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High-Torque-Density Control of Multiphase
Induction Motor Drives Operating

Over a Wide Speed Range
Michele Mengoni, Member, IEEE , Luca Zarri, Senior Member, IEEE , Angelo Tani,

Leila Parsa, Senior Member, IEEE , Giovanni Serra, Senior Member, IEEE , and
Domenico Casadei, Fellow, IEEE

Abstract—The high-order harmonics of the magnetic
field can be used in some typologies of multiphase machine
to improve the torque density. However, maximizing the
torque capability depends on the thermal, voltage, and
current constraints of the machine and the inverter. In this
paper, a rotor-flux-oriented control scheme, which is ca-
pable of exploiting the maximum torque at any speed, is
presented for multiphase induction motor drives. Below the
base speed, the torque improvement is obtained by adding
a third harmonic component to the fundamental component
of the air-gap magnetic field. At high speeds, the amplitude
of the field harmonics is progressively reduced to ensure
the widest possible operating speed range. The validity of
the proposed control scheme is confirmed by experimental
tests.

Index Terms—Induction motors, multiphase drives,
variable-speed drives.

NOMENCLATURE

N Number of phases.
ρ Harmonic order.
iSρ, iRρ Stator and rotor current space vectors generating

the ρth spatial harmonic of the magnetic field.
ϕSρ, ϕRρ Stator and rotor flux space vectors of the ρth

spatial harmonic of the magnetic field.
LSρ, LRρ, Stator and rotor self inductances of the ρth spatial

harmonic of the magnetic field.
Mρ Mutual inductance of the ρth spatial harmonic of

the magnetic field.
RS Stator resistance.
RRρ Rotor resistance for the current iRρ.
ωm Rotor angular speed in electrical radians.
iS1d, iS1q , d−q components of the stator current vectors iS1
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iS3d, iS3q and iS3 in the reference frames synchronous with
ϕR1 and ϕR3.

η Ratio between the currents iS3d and iS1d.
ISd,rated Nominal peak value of the sinusoidal magnetizing

current of the motor.
IM Maximum admissible current.
Edc Voltage of the dc link.

I. INTRODUCTION

MULTIPHASE drives, i.e., drives based on machines hav-
ing more than three phases, are seen with interest in

many modern applications, such as vehicle and naval propul-
sion systems or the more-electric aircraft [1]–[3].

In multiphase drives, in addition to the fundamental compo-
nent of the magnetic field, some of the spatial harmonics can
be controlled independently. This property allows reducing the
amplitude of the torque pulsations (if the additional harmonics
are set to zero) or improving the reliability and fault tolerance
of the drive (by keeping the fundamental component of the field
unchanged in case of a fault). The fault tolerance is likely the
most studied feature of multiphase drives. Several fault control
principles have been analyzed for permanent magnet machines
and induction machines, with different numbers of phases
[4]–[8].

The possibility offered by high-torque-density machines
to improve the delivered torque has been of interest to re-
searchers in the recent past. Initially, control schemes with high-
torque-density capability have been proposed for permanent
magnet synchronous motors [9]–[11]. Following that, some
high-torque-density drives were proposed for induction motors
[12], [13]. In all the initial research, the torque improvement
was usually achieved by adding only the third spatial harmonic
in the magnetic field under some simplifying assumptions, such
as neglecting the leakage flux, and without focusing on the
current and voltage constraints imposed by the inverter.

In recent years, some studies have investigated the perfor-
mance of high-torque-density multiphase drives more deeply.
The study in [14] presents steady-state analysis and perfor-
mance evaluation of an 11-phase induction machine when
harmonic injection up to the ninth harmonic or a square-wave
supply is applied. For the same RMS fundamental current, the
machine could be overloaded by approximately 37.5%, and the
corresponding increase in the RMS phase current was 25%. In
[15], the use of genetic algorithms is proposed to determine
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the optimum quasi-square wave flux distribution in multiphase
induction machines having a number of phases that is not a
multiple of three, and the paper came to the conclusion that the
contribution of field harmonics of order greater than five is neg-
ligible. In [16], an indirect vector control scheme is presented
with an improved flux pattern using third harmonic injection.
Compared with [12] and [13], the controller is designed such
that the air-gap third harmonic is aligned with the fundamental
harmonic in all loading conditions.

However, the study in [17], comparing different cases of
high-torque-density induction machines from the point of view
of the electromagnetic design, revealed that the high-order
spatial harmonics produce higher losses in the stator back iron,
which are usually neglected in the analysis of high-torque-
density multiphase machines. To keep the same iron saturation,
it was necessary to increase the stator back iron by about
20% in comparison with non-high-torque-density multiphase
machines or three-phase machines, thus reducing their gain
margin.

It is worth noting that the effect of the additional power loss
in the stator back iron depends on the electromagnetic design,
and therefore, it should be assessed from time to time.

Nevertheless, the capability to produce higher torque values
is still interesting in overload conditions, where the output
power and the output torque are limited mainly by the inverter
constraints rather than by the motor losses.

