show lit- 

le influence on the normalized burn rate. 

The Damköhler number defines the ratio of advection to the 

eaction time scale. Based on the present non-dimensionalization 

f the Damköhler number ( Eq. (16) ), increasing density has a two- 

old effect. Advection is decreased due to a lower porosity with 

ncreasing TMD. This contributes to the linear trend (in a semi-log 

lot) observed in Fig. 9 . Based on the non-dimensionalization, the 

haracteristic size of the nanothermites can significantly affect the 
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Fig. 10. Ignition delay versus packing density for simulation data. Variation of the 

transport (a) and chemical kinetic (b) parameters. 
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Fig. 11. Comparison of the present non-dimensional numerical results with pub- 

lished experimental results by Saceleanu et al. [3] , Weismiller et al. [4] , and Ahn 

et al. [2] . 
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amköhler number given that the permeability, and concomitantly, 

he characteristic Darcy velocity is proportional to the square of 

he characteristic dimension in the Kozeny-Carmen equation, see 

quation (4) . 

.2. Ignition delay 

Of the literature examined, only Saceleanu et al. [3] reported 

he ignition delay which they defined as the time before the reac- 

ion front was formed. This observation was confirmed by high- 

peed images and photodiode detection of intermediate species. 

he numerical results presented in Fig. 10 support their findings 

s far as the linear behaviour with respect to packing density, but 

he numerical results are about one order of magnitude smaller. 

umerically, the ignition delay was determined based on the heat 

eleased from the reaction surpassing, by one order of magnitude, 

he conductive and convective losses. Once this condition was met 

n a finite number of cells within the computational domain (in 

ur simulations, we selected 10 cells as the threshold), we deter- 

ined the pellet to be ignited. The heuristics used herein may ex- 

lain the much shorter ignition time compared to experiments. 

The thermal conductivity is the only transport property in 

ig. 10 that has a significant impact on the ignition delay. This sup- 

orts the observation of a conduction-dominated initial regime in 

he transient burn-rate in Fig. 7 . Higher density results in more 

eat released, but also more capacity for heat storage. Considering 

n energy balance near the pellet surface, the laser heats the pellet 

hich then diffuses, advects with the gas or gets stored within the 

nternal energy of the system. Higher heat storage requires more 

eat input to raise the temperature of the pellet to ignition. Since 

he reaction has not started, gas has not been generated, thus ad- 

ection is not significant. Therefore, thermal conductivity should 

e the dominating factor in ignition delay. Data points are missing 

or both activation energy studies because ignition in the model 

as not achieved for those packing densities. Even from this data, 

n exponential trend is developing as the packing density reduces. 

or all other parameter changes, the ignition delay is consistently 

igher at densely packed pellets, however a local minimum in ig- 

ition delay appears at higher activation energies and low pre- 

xponential values. From the previous Figs. 4, 5 and 8 , only igni- 

ion delay is significantly affected by these parameters. More will 

e discussed in Section 5.4 . 

.3. Non-dimensionalization and experimental comparison 

Using the experimental data from Saceleanu et al. [3] , Weis- 

iller et al. [4] , and Ahn et al. [2] , the non-dimensionalization
9 
echniques presented in this work can be used to compare the 

resent numerical with published experimental results. In order to 

ompare our numerical simulations with published experimental 

ata, a number of assumptions must be made to supplement the 

vailable information from the respective papers. The characteris- 

ic pore size was calculated with the reported specific surface area 

f the particles used to synthesize the compounds and the TMD of 

l/CuO nanothermites to obtain an equivalent length scale repre- 

enting the surface area and volume ratio. Brunauer-Emmett-Teller 

BET) specific area of the as-received particles was used to quan- 

ify the powders used to synthesize the thermites in Ahn et al. 

2] and Saceleanu et al. [3] . This characterizes the surface area of 

he particles normalized by the mass. Using this in conjunction 

ith the bulk density, the solid volume to fluid-solid interfacial 

urface area ratio can be used to estimate d c . The BET specific ar- 

as for the as-received particles reported in Saceleanu et al. [3] and 

hn et al. [2] range between 5 and 50 m 

2 g −1 which would corre- 

pond to values of between 9 . 7 × 10 −9 and 3 . 91 × 10 −8 m for d c .

iven how close Saceleanu and Ahn’s data were to our numerical 

esults, the BET specific areas can provide a reasonable estimate 

f the characteristic pore size. Due to the lack of information on 

he powder size in the Weismiller et al. [4] experiments, we se- 

ected d c = 3 . 8 × 10 −8 m . Naturally, d c greatly impacts the perme- 

bility estimation which in turn influences the characteristic ve- 

ocity which is used in both the Pe and V ∗
CW 

terms. The effective 

hermal conductivity was calculated as a mass fraction mixture 

f aluminum and copper oxide at the reported equivalence ratios, 

ere we did not account for the change in porosity on the ther- 

al conductivity. For Saceleanu et al. [3] thermal conductivity var- 

ed between 71 and 97 Wm 

−1 K 

−1 , the value fixed at 97 and 74 

m 

−1 K 

−1 respectively for Ahn et al. [2] and Weismiller et al. [4] . 

he experiments by Weismiller et al. were conducted at different 

mbient pressures, so the reference pressure was changed accord- 

ngly in the non-dimensionalization. 

