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Abstract
The modeling of a quadrotor with complex internal or external loads is rather important and difficult in terms of ensuring
accurate trajectory tracking and strong robustness. This paper mainly studies the dynamics performance of a liquid-filled
quadrotor in a 3-D maneuvering flight environment. The non-inertial smoothed particle hydrodynamics (NI-SPH) method
is adopted for the precise modeling of the liquid. Derivations for the rigid dynamics model of the quadrotor based on
Newton–Euler formulation are also conducted. A multi-scale time stepping iteration method is introduced here for the
fluid–structure interaction (FSI) iteration framework. This work enforces the quadrotor’s 3-D commanded trajectory and
simulates the dynamics performance of the coupled system. Three different types of loads, empty load, constant load, and
sloshing load, are systematically compared. Results show that the quadrotor with a sloshing load usually has a higher overshoot
comparedwith the other two cases. The trajectory tracking error in the vertical direction ismuch smaller than those in horizontal
directions. Moreover, the quadrotor with an onboard load damped much faster when it stops to hover, which is because of the
gravity angular stiffness. Sloshing effect deteriorates the position and attitude tracking accuracy, which leads to the fluctuation
in the speeds of the UAV rotors. The sloshing forces in horizontal and vertical directions are around 20% and 5% of the weight
of the whole liquid. These results help to gain a better understanding of the sloshing behaviors and could enlighten researches
on slosh suppression methods in future.

Keywords Fluid–structure interaction ·Liquid-filled quadrotor ·Attitude-liquid-control coupling dynamics ·Liquid sloshing ·
Non-inertial SPH
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1 Introduction

Unmanned aerial vehicles (UAVs), commonly known as
drones, were originally developed for dull, dirty or dangerous
missions. Due to recent advances in control technologies and
reducedmanufacturing costs, their use has expanded tomany
applications such as plant protection, product deliveries,
aerial photography, policing and surveillance, infrastructure
inspections, and other scientific uses. Different UAVs of the
same type generally have similar components. The main
exceptions, however, are the payloads, which depend on the
missions or theoperational environments ofUAVs.For exam-
ple, tactical UAVs installed with reconnaissance cameras
could bring photos back, agriculture drones with pesticide
on board prevent exposure of workers to toxic chemicals.

The fluid/structure interaction (FSI) between the UAV
and environment is a classic problem. For the complexity
and stochastic of flow, the FSI can be hard to simulated
and predicted. Sometimes the FSI is treated as an uncertain
disturbance, which is also a key scientific problem dur-
ing engineering analysis. The FSI could also be classified
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into two specific problems, the wind disturbance and the
sloshing disturbance. The complex wind filed, for example,
has a significant impact on the flight performance of UAV
[1]. To realize anti-disturbance operation, Kim [2] reviewed
the flight control law technologies for flying qualities. Has-
sani [3] and Bui [4] proposed model-based control law and
Lyapunov-based control law for attitude trajectory track-
ing of UAV. These work enlighten us that to study the FSI
problem of the UAV, we have only two ways. One is the
researches on fluid mechanics for an in-depth understanding
of the flow field. The other one is the robust control system
of the UAV which could guarantee the fault-tolerance under
disturbances. As for the sloshing disturbance problems, Ger-
rits and Veldman [5] studied the dynamics of liquid-filled
spacecraft and proposed amethod for simulating coupled liq-
uid–solid dynamics of a satellite carrying fuel. Feng et al. [6]
built a model of amicroUAVwith a slung load and simulated
it. Their results verified that the trajectory of the payload is
complicated andperiodically varying around the commanded
trajectory. Further, amore realistic helicopter/slung-load sys-
temunder the flexible sling hypothesiswas recently proposed
by Cao et al. [7]. They pointed out that the traditional rigid
sling model is not precise enough, and the flexibility of the
sling will worsen the dynamic stability and flight quality of
the coupled system. Sayyaadi et al. [8] studied the cooper-
ative transport of a liquid-filled tank using quadrotors. By
modeling the liquid as an equivalent mass-spring system,
they showed that both the slung load and sloshing effect
impeded stabilization of the quadrotors by the controller.
The above literature review shows that the simulation algo-
rithm for UAVs under time-varying and uncertain loads still
remains a challenge.

Liquid sloshing, an onboard load that is the focus of this
paper, has similar characteristics with the slung load. Both
of them are negligible for their considerable inertia and peri-
odical impulses. However, it should be noted that the most
important difference between them in a simulation is the
modeling complexity. Due to the difficulties in modeling
and computation cost, equivalent mechanical models, com-
pared to CFD methods [9–14], are widely adopted. Ibrahim
et al. [15] reviewed the progress in liquid sloshing dynam-
ics and illustrated equivalent mechanical modeling methods
for a rectangular container and a cylindrical tank. As for
liquid-filled spacecraft, Yue [16] and Wang [17] proposed
control strategies for sloshing suppression and attitude stabi-
lization. Chung et al. [18] simulated the vibration of a SAR
antenna reflector duringmaneuvering under the effect of pro-
pellant sloshing. Based on the pendulum equivalent model,
a moving pulsating ball model was proposed [19], and some
new parameter setting methods for the equivalent mechan-
ical model such as particle swarm optimization, pendulum
equation, and bouncing ball model have also recently been
reported [20–25].