The effect of the inverter constraints is shown in [18] and
[19]. To summarize, the harmonic components added to the
air-gap field are generated by magnetizing currents. Since the
maximum inverter current is prefixed, the maximum torque is
the result of a constrained optimization problem that determines
the best combination of active and magnetizing currents. The
result is that the injection of current harmonics can be useless
for low torque values and has to be properly modulated for
higher torque values.

A possible field of application for high-torque-density mul-
tiphase motors may be the electric traction, where there is an
increasing demand of electric machines featuring high overload
torque, magnet-free design, and field-weakening operation.
Since the power is split among several phases, the current level
is lower, and cheaper technologies, such as MOSFET switches
(in parallel), can be adopted instead of insulated-gate bipolar
transistor (IGBT) switches for the construction of the power
inverter.

The development of robust control schemes for high-torque-
density multiphase induction motor drives that are capable of
exploiting the maximum torque at any speed has not been
widely analyzed in the literature.

Concerning this problem, this paper improves the results
reported in [20] by extending the analysis to the whole speed
range (including field weakening). The analysis is focused on
the effect of the constraints due to the machine and the inverter
ratings on the optimization of the maximum torque.

The analysis leads to explicit expressions of the active
and magnetizing currents that maximize the electromagnetic
torque. The set-point values of these currents are updated
online depending on the operating conditions. Furthermore,
the control system needs only a small subset of the machine

parameters for the field-weakening operation, thus improving
the robustness and reliability of the drive at high speed. The
developed control technique is applied to a prototype of a
seven-phase induction motor drive, and the performance is
experimentally tested.

II. MATHEMATICAL MODEL

The analysis developed here is valid for N -phase (N is an
odd number greater than 3) squirrel-cage induction machines in
which the arrangement of the stator windings, which is assumed
star connected, is symmetrical. To adequately represent the
behavior of such machines, it is necessary to consider the spatial
components of the magnetic field in the air gap up to the
(N − 2)th order. To obtain a compact formulation of the model,
it is opportune to adopt the vector notation in multiple d−q
planes (multiple space vectors) and to express the motor equa-
tions in reference frames in synchronism with the correspond-
ing rotor flux vectors:

vSρ =RS iSρ + jωρ ϕSρ +
dϕSρ

dt
, ρ = 1, 3, . . . , N − 2

(1)

0 =RRρ iRρ + j(ωρ − ρωm)ϕRρ +
dϕRρ

dt
,

ρ = 1, 3, . . . , N − 2 (2)

ϕSρ =LSρ iSρ +Mρ iRρ, ρ = 1, 3, . . . , N − 2 (3)

ϕRρ =Mρ iSρ + LRρ iRρ, ρ = 1, 3, . . . , N − 2 (4)

T =
N

2
p

∑
ρ=1,3,...,N−2

ρMρiSρ · jiRρ (5)

where T is the electromagnetic torque; p is the pole pairs;
ωρ is the angular speed of the ρth rotor flux vector; ωm is
the rotor angular speed in electric radians per second; iSρ and
iRρ (ρ = 1, 3, . . . , N − 2) are the multiple space vectors of
the stator and rotor currents, respectively; ϕSρ and ϕRρ (ρ =
1, 3, . . . , N − 2) are the multiple space vectors of the stator
and rotor fluxes, respectively; and LSρ, LRρ, and Mρ (ρ =
1, 3, . . . , N − 2) are parameters that can be interpreted as self-
inductance and mutual inductance, respectively.

In the mathematical model described by (1)–(5), iron losses
are ignored, the permeability of the iron core is infinite, and the
saturation and the slot effect are not considered.

As can be seen from (1)–(5), an N -phase induction machine
can be decomposed into (N − 1)/2 independent three-phase
induction machines (denoted by indexes 1, 3, . . . , N − 2) shar-
ing the same shaft. The current space vectors iSρ and iRρ are
responsible for the generation of the ρth spatial component of
the magnetic field in the air gap.

III. CONSTRAINT ON THE AIR-GAP FLUX DENSITY

High-order spatial harmonics of the air-gap magnetic field
can be effectively controlled in multiphase machines with
concentrated windings (i.e., with one slot per pole per phase).
If these harmonics are synchronized with the fundamental
component, it is possible to increase the amplitude of the
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fundamental component without changing the peak value HM

of the resulting total field wave, which is usually chosen so that
the iron core does not incur excessive magnetic saturation.

A. Amplitude of the Air-Gap Flux Density

To simplify the analysis, it is assumed that the motor is only
excited by the fundamental and third harmonic components of
the voltages.

The resultant magnetic field can be written as follows:

H(θ) = H1 cos(θ)−H3 cos(3θ) (6)

where θ is an angular coordinate; and H1 and H3 are the
amplitudes of the fundamental and third harmonic components
of the magnetic field, respectively. The angle θ is expressed in
electrical radians and varies within the range [−π/2, π/2] in a
pole pitch.