From Fig. 11 , the experimental results from Saceleanu et al. 

how very close agreement to the numerical results in the present 

tudy. Ahn’s data are in line with the lowest thermal conductivity 

ase seen in Fig. 8 . From the observations in Section 5.1 , decreas-

ng the characteristic pore size and setting a lower value of con- 

uctivity ( λe f f = 1 Wm 

−1 K 

−1 ) would shift the numerical results 

n Fig. 11 which would result in a closer to Ahn et al.’s data. This

uggests that the thermal conductivity values proposed by Stacy 

t al. [21] would result in a closer match to Ahn et al.’s experi- 

ental data. 

The results by Weismiller et al. sit at the higher end of Peclet 

umber range suggesting the pellets were more porous, hence 

ore convective heat transfer is present. The departure of the 
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Fig. 12. Pressure and temperature evolution at 1 mm from the top and 0 . 5 mm from 

the centre of the pellet for 10% TMD. The average pressure and temperature in the 

entire pellet is overlaid (dashed lines). 
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eismiller et al. results with the other experiments is signifi- 

ant. The exact reason for this is unclear but could be related to 

he incorrect estimation of d c (Weismiller et al. does not provide 

he BET specific areas for the as-received particles) which inher- 

ntly affects the estimation of permeability required for the non- 

imensionalization. Additionally, the causes for the large error can 

e related to the non-dimensionalization itself (especially since 

e non-dimensionalize with respect to ambient pressure instead 

f pressure gradient in the definition of the characteristic veloc- 

ty), incorrect estimation of the material properties or some of the 

ther estimations noted above. 

Despite the overall good collapse of the experimental and 

umerical data, we do acknowledge the strong dependence on 

he reference velocity, U re f , for the variables on the abscissa 

nd ordinate axes. As the characteristic velocity is used to non- 

imensionalize the mean reaction front velocity (denominator) and 

n the numerator in the definition of the Peclet number ( Eq. (15) ),

his enhances the coupling among the variables along the axes. 

Researchers report burn rates for lower densities pellets around 

00 or 1000 ms −1 which is significantly higher than the values re- 

orted in this paper (maximum 18 ms −1 ) which means there are 

dditional factors not properly reflected in this model. The cur- 

ent model considers advection of gases which have significantly 

ower density than their liquid counterparts. Convection of con- 

ensed phases was specified as a likely mechanism for produc- 

ng the large burn rates [5] with evidence present in some ex- 

eriments [24] and suggested as plausible in others [1,4,25] . Liq- 

ids have larger viscosity values than gases, which Fig. 4 suggests 

onduction would be the dominating propagation mechanism and 

ig. 5 show a reduction in burn rate. When comparing the advec- 

ion term in Eq. (6) with viscosity in Eq. (3) , this change in density

nd viscosity between the liquid and gaseous state may play an 

mportant role. The existing model is able to capture the effect of 

dvective heat transfer at lower densities, but falls short, by an or- 

er of magnitude, to estimate the burn rates. 

Pressure has been measured and predicted for Al/CuO nanoth- 

rmite combustion in previous literature. Sanders et al. [1] mea- 

ured pressures around 1 MPa for loose powders (about 6% TMD) 

n a pressure cell and 10 MPa in low density burn tube experi- 

ents. Weismiller et al. [4] measured 10 MPa at 6.6% TMD and 

aijot et al. [8] proposed a theoretical model for the pressure evo- 

ution of Al/CuO thermite reaction which varies between about 10 

nd 110 MPa . The results of this study show peak pressure val- 
10 
es between 10 MPa at low densities and 90 GPa at higher den- 

ities which is higher than most experiments and numerical es- 

imate. It should be noted that these pressure values correspond 

o the local maximum pressure within the pellet and not an in- 

egrated pressure value which would be computed from experi- 

ental measurements. The average pressure within the compu- 

ational domain remains more in line with the experimental re- 

ults, the average pressure varies from 13 MPa to 1 . 4 GPa at the 

imes of peak pressure for the baselines cases. At high densi- 

ies, more gas is generated and the low porosity results in higher 

ressures (by Eq. (5) ) however, the pellet is likely to disintegrate 

t these pressures nullifying the assumptions of this model. The 

verage transient pressure data for the baseline at 10% TMD is 

hown in Fig. 12 which is in good qualitative agreement with the 

ransient pressure data reported in Sanders et al. [1] and Baijot 

t al. [8] . Therefore, pressure can be predicted with some accu- 

acy for lower densities, but becomes unphysically high at higher 

ensities. 