Fig. 1 The coupled attitude/liquid/control triangle

To further understand the logic between the UAV attitude,
liquid sloshing, and flight control, a coupled triangle is shown
in Fig. 1. Studies on attitude, liquid, and control require
the theories of flight dynamics, CFD, and control, respec-
tively. Interdisciplinary researches however, also motivates
the development of new theory. FSI, for instance, is a coupled
problem between UAV attitude and liquid sloshing. The atti-
tude control is also an area of interdisciplinary research that
spans rigid body dynamics and control theory. In fact, there is
an indirect interaction between sloshing and control, and the
UAV attitude is their link. To deal with the strong coupling
and large-amplitude free-surface waves, the smoothed parti-
cle hydrodynamics (SPH) [26–30], a novel CFDmethod, has
advantages. Based on the compressibility, the SPH method
may be classified into two categories—incompressible SPH
(ISPH) [31–33] and weakly compressible SPH (WCSPH)
[34, 35]. These methods have respective advantages, and
many comparisons have been reported [36, 37].With ongoing
development over the past several decades, many advanced
algorithms have been proposed such as SPHbased on theRie-
mann solver, δ+-SPH,KCSPH, and soon [38–42].Wang et al.
[43] proposed a non-inertial SPH (NI-SPH) method for rapid
simulation of 3D sloshing in a lunar soft-landing spacecraft.
In their work, a non-inertial coordinate system was used to
derive transient external excitations to liquid. The sloshing
force and moment exerted by liquid against the spacecraft
were then calculated by the linear and angular momentum
theorems of the particle system, which circumvents the inte-
gration of pressures. The sloshing was well simulated in their
work based on the practical stochastic excitations under a
low-gravity environment. As mentioned before, the analysis
of strongly coupled nonlinear large-amplitude free-surface
waves is known to be very difficult. The authors reported their
work on the vibration analysis of an SAR antenna reflector
during satellite maneuvering considering the sloshing effect
[18] and the framework of FSI by the ISPH method [44, 45],
and the Riemann-SPH method [46]. The dynamics perfor-
mance of a liquid-filled quadrotor under real-time control
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Fig. 2 Coordinate scheme of the liquid-filled UAV system and the non-inertial SPH method

was simulated and analyzed. The tracking trajectories in ref-
erence [45] is in-plane and spatial trajectory tracking problem
is not mentioned.

This paper gives a further development of the dynamics
performance simulation of a liquid-filled quadrotor in a 3-D
maneuvering flight environment, and also provides an analy-
sis of its trajectory tracking performance in some numerical
cases. The contributions of this paper are as follows: (1) an
algorithm for the attitude/liquid/control coupled model of a
liquid-filled quadrotor in a 3-D maneuvering flight environ-
ment by the non-inertial SPH method is proposed; (2) the
algorithm is realized and the dynamics performance simu-
lation results are simulated; and (3) comparisons between
empty load/constant-load/sloshing-load cases are conducted
and the quantificational influences of the mass effect and the
sloshing effect are analyzed and summarized.

The paper is organized as follows. Section 2 presents the
derivation process of the non-inertial SPHmethod. Section 3
builds the dynamics model of the liquid-filled quadrotor,
designs the controller, and introduces the iteration frame-
work. Section 4 analyses the simulation performance of the
quadrotor in a 3-D maneuvering environment and compares
the system outputs under different kinds of loads. Section 5
summarizes the whole work and draws conclusions.

2 Non-Inertial ISPH Schemes

2.1 General Method of Free-SurfaceWaves by ISPH

The derivations of the ISPHmethod touch on the expressions
of particle positions in different coordinates. Therefore, the
scheme shown in Fig. 2 is provided for a better understanding
of the derivations. Define I � {OXY Z} denoting an earth-
fixed inertial frame and A � {oxyz} a body-fixednon-inertial
frame whose origin o is at the center of geometry of the
quadrotor.(ex , ey , ez)T and (êx , êy , êz)T are the unit vectors

of frames I and A. The absolute position and velocity of the
origin o in the body frame are defined by ro � (x , y, z)T

and vo � (vx , vy , vz)T, respectively. Three Euler angles
and angular velocities are defined as � � (φ, θ , ψ)T and
� � (p, q, r )T. The position of particle i in frame A is
ρi � xi êx + yi êy + zi êz and its position vector in frame I is
ri .

Given the incompressibility, the Reynolds-Averaged
Navier–Stokes equations in the Lagrangian frame, including
the mass and momentum equations, are obtained by substi-
tuting the SPH approximations into these equations [28, 31],
that is,

− 1

ρi

∑
j
m jvri j · ∇iWi j � 0, (1a)

dvi
dt

� −
∑

j
m j (

pi
ρ2
i

+
p j

ρ2
j

)∇iWi j +
∑

j

4m j (μi + μ j )

(ρi + ρ j )2

× ri j · ∇iWi j

|ri j |2+0.01h2 · vi j + abody, (1b)

where Wi j � W(ri − r j , h) � W(ri j , h) is a kernel func-
tion with a finite support and h is the smooth length that
is related to the radius of compact support region; the sub-
scripts i and j denote particle i and particle j (particle j is
in the support region of particle i);ri j � ri − r j is the
position vector between two particles in the inertial frame;
vi j � vi − v j and vri j � vri − vrj are the absolute veloci-
ties and relative velocities between two particles i and j in
the inertial frame and non-inertial frame, respectively;m, ρ,
p, μ are the mass, density, pressure, dynamics viscosity of
the fluid particles, respectively; and abody is the body accel-
eration such as gravity acceleration or inertial acceleration,
which will be described in detail in the next subsection.