For a fair comparison and to maintain the same level of
iron saturation, the maximum value of (6) should be limited to
HM , i.e.,

max
−π

2 ≤θ≤π
2

{H1 cos(θ)−H3 cos(3θ)} = HM . (7)

Ignoring leakage fluxes, (7) can be written in terms of the
flux-producing currents IS1d and IS3d instead of H1 and H3.
The currents IS1d and IS3d are the d-components of the stator
current vectors in the d1−q1 and d3−q3 frames, which are
aligned with the rotor flux vectors corresponding to the first and
third spatial harmonics of the magnetic field.

Consequently, the following equation can be obtained:

max
θ∈[−π

2 ,π2 ]

{
IS1d cos(θ)− IS3d

3
cos(3θ)

}
= ISd,rated (8)

where ISd,rated is the rated magnetizing current of the machine,
i.e., the magnetizing current that produces the rated sinusoidal
spatial distribution of the air-gap magnetic field.

Defining the following current ratio:

η =
IS3d

IS1d
(9)

(8) can be written as

C(η)IS1d = ISd,rated (10)

where C(η) is as follows:

C(η) = max
θ∈[−π

2 ,π2 ]

{
cos(θ)− η

3
cos(3θ)

}
. (11)

The analytical expression of C(η) is given by (12), and its
variation with respect to η is depicted in Fig. 1. Thus,

C(η) =

{
1− 1

3η, if η ≤ 1
3

1
3 (η + 1)

√
1 + 1

η , otherwise.
(12)

The function C(η) expresses the reduction in the peak value
of the field wave due to the third spatial harmonic component.

Fig. 1. Behavior of the curve C(η).

Fig. 2. Waveform of the air-gap magnetic field: fundamental compo-
nent and third spatial harmonic.

Both C(η) and its derivative are continuous functions; thus,
it is straightforward to verify that the absolute minimum of
C(η) is at

ηm =
1

2
. (13)

Therefore, the components of the stator current in the d1- and
d3-axes can be written as

IS1d,max =
2√
3
ISd,rated (14)

IS3d,max =
1√
3
ISd,rated. (15)

The maximum value of H1 is 2/
√
3HM , and H3 is 1/6 of

H1. The fundamental and third harmonic components and the
resultant waveforms of the air-gap field are illustrated in Fig. 2.

B. Synchronization of the Field Wave

Since the d1- and d3-axes are aligned with rotor flux vectors
ϕR1 and ϕR3, respectively, there will be no q-axes component
for rotor flux. Combining (2) and (4) for ρ = 1 and considering
only the q-component, the slip frequency ω1 − ωm can be
obtained as a function of current iS1q as follows:

τR1(ω1 − ωm)ϕR1 = M1iS1q (16)

where τR1 is the ratio of LR1 to RR1.
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Similarly, by combining (2) and (4) for third-order harmonic
(ρ = 3), one obtains

τR3(ω3 − 3ωm)ϕR3 = M3iS3q (17)

where τR3 is the ratio of LR3 to RR3.
If the third spatial harmonic of the magnetic field is syn-

chronized with the fundamental component, its electric angular
speed is triple that of the fundamental wave, i.e.,

ω3 = 3ω1. (18)

Substituting (18) into (17) and considering (16), it results that
that the synchronism is possible only if the following condition
holds true:

3τR3ϕR3

τR1ϕR1
=

M3iS3q

M1iS1q
. (19)

In steady-state condition, the fundamental and third-order
harmonics of the rotor flux are proportional to the d1 and d3
components of the stator current, i.e.,

ϕR1 =M1iS1d (20)

ϕR3 =M3iS3d. (21)

Substituting (20) and (21) into (19), one comes to the follow-
ing result:

IS3q =
3τR3

τR1
ηIS1q. (22)

The preceding equation is used in Section IV to obtain the
correct value of the current iS3q so that the magnetic field wave
generated by the stator current vector iS3 is in synchronism
with the one generated by current vectors iS1 and iR1.

IV. MAXIMIZATION OF THE MOTOR TORQUE

A. Problem Statement

If the air-gap magnetic field only consists of the fundamental
and third spatial harmonics, the expression of the steady-state
torque of an N -phase motor can be written as follows:

T =
pN

2

(
M2

1

LR1
IS1dIS1q + 3

M2
3

LR3
IS3dIS3q

)
. (23)

Equation (23) shows that the magnetic torque is a function of
the four steady-state current components IS1d, IS1q, IS3d, and
IS3q of the stator current vectors.

Let us assume that the RMS value of phase current is IS/
√
2.

The relationship between the RMS value of the stator current
and the d−q axes components of current is as follows:

I2S = I2S1d + I2S1q + I2S3d + I2S3q. (24)

The inverter current rating and the machine thermal rating
set a limit value, i.e., IM , for the phase current IS . For a given
IS , the maximum achievable torque corresponds to a precise
combination of the current components and results from a con-
strained optimization of (23) subjected to the constraints (9),

(10), (22), and (24). The formal statement of the optimization
problem is reported in the Appendix.