The temperature evolution is also plotted in Fig. 12 which ap- 

roaches the adiabatic flame temperature. According to calcula- 

ions done in Sanders et al. [1] , the adiabatic flame temperature 

aries with equivalence ratio and Weismiller et al. [4] showed it 

aries with ambient pressure. The reaction model is too simple to 

onsider these factors, so Fig. 12 serves as a confirmation that tem- 

eratures are not significantly different than the adiabatic flame 

emperature for stoichiometric reactions from Fischer and Grube- 

ich [6] . 

.4. Discussion 

Based on the results in Figs. 4, 5, 8, 9 and 10 , the thermal

onductivity has a strong dependence on the reaction character- 

stics, particularly with regards to ignition. Conduction is gener- 

lly accepted as the dominant reaction-propagation mechanism for 

ense pellets, especially in the early stages of combustion, whereas 

onvection tends to dominate in less dense setups. When non- 

imensionalizing the experimental data in Fig. 11 , thermal conduc- 

ivity is estimated using the equivalence ratios reported and as- 

uming no porosity. Correlating porosity and effective conductive 

roperties in porous media has been the subject of some stud- 

es [19,20,26] that summarize existing theoretical models. Theoret- 

cal models to predict effective conductivity are derived based on 

ssumptions about the size and distribution of the pores [20] . In 

eneral, they can only be used for simple structures and cannot be 

sed to predict the properties of new materials [19] . Due to the 

ignificant difference in thermal conductivities of gases and solids, 

he upper and lower bounds of possible effective property values 

or porous media is significant. Without being able to quantify the 

ore structure, an appropriate thermal conductivity model or value 

s prone to a high level of uncertainty. 

Quantifying the pore structure also helps to identify the value 

f the characteristic pore size. This is the dominant variable in 

q. (4) to determine the permeability through the porous pellet 

thus, reference velocity also). Quantifying the pore structure has 

ot been done in consolidated nanothermite pellets and, based 

n Figs. 4, 5 , and 9 , there is a strong sensitivity which makes

his parameter even more important. Since the reference veloc- 

ty is present in the Peclet and non-dimensional burn rate, both 

roups are equally affected whereas the thermal conductivity ef- 

ect is mainly on the Peclet number. 

The chemical kinetic parameters only moderatly affect many 

rends observed herein except the ignition delay in Fig. 10 . The 

ay in which ignition delay is defined varies in the literature, how- 

ver, in this numerical implementation, it is defined as when the 

eat released is an order of magnitude higher than the conduction 

nd advection heat losses in at least 10 computational cells. For 
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his reason, the values of ignition delay are not directly compara- 

le to literature, but the trends can be. The trend is mostly linear 

ith density, however with increasing activation energy, an expo- 

ential form emerges. 

The activation energy and pre-exponential factor were chosen 

s an estimate for the reaction mechanism and time scales since 

arious values are used in literature. The reaction is estimated with 

 simple model and since the chosen values were taken from dif- 

erent sources, there might also be a non-physical pairing of val- 

es which taint the results. Another important aspect also gov- 

rning ignition delay is ablation due to laser heating. This was 

bserved in Al/CuO experiments of Saceleanu et al. [3] and stud- 

ed in Stacy et al. [14] for Al/MoO3 nanothermite pellets which 

ound that ignition delay increases when more material is ab- 

ated during preheating. The presented model does not account for 

blation. 

. Conclusion 

A continuum model of Al/CuO nanothermite pellet combustion 

as presented which utilized a two-phase model coupled with 

arcy’s law, and the transient heat equation. This finite volume 

umerical framework solves the governing equations on a two- 

imensional, axisymmetric domain; the code is freely available 

or further development. The primary objective was to model the 

orous media flow resulting from the porosity of the compressed 

anothermite pellet, thus a simplified reaction model was used 

o approximate the reaction kinetics. A non-dimensional analysis 

ased on the governing equations and characteristic Darcy velocity 

as used to evaluate the burning regimes of nanothermite pellet 

ombustion. The results support the experimental observations of 

onduction and convection burning regimes based on packing den- 

ity, however the model is not able quantitatively capture the ex- 

erimentally observed burn rates at low packing density. Despite 

his, non-dimensionalization of the numerical results with pub- 

ished experimental studies show good agreement. 

Ignition delay trends are similar to the literature, however the 

gnition time is lower by an order of magnitude. This can be re- 

ated to the metric used to determine ignition in the numerical 

imulations. Ablation of surface particles is another possible rea- 

on for this discrepancy due to the heat that is applied by the 

aser but not used to heat up the pellet to ignition. The model is 

ost sensitive to the nature of the pore structure. Better quatifica- 

ion of the porous structure will reduce the uncertainty in choos- 

ng appropriate values for thermal conductivity and characteristic 

ore size. Literature has suggested convection of condensed phases 

s sources of higher burn rates, so future development of this 

odel should try and incorporate this multi-phase situation with 

he porous medi a considerations presented here. 
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