A 5th-order quintic spline kernel function in three-
dimensional space is adopted as follows [28, 44]
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W (ri j , h) � 3

359πh3

×

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(3 − R)5 − 6(2 − R)5 + 15(1 − R)5, 0 ≤ R < 1
(3 − R)5 − 6(2 − R)5, 1 ≤ R < 2
(3 − R)5, 2 ≤ R < 3
0, R ≥ 3

where R �|r|/h.
A two-step calculation method is introduced here to solve

the equations above. It consists of a prediction step and a cor-
rection step. In the prediction step, the intermediate velocity
of the particle is first derived by explicit integration with only
viscous term and body acceleration term,

vr , ∗i − vr , ni
�t

�
∑

j

4m j (μi + μ j )

(ρi + ρ j )2
ri j · ∇i Wi j

|ri j |2+0.01h2
· vi j + abody,

(2)

where vr , ∗i is the intermediate velocity of particle i and vr , ni
is the relative velocity of particle i at time n (present time).
�t is the numerical time step of the ISPH method.

In the correction step, the corrected velocity is obtained
based on the pressure term only, that is [32]

vr , n+1i − vr , ∗i

�t
� − 1

ρi
∇ pn+1i , (3)

where vr , n+1i is the corrected relative velocity of particle i at
time n + 1 (next time step). Let the intermediate velocity be
projected on the divergence-free space by rewriting Eq. (3);
we can then obtain

∇ ·
(
vr , n+1i − vr , ∗i

�t

)
� −∇ ·

(
1

ρi
∇ pn+1i

)
. (4)

In general, the intermediate velocity is not divergence-free
[31, 32]. Therefore, the following pressure equation, with the
consideration of incompressibility, can be derived:

∇2 pn+1i � ρi

�t
∇ · vr , ∗i . (5)

By solving pressure from the pressure Poisson equation
(PPE), Eq. (5), the velocity of particles can be updated by
calculating the pressure gradient from Eq. (3):

vr , n+1i � vr , ∗i −
(

�t

ρi
∇ pn+1i

)
. (6)

Then the positions of particles can be easily integrated by

ρn+1
i � ρn

i +

(
vr , n+1i + vr , ∗i

2

)
�t . (7)

Equations here give the SPH approximation forms of the
terms shown in Eqs. (5–7):

∇2 pi � 2

ρi

∑
j
m j

pi jri j
|ri j |2+0.01h2 · ∇iWi j , (8a)

∇ · vri � − 1

ρi

∑
j
m jvri j∇iWi j , (8b)

∇ pi � ρi
∑

j
m j (

pi
ρ2
i

+
p j

ρ2
j

)∇iWi j . (8c)

2.2 Inertial Force of Particles Due to the Composite
Motion

The last subsection introduces the ISPH for free-surface
waves in the body-fixed framewithout frame transformations
(both translations and rotations). The influences of frame
transformations is described here.

For a certain fluid particle i, its positions in the inertial
frame and the non-inertial frame are ri and ρi , respectively.
The transformation between ri and ρi can be easily achieved
by a translation and a rotation, given as ri � ro + Rsρi , and

Rs �
⎛

⎜⎝
cos θ cosψ sin φ sin θ cosψ − cosφ sinψ sin φ sinψ + cosφ sin θ cosψ

cos θ sinψ cosφ cosψ + sin φ sin θ sinψ cosφ sin θ sinψ − sin φ cosψ

− sin θ sin φ cos θ cosφ cos θ

⎞

⎟⎠, (9)

where Rs ∈ �3×3 is the orthogonal rotation matrix from
the non-inertial frame to the inertial frame. Based on this,
the relative velocity of particle i should be vri � d̃ρi

/
dt �

ẋi êx + ẏi êy + żi êz , where we define d̃ρi
/
dt as a relative

derivative. As for the absolute velocity, it equals the sum-

mation of relative velocity d̃ρi
/
dt and the cross product of

angular velocity vector and position vector,

vi � dro
dt

+ � × ρi +
d̃ρi
dt

, (10)

where the first two terms on the right side are usually termed
transport velocity, and the last is relative velocity.
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Taking the derivative of Eq. (10) with respect to t again,
we can obtain the absolute acceleration of particle i:

ai � d̃
2
ρi

dt2
+ 2� × d̃ρi

dt
+
d2ro
dt2

+ �̇ × ρi + � × (� × ρi ),

(11)

where d̃
2
ρi

/
dt2 is termed relative acceleration;

2� × d̃ρi
/
dt is the Coriolis acceleration; and the last

three terms together are transport acceleration. Except
the relative acceleration, all other terms are related to the
transformation of coordinates. Therefore, for a brief illus-
tration we define these four terms as inertial acceleration,
which should be regarded as a body acceleration in the SPH
equations, that is

ainertiali � 2� × d̃ρi
dt

+
d2ro
dt2

+ �̇ × ρi + � × (� × ρi ).