Substituting (9) and (22) into (23) and (24) and considering
that M3 is 1/9 of M1 in induction motors without rotor skew,
the torque can be expressed as

T =
pN

2

M2
1

LR1
IS1dIS1q(1 + αη2) (25)

where

α =
1

9

LR1τR3

LR3τR1
=

RR1

9RR3
(26)

whereas the stator current can be written as

I2S1d(1 + η2) + I2S1q[1 + βη2] = I2S (27)

where

β = 9

(
τR3

τR1

)2

. (28)

As a result, (25) shows that the motor torque is proportional
to the current IS1q and seems to increase as η increases. How-
ever, (27) reveals that, if η is not zero, there is a reduction in the
maximum current IS1q available for generating the magnetic
torque. In other words, since the constraints are nonlinear, the
optimization is not trivial.

B. Approximate Solution

An approximate solution of constrained maximization of
(25) was found in [18] and [19], where it is was shown that ηopt
can be approximated as a function of the ratio ISd,rated/IS , i.e.,

ηopt =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

η0+
1
δ2

(
1
3−η0

)( ISd,rated

IS

)2

, if ISd,rated

IS
≤δ

√
2

2 − ISd,rated
IS

3
(√

2
2 −δ

) , if δ< ISd,rated

IS
<

√
2
2

0, if ISd,rated

IS
≥

√
2
2

(29)
where η0 and δ are defined as

δ =12

√
(3αβ + 47α− 13β + 63)(αβ + 17α− 7β + 9)

27αβ + 423α− 117β + 567

(30)

η0 = − 1

4

α2β+αβ2

16 − 11(α2+β2)
8 + 7αβ

2 + α+ β + 2
7α2β
64 − αβ2

32 + 17α2

16 + β2

2 − 11αβ
8 + α− 5β

4 − 1
.

(31)

It is worth noting that, since α and β are usually small
quantities, the values of η0 and δ are nearly 0.5.

Although (29) is a function of ISd,rated/IS , the behavior of
ηopt can be better understood when it is plotted as a function
of IS/ISd,rated, as shown in Fig. 3, which compares the exact
solution with the approximated analytical solution (29).

The parameters adopted to draw the curve in Fig. 3 are
those in Table I and are the same as those of the electric
motor drive used during the experimental tests described in

https://www.researchgate.net/publication/224188024_Torque_maximization_in_high-torque_density_multiphase_drives_based_on_induction_motors?el=1_x_8&enrichId=rgreq-ffa05c1b95cf281606dfc4d9623a1bfc-XXX&enrichSource=Y292ZXJQYWdlOzI3MzM5NTQ4OTtBUzoyNzYwMjc2OTE3NjE2ODBAMTQ0MjgyMTUzODk5OA==
https://www.researchgate.net/publication/261320500_Maximum-torque-per-ampere_control_of_high_torque-density_multiphase_drives_based_on_induction_motors?el=1_x_8&enrichId=rgreq-ffa05c1b95cf281606dfc4d9623a1bfc-XXX&enrichSource=Y292ZXJQYWdlOzI3MzM5NTQ4OTtBUzoyNzYwMjc2OTE3NjE2ODBAMTQ0MjgyMTUzODk5OA==
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Fig. 3. Trend of the curve ηopt as a function of the ratio IS/ISd,rated

(the pink zone is forbidden, since the stator current should be lower
than IM ).

TABLE I
MOTOR PARAMETERS

Fig. 4. Trends of the components of the stator current vectors as
functions of ISd,rated/IS .

Section VII. Basically, when IS is lower than
√
2 ISd,rated,

the injection of the third harmonic current is useless or even
detrimental, because it reduces the current IS1q available for
torque generation. Conversely, when IS is much greater than
ISd,rated, ηopt reaches a value that is around 0.5 and depends
weakly on the machine parameters. However, the maximum
value of ηopt can be unreachable. In nominal operating condi-
tions, the ratio IS/ISd,rated of the machine used as example in
this paper is 2, and the parameter ηopt is 0.3. If the machine
operates in overload condition (dashed zone in Fig. 3), the
ratio IS/ISd,rated can increase up to 4, and the parameter
ηopt becomes 0.47. Higher values of current are not possible,
because they are greater than the maximum inverter current IM .

Finally, the values of the components of the stator cur-
rent vectors corresponding to the maximum torque are shown
in Fig. 4.

Fig. 5. Percentage of increase in the magnetic torque due to the third
harmonic injection as a function of IS1q .

C. Torque Improvement

Once ηopt is known, it is possible to calculate IS1d and IS1q

by solving (10) and (27), i.e.,

IS1d =
ISd,rated

C(ηopt)
(32)

IS1q = ±

√√√√√√I2S −
(

ISd,rated

C(ηopt)

)2

(1 + η2opt)

1 + 9
(

τR3

τR1

)2

η2opt

. (33)

The electromagnetic torque can be found by substituting (32)
and (33) into (25). Since ηopt is a function of IS , the torque
turns out to be a function of IS as well.