(12)

We substitute absolute acceleration with relative acceler-
ation and inertial acceleration, and regard the inertial accel-
eration and gravity as the body acceleration. The momentum
equation Eq. (1-b) then can be rewritten in the following
form:

d̃
2
ρi

dt2
� −

∑
j
m j (

pi
ρ2
i

+
p j

ρ2
j

)∇iWi j +
∑

j

4m j (μi + μ j )

(ρi + ρ j )2

× ρi j · ∇iWi j

|ρi j |2+0.01h2
· vi j + g − ainertiali , (13)

where vi j � vi − v j � vri j +� × ρi j ;g � −gez � −9.81ez .

2.3 Extraction of Sloshing Force and Sloshing
Moment

Traditional methods for calculating the sloshing force or
buoyancy force are usually realized by integrating the pres-
sure along the surface [34, 43]. However, the fluctuation
of the pressure field limits its application. Recently, a new
method [43, 45] based on linear and angular momentum
theorems was proposed and has been widely used for the
calculation of sloshing force and moment. Regarding all the
smoothed particles for flows inside the tank as a whole, the
gravitymliquidg, inertial forcemliquid

∑
i a

inertial
i , and contact

force FN are all the forces acting on the particle system. Note
that the contact force and sloshing force Fs are a pair of inter-
action forces. Therefore, the sloshing force can be derived by
solving the contact force.

The momentum P of all fluid particles is

P �
∑

i
mivi . (14)

Fig. 3 Iteration for solving the liquid-filled UAV system by non-inertial
SPH method

By linear momentum theory, we can derive

dP
dt

� d

dt

∑
i
mivi � FN + gmliquid. (15)

That is,

Fs � −FN �
∑

i
mi (−ainertiali + g)

− 1

�T

∑
i
mi (v

r , t
i − vr , t−�T

i ). (16a)

The sloshing moment can be also obtained by a similar
derivation, that is

Ms �
∑

i
ρi × mi (−ainertiali + g)

− 1

�T

∑
i
ρi × mi (v

r , t
i − vr , t−�T

i ), (16b)

where�T is the time step between two updates of the bound-
ary conditions. At each time step of ISPH, the linear and
angular momentums can be collected based on the dynam-
ics information of particles. When the boundary update step
comes, only the momentum data, which are within ± 3 stan-
dard deviations of the mean, are kept. The sloshing force and
moment are then computed using the mean of the data.

Figure 3 shows the iteration framework of the proposed
non-inertial ISPH method. Based on the latest boundary
update results, the physical parameters of particles iterate
step by step and finally export the sloshing force andmoment
for the boundary update in next time. The so-called boundary
update, in fact, is the attitude adjustment of the liquid-filled
quadrotor, which is studied in Sect. 3.
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3 Dynamics and Control of the Liquid-Filled
Quadrotor UAV

3.1 Modeling of the Quadrotor with Sloshing Load

The quadrotor itself and its operational environmentmight be
very complex, and therefore the modeling could be feasible
only based on some rational assumptions. Here we introduce
the assumptions that our work is based on.

Assumption 1 Ignore the dynamics of the DC motor and
assume that the DC motor could reach the required rotat-
ing speed immediately because the advanced rotor now has
excellent adjusting performance;

Assumption 2 Ignore the air drag force because the liquid-
filled quadrotor moves in a low speed;

Assumption 3 The quadrotor usually has a symmetrical and
large-stiffness structure, so assume that the quadrotor with
an empty load is rigid and symmetrical with respect to all
axes;

Assumption 4 When designing the controller, only the angu-
lar momentum of liquid gravity (no sloshing effect) is taken
into consideration. If not, the computation cost would be
considerable and real-time control would be impracticable.

Define the state vector X, which has 12 states of the
quadrotor motion, as follows [47, 48]

X � (x , ẋ , y, ẏ, z, ż, φ, p, θ , q, ψ , r)T. (17)

Based on assumption 1 and the Newton–Euler formula-
tions, the quadrotor could be regarded as a 6-DOF rigid body
and its dynamics differential equations are derived.

ṙo � vo, (18a)

muavv̇o � muavg + TRs êz + RsFs, (18b)

Ṙs � RsS(�), (18c)

Iuav�̇ � −� × Iuav� + τa +Ms , (18d)

where Fs � diag(Fx
s , F

y
s , Fz

s ) and Ms � diag(Mx
s , M

y
s ,

Mz
s ) are the sloshing force and moment, respectively; muav

and Iuav � diag(I xuav , I
y
uav , I zuav) denotes the quadrotormass

and momentum of the inertia matrix, respectively; S(Ω), a
skew-symmetric matrix, is defined as follows:

S(�) �
⎛

⎜⎝
0 −r q
r 0 −p

−q p 0

⎞

⎟⎠. (19)

T and τa � (τ a1 , τ a2 , τ a3 )
T in Eq. (18) are the thrust pro-

duced by the four rotors, which are the total thrust force
and control torques, respectively. The thrust of each rotor is
proportional to its rotating speed, and the positive propor-
tionality constants are kT and kM, which are related to the
rotor blades, air density, pitch angle of blades, and so on.
In order to facilitate the calculation of actual control inputs,
these parameters are assembled as follows:

U �

⎛

⎜⎜⎜⎝

T
τ a1
τ a2
τ a3

⎞

⎟⎟⎟⎠

�

⎛

⎜⎜⎜⎝

kT kT kT kT
0 −kTluav 0 kTluav

−kTluav 0 kTluav 0
−kMluav kMluav −kMluav kMluav

⎞

⎟⎟⎟⎠

⎛

⎜⎜⎜⎝

ω2
1

ω2
2

ω2
3

ω2
4

⎞

⎟⎟⎟⎠. (20)

where luav is the distance between two rotor centers in the
diagonal direction.ωi ,where i equals 1, 2, 3, 4, are the rotating
speeds of the four rotors.

Also, by a simple algebraic calculation, the angular veloc-
ity transformation matrices can be expressed as

�̇ � Ṙw� �
⎛

⎜⎝
1 sin φ tan θ cosφ tan θ

0 cosφ − sin φ

0 sin φ sec θ cosφ sec θ

⎞

⎟⎠�. (21)

By substituting Eqs. (19–21) to Eq. 18, the overall dynam-
ics model of the liquid-filled quadrotor under real-time
control, Ẋ � f (X), then can be expressed as follows:
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Ẋ �

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ẋ
[Fx

s cos θ cosφ + Fy
s (− cosφ sinψ + sin φ sin θ cosψ) + (T + Fz

s )(sin φ sinψ + cosφ sin θ cosψ)]
/
muav

ẏ
[Fx

s cos θ sinψ + Fy
s (cosφ cosψ + sin φ sin θ sinψ) + (T + Fz

s )(− sin φ cosψ + cosφ sin θ sinψ)]
/
muav

ż
−g + [−Fx

s sin θ + Fy
s sin φ cos θ + (T + Fz

s ) cosφ cos θ ]
/
muav

p + q sin φ tan θ + r cosφ tan θ

[qr (Iy − Iz) + τ a1 + Mx
s ]

/
Ix

q cosφ − r sin φ

[pr (Iz − Ix ) + τ a2 + My
s ]

/
Iy

q sin φ sec θ + r cosφ sec θ

[pq(Ix − Iy) + τ a3 + Mz
s ]

/
Iz

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (22)

3.2 Designing the Controller

A liquid-filled quadrotor is a typical under-actuated system,
and its performance closely relies on the control algorithm,
especially under the strong sloshing effect. In the classical
flight control system, the analytic computation of derivative
expression of command trajectory is quite intricate. To avoid
this problem, in this section, the two-channel control method
is applied; it consists of a position control channel based on
PID and an attitude control channel based on backstepping
control. Given the sudden change of the desired velocity and
acceleration at the unsmooth curve, a second-order command
filter is introduced to force states x, y, z, and ψ track the
commanded references xd, yd, zd, and ψd.

Due to the requirement of real-time control on board,
based on assumption 4 only the liquid gravity is taken into
consideration in the controller, which means that the dynam-
ics model is changed to the following form:

muavv̇o � muavg + TRsêz + mliquidg, (23a)

Iuav�̇ � −� × Iuav� + τa +Mg , (23b)

wheremliquidg andMg are the gravity and gravitymomentum
of the liquid.Mg can be derived by regarding the liquid as a
mass center,

Mg � Rsρol × mliquidg, (24)

where ρol is the position vector from origin o of the body-
frame to the mass center of the liquid.

In our position control channel, first define the position
error as

re � ro − rc, (25)

where rc � (xc, yc, zc)T is the commanded trajectory of the
quadrotor.We construct the position PID equation as follows:

r̈e +Kpre +Ki

∫
redt +Kd ṙe � 0, (26)

whereKp, Ki , Kd are the control parameters of the PID con-
troller, which are all positive definite matrices. Substituting
Eqs. (25) into Eq. (26), we can obtain

r̈o � r̈c − Kp(ro − rc) − Ki

∫
(ro − rc)dt − Kd (ṙo − ṙc).

(27)

We define a virtual control input Uv � r̈o � (U1, U2,
U3)T. The v̇o term in Eq. (23-a) can then be replaced by Uv,

R−1
s

[
Uv − (1 +

mliquid

muav
)g

]
� T

muav
êz. (28)

Let κm � mliquid
/
muav. Considering the commanded yaw

ψc, the commanded pitch angle θc and roll angle ϕc can be
expressed as

θc � arctan

(
U1 cosψc +U2 sinψc

U3 + (1 + κm)g

)
, (29a)

φc � arcsin

⎛

⎝ U1 sinψc −U2 cosψc√
U 2
1 +U 2

2 + [U3 + (1 + κm)g]2

⎞

⎠, (29b)

In this process, the total thrust can also be derived as

T � muav{U1(cosφ sin θ cosψ + sin φ sinψ)

+U2(cosφ sin θ sinψ − sin φ cosψ)

+[U3 + (1 + κm)g] cosφ cos θ}. (30)
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Fig. 4 Block diagram of the control algorithm for the liquid-filled quadrotor UAV