Fig. 5 shows the increase in the optimized torque compared
with the absence of the third harmonic component of the air-
gap field. If IS is lower than

√
2ISd,rated, no improvement

is possible. On the contrary, if IS is sufficiently greater than√
2 ISd,rated, the increase in the torque is around 5% at the

rated current. In overload conditions, it can be up to 13% and is
limited by the maximum admissible current IM .

V. OPERATING SPEED RANGES

At high speed, the motor operation is limited not only by the
inverter current rating and the machine thermal rating but also
by the available dc-link voltage.

Therefore, to analyze the operating speed ranges, it is re-
quired to find the maximum voltage vectors that can be applied
to the machine.

A. Voltage Constraint

DC-link voltage utilization depends on the modulation tech-
nique being used. Hereafter, it is assumed that the applied
modulation technique is capable of fully exploiting the dc-link
voltage and generating all possible combinations of voltage
vectors in the d−q planes. For example, modulation strategies
with these features are the carrier-based pulsewidth modulation
(PWM) with a suitable choice of the zero-sequence voltage or
the space vector modulation [20]–[25].

https://www.researchgate.net/publication/260505401_Investigation_of_Carrier-Based_PWM_Techniques_for_a_Five-Phase_Open-End_Winding_Drive_Topology?el=1_x_8&enrichId=rgreq-ffa05c1b95cf281606dfc4d9623a1bfc-XXX&enrichSource=Y292ZXJQYWdlOzI3MzM5NTQ4OTtBUzoyNzYwMjc2OTE3NjE2ODBAMTQ0MjgyMTUzODk5OA==
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Fig. 6. Validity domains of v1,ref and v3,ref , normalized by the dc-link
voltage Edc. (a) Five-phase inverters. (b) Seven-phase inverters.

Due to high number of degrees of freedom, finding the output
voltage limit of multiphase inverters requires more computa-
tional effort. An approximate explicit solution for the voltage
boundary of a seven-phase inverter has been found in [26], and
it has been extended for N -phase inverters in [27]. If N is a
prime number, the constraints acting on the magnitude of the
voltage vectors can be written as a set of linear inequalities,
linking the magnitudes of the multiple voltage space vectors,
independent of their phase angles, i.e.,∑

ρ=1,3,...,N−2

Aρ,h|vρ,ref | ≤ Edc, h = 1, 2, . . . ,
N − 1

2

(34)
where

Aρ,h = 2
∣∣∣sin πρ

N
h
∣∣∣ . (35)

As a consequence, the dc-link voltage that is necessary
to synthesize the voltage vectors v1,ref , v3,ref , . . . , vN−2,ref is
equal to

Edc,req = max
h=1,2,...,N−1

2

⎧⎨
⎩

∑
ρ=1,3,...,N−2

Aρ,h|vρ,ref |

⎫⎬
⎭ . (36)

Under the assumption that the magnitude of the voltage vectors
with ρ > 3 is zero, (36) can be simplified and becomes

Edc,req = max
h=1,2,...,N−1

2

{A1,hv1,ref +A3,hv3,ref} (37)

whereas, if only v1,ref is nonzero, (36) becomes

Edc,req = AMv1,ref (38)

where

AM = max
h=1,2,...,N−1

2

{A1,h} = 2 sin

(
π

2

N − 1

N

)
. (39)

Fig. 6, which can be generated using (37), shows the ad-
missible magnitudes of the voltage vectors v1,ref and v3,ref
corresponding to a given level of the dc-link voltage Edc,req for
five- and seven-phase inverters. As can be seen, the admissible
voltage regions are slightly different depending on the number
of phases. This result may slightly change the operating speed
range of the machine. This aspect is analyzed in the next
subsection.

Fig. 7. Maximum torque capability of the seven-phase motor with
parameters reported in Table I. Torque and power are normalized by the
respective nominal values. The currents on the d-axes are normalized
by ISd,rated. The currents on the q-axes are normalized by IM . The
voltages are normalized by Edc. The speed is normalized by the base
speed.

B. Operation at High Speed

Equations (1)–(12) can be used to model a multiphase ma-
chine and calculate the best set of values for d-axes currents
iS1d and iS3d that maximizes the torque capability of the motor
at any speed without exceeding the current limit IM , the voltage
limit, and the peak value of the air-gap flux density.

The result of this optimization procedure, under the assump-
tion that the motor parameters are those in Table I, is shown
in Fig. 7.

Although the example in Fig. 7 refers to a seven-phase
motor, the behavior seems quite general and can be valid for all
multiphase induction machines. In essence, four different speed
ranges can be identified.

At low speed (region I), the third-order spatial harmonic
of the air-gap field can be used to increase the maximum
motor torque without changing the current absorption, which
is limited by the maximum current IM .

Region II begins as soon as the dc-link voltage is insuffi-
cient. As the speed increases, the control system progressively
reduces iS3d, and the torque enhancement becomes impossible,
because the back electromotive force (EMF) due to the third-
order harmonic of the magnetic field would require an excessive
portion of the dc-link voltage to the detriment of the fundamen-
tal harmonic, which is actually responsible for the most part of
the electromagnetic torque. Furthermore, reducing iS3 allows
a small increase in iS1q and consequently helps to restrain the
torque reduction.