Similar to Eq. (25), the attitude error and angular velocity
error can also be defined as

�e � � − �c, (31)

�e � � − �c, (32)

where �c � (φc, θc, ψc)T and �c are the references of the
attitude angle and angular velocity, respectively. Consider
the following Lyapunov function [47, 48]:

V1 � 1

2
�T

e�e. (33)

Taking the time derivative of Eq. (33) yields

V̇1 � �T
e �̇e � �T

e

(
Rw� − �̇c

)
. (34)

We then consider a desired angular velocity

�d � R−1
w (�̇c − �1�e), (35)

satisfies that matrix �1 is a positive definite matrix. If the
angular velocity � could track �d, then the negative definite
characteristic V̇1 < 0 can be guaranteed,

V̇1 � −�T
e
1�e. (36)

The negativeness of V̇1 means that the control of the atti-
tude angle could be stable. However, to realize Eq. 35without
tedious mathematics derivation, a linear tracking differentia-
tor is adopted to enforce the tracking of �d

�̇c � −T(�c − �d), (37)

where T is also a positive definite matrix to ensure stability.

It should be noted that the tracking of derivatives of
the commanded trajectories in Eqs. (27) and (34) might be
difficult. The commanded trajectory is not always smooth,
and sometimes even not continuous, and its derivative and
second-order derivative can be considerable. Two cascaded
second-order command filters are introduced here, which
could circumvent the problem mentioned above [47–49]:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Ẏ1 � Y2

Ẏ2 � −2�1Y2 − �2
1(Y1 − Xc)

Ẏ3 � Y4

Ẏ4 � −2�2Y4 − �2
2(Y3 − Y2).

(38)

where�1 and�2 are twopositive definitematrices.Xc � (xc,
yc, zc, φc, θc, ψc)T is a state vector with six states of the
commanded trajectory of the quadrotor. Now the derivatives
of the commanded trajectory in Eq. (27) and Eq. (34) can be
replaced by Y2 and Y4.

The command filter Eq. (38) would cause tracking error,
and therefore error compensation is required.

ε̇ � −�1ε + Rw(�c − �d). (39)

Therefore, a new attitude error is redefined here.

�e � �c − ε � � − �c − ε. (40)

Subsequently, a new Lyapunov function is chosen:

V2 � 1

2
�

T
e�e +

1

2
�T

e�e. (41)

Taking the time derivative of Eq. (41), we can derive the
following:
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Fig. 5 Flowchart of coupled
attitude/liquid/control simulation
by non-inertial SPH method

V̇2 � �T
e �̇e + �T

e �̇e

� −�
T
e�1�e + �T

e (−I−1
uavSIuav� + I−1

uavMg

+ I−1
uavτ

a − �̇c + RT
w�e). (42)

To guarantee the stability by enforcing V̇2 < 0, the control
torque τa can be chosen as

τa � SIuav� − Mg + IuavTR
−1
w Y2 − IuavT�c − IuavTR

−1
w

× �1(� − �c) − IuavRT
w

× (� − �c − ε) − Iuav�2(� − �c). (43)

Submit Eq. (43) into Eq. (42) we could find that the nega-
tiveness of V̇2 could be guaranteed by choosing two positive
define matrices, �1 and �2

V̇2 � −�
T
e�1�e − �T

e�2�
T
e . (44)

Now the design of control inputs T and τa is finished, as
Eq. (30) and Eq. (43) show. A block diagram of the proposed
control algorithm for the liquid-filled quadrotor based on the
constant-load hypothesis is shown in Fig. 4.
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3.3 An Overview of the Proposed
Attitude-Liquid-Control Algorithm

The previous subsections introduce the proposed attitude-
liquid-control coupled simulation algorithms. As we can see,
the simulationmainly consists of two parts, the CFD part and
the flight dynamics part. The link that connects the two parts
is the attitude of the quadrotor, as shown in Fig. 1. The liq-
uid on board is modeled and simulated by the SPH method,
as explained in Sect. 2. The control of the quadrotor is real-
ized in this section. Figure 3 presents the iteration framework
between them. The boundary of the fluid (or quadrotor atti-
tude) is updated after every�T

/
�t steps of the fluid particle

updating until the simulation terminates. Figure 5 shows a
flowchart of the attitude/liquid/control coupled algorithm by
the non-inertial SPH method.

4 Dynamics Performance Analysis
of the Liquid-Filled Quadrotor

4.1 Parameters of the 3DManeuvering Flight

Theworking environment of a quadrotor is complex, and here
awaypoint trajectory is chosen to test the proposed algorithm
for the liquid-filled quadrotor. The waypoint trajectory is one
of the most common trajectories in engineering operation,
which is continuous but not smooth at the turning point. This
problem can be solved well by the tracking differentiator
proposed in Eq. (38). The commanded trajectory in this case
is

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

xc � 0 · fsg(t , 0, 2) + (0.5t − 1) · fsg(t , 2, 4) + (−0.5t + 3) · fsg(t , 4, 6) + 0 · fsg(t , 6, 10)
yc � 0.5t · fsg(t , 0, 2) + 1 · fsg(t , 2, 4) + (−0.5t + 3) · fsg(t , 4, 6) + 0 · fsg(t , 6, 10)
zc � 0.5t · fsg(t , 0, 2) + 1 · fsg(t , 2, 4) + (−0.5t + 3) · fsg(t , 4, 6) + 0 · fsg(t , 6, 10)
ψc � 0 · fsg(t , 0, 10),

(45)

where fsg above is an interval function:

fsg(t , a, b) � sign(t − a) − sign(t − b)

2
.

Table 1 shows the simulation parameters of the 3Dmaneu-
vering flight, including quadrotor physical parameters, SPH
parameters, and controller parameters. Simulation results
based on these parameters, wherematrixE in the tablemeans
the identity matrix, are analyzed in Sect. 4.2.

Table 1 Simulation parameters of the liquid-filled quadrotor in 3-D
maneuvering flight environment

Quadrotor physical parameters

Mass of
quadrotor
muav

0.5 kg Moment of
inertia Iuav

5.2*10–3 kg·m2,
5.2*10–3 kg·m2,
9.3*10–3 kg·m2

Distance
between
two rotors
luav

0.225 m Proportionality
constants kT,
kM

2.98*10–6,
1.14*10–7

Height of
liquid

0.05 m Dimensions of
liquid tank

0.1*0.1*0.1 m3

Mass of
liquid
mliquid

0.5 kg Kinematic
viscosity of
liquid μ

1.0*10–6 m2/s

SPH parameters

Number of
particles

44,904 SPH numerical
time step of �t

1*10–5 s

Simulation
time tend

10.0 s Attitude
updating time
step �T

1*10–3 s

Initial
particle
spacing dx

3.3 mm Smooth length h 1.23*dx

Controller parameters

Kp �
3E3×3

Ki �
2E3×3

Kd � 2E3×3 T � 15E3×3

�1 �
0.1E3×3

�2 �
0.1E3×3

�1 � 10E6×6 �2 � 10E6×6

4.2 Analysis and Discussion

The dynamics performance of the liquid-filled quadrotor
in the 3-D maneuvering environment, simulated by the
algorithm proposed above, is studied in this subsection.
Figures 6–13 provide the quantitative results. Not only the
quadrotor with sloshing liquid but also the empty load and
constant load are investigated for comparison to see how
sloshing influences the system.
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Fig. 6 3-D maneuvering flight trajectories of the UAV

Figure 6 shows the 3-D trajectories of the quadrotor in
different view directions in these three cases, together with
the commanded trajectory. As shown in the figure, the com-
manded trajectory is a space curve consisting of three straight
lines. The quadrotor first takes off from the origin of the
inertial frame, then passes through two points, and finally
moves back to the origin and keeps hovering for a while. In
Fig. 6, it can be easily observed that all three cases could
realize the tracking of commanded trajectory, but the track-
ing performances are quite different. The responses, both
the overshoot and the convergence speed, in the empty load
and constant-load cases have an obviously lower overshoot.
The differences between the constant case and the empty
load case are limited, mainly appearing in vertical direction.
To quantitative analyze the responses in different directions,
Fig. 7 shows the results as given in Fig. 6 and the errors to the
commanded trajectory in different directions. A summary of
maximumovershoots of trajectory tracking in different direc-
tions under three cases are presented inTable 2.Anoteworthy
observation is that the effect of sloshing indeed has a signif-
icant effect on both the X-direction and Y -direction. Errors

in the vertical direction are smaller than those in other direc-
tions, which means the anti-swing ability of the quadrotor is
much weaker than that in the vertical direction.

The anti-swing ability is closely related to the responses of
attitude angles [50–57]. To study the anti-swing ability, Fig. 8
shows the attitude angles in different directions during the
maneuvering. The conclusion above is verified again by the
results here. Notably, the principle of the quadrotor is the atti-
tude adjustment by the rotating speed of the rotors to acquire
the translational acceleration. The sloshing effect deterio-
rate the performance of the attitude angles, and inevitably
lead to unsatisfactory tracking accuracy. From the results in
Fig. 8, themaximum value of roll angle and pitch angle of the
liquid-filled quadrotor are both around 0.25 rad. But in empty
load and constant-load case, the values are only 0.05 rad and
0.10 rad, respectively. The reasons why values in empty load
case is higher than constant-load case could be explained in
two ways. The first reason is that the lighter quadrotor usu-
ally has an obvious overshoot than heavier quadrotor under
the same control system. And it should also be noted that the
center of gravity of the load is below the geometry center of
the quadrotor, which provides a gravity angular stiffness to
make the quadrotor easier keep stable [58, 59].
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Fig. 7 The actual outputs of positions and their errors of the UAV in different directions

Table 2 Maximum overshoot of
trajectory tracking in different
directions under different load
cases

Taking-Off (t � 2 s) Hovering (t � 6 s)

Sloshing
load

Empty
load

Constant
load

Sloshing
load

Empty
load

Constant
load

X—Direction 14.4% 7.3% 7.3% 21.6% 9.6% 9.6%

Y—Direction 13.7% 9.7% 9.7% 11.1% 9.9% 8.8%

Z—Direction 14.0% 5.4% 7.5% 15.6% 4.1% 6.7%

Fig. 8 The actual outputs of attitude angles of the UAV in different directions
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Fig. 9 Free surfaces of the liquid in the tank of UAV at different time

According to Eq. 45, the commanded yaw angle should
be zero. From Fig. 8, the yaw angles under sloshing load,
empty load, constant-load cases are 0.15 rad, 0.03 rad, and
0.0075 rad, respectively. The maximum yaw angle appears
during hovering. At this time, the quadrotor just finishes its
spatial trajectory trackingmotion, which generates the vortex
flow in tank. Therefore the tracking error of yaw anglemainly
caused by the disturbance by sloshing torque in yaw direc-
tion. And this disturbance is hard to compensate by involving
the constant load and empty load cases.