In region III, i.e., at speeds higher than the base speed, the
maximum power generated by the machine is nearly constant
and slightly greater than the power at base speed. The RMS
value of the phase current is constant, and the voltage limit is
completely exploited by vS1 alone.

Finally, at very high speed (region IV), the dc-link voltage
is not sufficient to inject the maximum current into the motor
phases. The power delivered to the load decreases, and the
motor behavior, like in region III, is very similar to that of a
traditional three-phase motor. The condition for the maximum
torque is that the stator flux vector and the rotor flux vector form
an angle of 45◦, i.e., the d-component of the stator flux vector,
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Fig. 8. Block diagram of the control scheme.

expressed in the synchronous reference frame, is equal to the
q-component [28].

C. No Harmonic Injection in Field-Weakening
Speed Range

Above the base speed, the injection of the third spatial
harmonic is not useful. This result is generally valid and can be
proven by the following reasoning. For the sake of simplicity,
let us focus only on the operating conditions around the base
speed, when the inverter capability is completely exploited and
the voltage limit (34) becomes an equality. In this case, (34) can
be rewritten in the following form:

A1v1,ref +A3v3,ref = Edc (40)

where A1 and A3 are positive coefficients depending on the
number of phases. For example, (40) may correspond to seg-
ment PQ in Fig. 6(a) and (b).

If the voltage drops on the stator resistances are negligible
and the steady-state operation is assumed, the derivative of the
torque can be calculated with respect to η under the constraints
(10), (22), and (26), in the nominal operating conditions, i.e.,

IS1d = ISd,rated (41)

IS1q =
√

I2M − I2Sd,rated (42)

IS3d = IS3q = 0 (43)

η =0. (44)

The result is as follows:

dT

dη
= Np

M2
1

LR1

d

Δ

(
I2S1q − I2S1d

)
(45)

where

d =3A3LS3

√
I2S1d + 9σ2

3

(
τR3

τR1

)2

I2S1q (46)

Δ = −
2IS1dIS1qA1LS1

(
1− σ2

1

)
√

I2S1d + σ2
1I

2
S1q

. (47)

Typically, IS1q is greater than IS1d, the parameter d is
positive, and the parameter Δ is negative. As a consequence,
the derivative (45) is lower than zero, meaning that any in-
crease in the amplitude of the third spatial harmonic has the
effect of reducing the electromagnetic torque as long as (40)
holds. This result is qualitatively also valid at higher speeds,
since the machine speed is not among the variables appearing
in (45)–(47).

VI. CONTROL SCHEME

A control scheme based on the results obtained in Section IV
has been developed, and its block diagram is shown in Fig. 8,
which can be ideally divided into three sections with different
aims. The first section concerns the current control loop, the
second one is the tracking of torque reference, whereas the third
one ensures the robust field-weakening operation. In Fig. 8,
the controlled variables are expressed in two reference frames
d1−q1 and d3−q3, which are synchronized and aligned with
the corresponding rotor flux vectors. For the proper operation
of the control scheme, it is assumed that motor fluxes, torque,
and speed can be estimated.

A. Current Loops

The reference signals iS1d,ref and iS1q,ref are tracked by
means of proportional–integral (PI) regulators (a) and (b),
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whereas the reference signals iS3d,ref and iS3q,ref are tracked
by means of PI regulators (c) and (d). The estimated values of
the back EMFs are added to the output signals of the previous
regulators to improve the tracking dynamics. If the available
voltage of the dc link is insufficient to synthesize the requested
voltage vectors, limitation block (e) proportionally reduces the
magnitude of the request voltage vectors, so that the rescaled
reference voltages can fit in the linear modulation area in Fig. 6.

It is worth noting that additional PI regulators, which are not
shown in Fig. 8 for the sake of simplicity, must keep the current
vectors iSρ for ρ > 3 equal to zero to avoid that small voltage
disturbances, such as those caused by the inverter dead times
or by a phase unbalance, may induce undesired circulating
currents.

B. High Torque Density

Once the stator currents have been measured and the ratio
IS/ISd,rated is known, (27) provides the value of ηopt, upon
which the calculation of the optimal value of the current iS3d

depends. This value is regarded as an upper bound for iS3d, and
it is called iS3d,max in Fig. 8, because iS3d can be lower than
iS3d,max when the dc-link voltage is insufficient to inject the
requested current. Finally, if the stator current is smaller than√
2ISd,rated, ηopt, and iS3d,max are both zero, and the high-

torque-density operation is disabled.

C. Torque Loop

The PI regulator (f) receives the tracking error between the
torque set point and the estimated torque as input signal, and
it adjusts the request of the torque-producing current iS1q,req,
which is proportional to the electromagnetic torque. Afterward,
(22) allows one to calculate as a function of iS1d,ref and iS1q,ref

the reference value iS3q,ref that is necessary to synchronize the
fundamental component of the magnetic field with the third-
order spatial harmonic.

In regions I–III, the maximum deliverable torque is limited
by the maximum current Is,max, whereas in region IV, the
maximum torque takes places when the d-component of the
stator flux vector is equal to the q-component of the stator
flux vector. In steady-state condition, this latter equality can be
written as follows [28]:

iS1q =
ϕS1d

σ1LS1
. (48)

The limitation block (g) assures that these constraints are
satisfied in any speed region. In fact, the absolute value of
current iS1q is bounded by iS1q,max, which makes the stator
current equal to Is,max or makes ϕS1q equal to ϕS1d, depending
on which one is the most restrictive constraint in the actual
operating condition.

D. Flux Loop

The PI regulators (j) and (h) generate the d-axis components
of stator currents iS1d,req and iS3d,req, which, in turn, adjust

the rotor flux magnitudes ϕR1 and ϕR3. When the motor speed
is too high, the available dc-link voltage Edc is not sufficient
to entirely satisfy the voltage request, which is represented
by Edc,req.

If Edc is persistently lower than Edc,req, then the motor is
operating in region II, region III, or region IV; and the third
spatial harmonic of the magnetic field has to decrease. This
task is implemented by PI regulator (h), which integrates the
difference of Edc and Edc,req. If this difference is negative,
iS3d is set to zero. Otherwise, it increases up to the threshold
value iS3d,max shown in the d3-axis current limiter block (i)
and calculated based on ηopt.

It is worth noting that the reduction in iS3d leads to a
reduction in the requested voltage. As a consequence, in
region II, as long as vS1,req is lower than Edc/AM , it is possible
to keep ϕR1 unaltered.

Conversely, in regions III and IV, the voltage request vS1,req

is greater than Edc/AM , and it can never be satisfied, even if
the third harmonic of the magnetic field is set to zero. In this
case, PI regulator (j), which integrates a quantity proportional
to the difference Edc −AMvS1,req, decreases ϕR1 by acting
on the current iS1d. The d1-axis current limiter (k) limits this
current to an upper bound iS1d,max, given by (14), and a lower
bound iS1d,min, ensuring the stable operation of the motor at
high speed.

The only motor parameter that is necessary for the field-
weakening operation is the leakage inductance σ1LS1, which
is already used in the state observer in most cases. In addition,
the knowledge of the base speed is not necessary, as well as
complex calculations of the flux level or lookup tables.

VII. EXPERIMENTAL RESULTS

An experimental testbed consisting of a seven-phase IGBT-
based inverter and a 2-kW seven-phase squirrel-cage induction
motor has been built to verify the theoretical findings. The
motor parameters are the same as those listed in Table I. In
[29]–[32], various methodologies have been proposed for the
determination of these parameters. The simplest way is to
perform no-load and blocked-rotor tests by feeding the motor
with one voltage vector at a time. The modulation technique
used to control the seven-phase inverter is the PWM strategy
described in [26].

Figs. 9 and 10 show the behavior of the motor during two step
changes of the torque reference, from 0 to 5 N · m and from
5 N · m to the maximum torque, at low speed. The maximum
torque theoretically depends on the machine parameters, the
operating conditions, and the maximum admissible current IM .
In practice, during the experimental tests, the torque request has
been set to a value that is certainly greater than the maximum
one, so that the control system is forced to produce the highest
possible torque, corresponding to about 32 N · m.

Both figures show the waveforms of the estimated torque
and the stator current, but Fig. 9 shows also the waveforms of
IS1d,ref and IS3d,ref , whereas Fig. 10 shows the waveforms of
IS1q,ref and IS3q,ref .

The current that is necessary to produce 5 N · m is about 3 A.
This value is below the threshold

√
2 ISd,rated, equal to 3.5 A,
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Fig. 9. Step changes of the torque from 0 to 5 N · m and from 5 N · m
to the maximum value, at low speed. (1): motor torque (20 N · m/div);
(2): iS1d (2 A/div); (3): iS3d (2 A/div); (4): stator current (10 A/div).

Fig. 10. Step changes of the torque from 0 to 5 N · m and from 5 N · m
to the maximum value, at low speed. (1): motor torque (20 N · m/div);
(2): iS1q (6 A/div); (3): iS3q (3 A/div); (4): stator current (10 A/div).

Fig. 11. Ramp command of the torque from 0 N · m to the maximum
value. (1): motor torque (20 N · m/div); (2): iS1d (2 A/div); (3): iS3d

(2 A/div); (4): stator current (10 A/div).

beyond which the use of third spatial harmonic of the magnetic
field becomes useful. Consequently, at the beginning of the test,
the stator currents are sinusoidal, and iS1d is equal to ISd,rated.
After the second torque step, the motor operates in overload
conditions, since the stator current is twice the rated thermal
current of the motor. The value of ηopt becomes about 0.46,
iS3d and iS3q increase, and the waveform of the stator current
is clearly distorted owing to the presence of the third harmonic.

Figs. 11 and 12 show the behavior of the drive during a ramp
variation of the torque command from 0 N · m to the maximum
torque. As soon as IS1d,ref increases, IS3d,ref increases to

Fig. 12. Step changes of the torque from 0 N · m to the maximum
value. (1): motor torque (20 N · m/div); (2): iS1q (6 A/div); (3): iS3q

(3 A/div); (4): stator current (10 A/div).

Fig. 13. Step change of the torque from 0 to the maximum value.
(1): motor speed (2000 r/min/div); (2): iS1d (2 A/div); (3): iS3d (2 A/div);
(4): stator current (10 A/div).

Fig. 14. Step change of the torque from 0 to the maximum value.
(1): motor speed (2000 r/min/div); (2): iS1q (2 A/div); (3): iS3q (10 A/div);
(4): stator current (10 A/div).

reduce the peak value of the magnetic field, in such a way that
the iron saturation remains constant. Figs. 11 and 12 clearly
show the transition between the normal operation and the high-
torque-density operation.

Figs. 13 and 14 show the waveforms of iS1d and iS3d,
iS1q and iS3q , respectively, during a step change of the torque
command from 0 to the maximum torque. Traces (1) and (4)
in Figs. 13 and 14 show the waveforms of the rotor speed
and line current, respectively. In addition, Fig. 13 shows the
waveforms of the currents iS1d and iS1q , whereas Fig. 14
shows the waveforms of the currents iS3d and iS3q . Initially, the
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Fig. 15. Step increase in the torque from 0 to the maximum value.
(1): motor torque (20 N · m/div); (2): iS1d (2 A/div); (3): iS1q (10 A/div);
(4): stator current (10 A/div).

Fig. 16. Speed reduction from region III to region I. (1): motor speed
(2000 r/min/div); (2): iS1d (2 A/div); (3): iS3d (2 A/div); (4): stator current
(10 A/div).

motor is at standstill and absorbs only the magnetizing currents
ISd,rated.

After the step in the torque command, the motor starts up.
The line current has the maximum admissible amplitude in
region I. In region II, the voltage touches the upper bound, and
the control algorithm quickly reduces iS3d and, accordingly,
iS3q , thus disabling the high-torque-density mode.

In region III, the motor flux keeps decreasing, as can be
recognized by examining the waveform of iS1d. It is worth
noting that, in regions II and III, the control system slightly
increases iS1q , to entirely exploit the current limit and to take
advantage of the progressive reduction of the other current
components.

Fig. 15 shows the control system response under the same
operating condition in Figs. 13 and 14, but focuses on regions II
and III. In this transition speed range, the waveform of the line
current is initially distorted due to the presence of a third har-
monic component, but approaches a sinusoid as iS3d decreases.
Conversely, Fig. 16 shows the behavior of the machine during
a deceleration from region III to region I. As can be seen, the
transition between the field-weakening operation and the high-
torque operation is sufficiently smooth.

Fig. 17. Torque capability of the motor with and without high-torque-
density control.

Finally, Fig. 17 compares the steady-state maximum torque
that can be obtained with and without the high-torque-density
control. The machine torque has been plotted versus the speed
for different values of η when the stator current is maximum.
As can be seen, the gain in the maximum torque is about 14%
for ηopt compared with the case of no third harmonic injection.
This result is in good agreement with the theoretical analysis.
The performance of the drive for η = 0.3 and η = 0.7, which
are lower and greater than ηopt, respectively, is visibly worse,
thus confirming the optimality of the adopted control strategy.

VIII. CONCLUSION

In this paper, the enhancement of electromagnetic torque
due to the injection of the third-order harmonic component of
the magnetic field, which is possible in multiphase induction
motor drives, has been analyzed under the assumption that
the adsorbed stator current does not exceed the limit value.
The theoretical analysis reveals that, at low torque levels, the
harmonic injection does not provide any advantage, because the
magnetizing current sustaining the third spatial harmonic leads
to a reduction in the torque-producing current. Conversely, the
improvement of the overload torque can be up to 16%–17%.

A rotor-flux-oriented control scheme capable of operating a
seven-phase induction machine at its maximum possible torque
at any given speed has been presented. With the exception of
leakage inductance, the proposed control strategy is parameter
independent and does not require the knowledge of base speed,
any complex calculation of the flux level, or use of lookup
tables. The feasibility of the control schemes has been verified
by means of experimental tests.

APPENDIX

The optimization problem illustrated in Section IV-A is
summarized in this appendix for the sake of clarity.

The problem consists in the optimization of the motor
torque, i.e.,

maxTm(iSd1,iSq1,iSd3,iSq3, η) (A1)
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subject to the following four constraints (9), (10), (22),
and (24):

1) ratio between third harmonic fundamental current, i.e.,

η =
IS3d

IS1d
(A2)

2) synchronization between the fundamental and third har-
monic components of the air-gap field, i.e.,

IS3q = 3
τR3

τR1
ηIS1q (A3)

3) limited peak value of the air-gap magnetic field, i.e.,

C(η)IS1d = ISd,rated (A4)

4) limited value of the stator current, i.e.,

I2S1d + I2S1q + I2S3d + I2S3q = I2S . (A5)

Finally, it is assumed that ISd,rated and IS are known
quantities.
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