For the attitude adjustment, the attitude angles of the
liquid-filled tank frequently change. To study the flow of
water, especially the deformation of free-surface, the point
cloud technology is applied based on the results by SPH
algorithm. The attitudes of the liquid-filled quadrotor and

the free-surfaces of liquid on board are displayed in Fig. 9.
By the positions of smoothed particles, the point cloud could
be utilized to generate meshes and then renderings at differ-
ent times, as shown in the figure. The attitude and sloshing
are apparently coupled and the deformation of free-surfaces
is decided by the quadrotor attitude, which is also under the
influence of sloshing.

The translational velocity and rotational velocity are
shown in Figs. 10 and 11. Another noteworthy observa-
tion here is the ‘inverse motion’. The commanded motion of
quadrotor in Y -direction, as an example, should keep 0.5 m/s
during—~2s. It is normal that the real output slightly vibrates
around the commanded value, but it could be observed dur-
ing 1.11 s to 1.34 s, the velocity turns to be negative, which is
the ‘inverse motion’ mentioned above. This phenomenon is
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Fig. 10 The actual outputs of velocities of the UAV in different directions

Fig. 11 The actual outputs of angle velocities of the UAV in different directions

caused by the violent sloshing in tank, and it is an unreason-
able motion during the tracking task. Similar phenomenon
also appears during 3.08 s to 3.34 s. Therefore, the liquid
sloshing should be regarded as a important and key distur-
bance to the flight of liquid-filled quadrotor.

The rotating velocities of rotors of the liquid-filled quadro-
tor are presented in Fig. 12. Results under three cases show
similar characteristics, which are closely related to the com-
manded trajectory tracking. At beginning, four rotors speed
up to realize the taking-off. At t � 2 s and 4 s, rotors slow
down to obtain the acceleration in negative vertical direction.
After t � 6 s, four rotors shortly speed up to keep hovering.
There are also two differences among three cases. The first
one is that the rotating speed in empty load case (641 rpm) is
obviously slower than the other two cases (907 rpm), this is
because of the difference of taking-off mass. Moreover, for
the sloshing effect, the rotating speed of rotors in sloshing
load case vibrates more violent than the other two cases. The
fluctuation of rotating speed is both the reason and result of
the attitude instability.

The sloshing force in three different direction are shown in
Fig. 13. As shown in figure, the amplitude of sloshing forces
in horizontal direction is around 1 N. In vertical direction,
the sloshing force is about 4.85 ± 0.1 N. That is, in this
case an approximate estimation could be obtained that the
sloshing force in horizontal direction is around 20% of the
liquid gravity, and in vertical direction the variation is less
than 5% of its gravity. This also accounts for the smaller
tracking errors of the UAV position in the vertical direction,
as Fig. 7 shows.

5 Conclusions

The simulation of fluid–structure interaction under active
control is difficult owing to its complexity. For the simulation
of attitude-liquid-control coupled dynamics of a liquid-filled
quadrotor in a 3-D maneuvering environment, this paper
proposed an algorithm on the basis of an iteration frame-
work between a SPH simulation and the flight dynamics.
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Fig. 12 Time history of the rotating velocities of the liquid-filled UAV rotors

Fig. 13 Sloshing force by the non-inertial SPH method in the liquid-
filled UAV system in 3-D maneuvering environment

The SPH method deployed in this paper is non-inertial SPH,
and the sloshing forces andmoments are extracted by the lin-
ear and angular momentum theorems of the particle system.
A PID + backstepping controller is designed for stability of
the quadrotor. The whole algorithm is tested and validated by
comparisonwith two other cases. The dynamics performance
of the liquid-filled quadrotor is also studied and analyzed in
this work. The following conclusions could be obtained from
the results:

1. During maneuvering, the effect of liquid sloshing to the
trajectory tracking is negative. The sloshing force and
torque disturb the equilibrium of quadrotor and then
the adjustment of rotor speed makes the attitude tilt,
which exacerbates the sloshing in tank. This phenomenon
is more prominent in horizontal direction than vertical
direction;

2. The effect of liquid sloshing has two opposing charac-
teristics. When the liquid-filled quadrotor is moving and
maneuvering, the liquid sloshing deteriorates the perfor-
manceof tracking accuracy.Butwhen the quadrotor stops
to hover, the liquid gravity provides an angular gravity
stiffness and stabilizes the attitude in a short time;

3. The amplitudes of sloshing forces in the X-direction and
Y -direction are about 20% of liquid gravity, and in the
vertical direction the proportion is less than 5%. This also
accounts for the fact that the tracking error in the vertical
direction is less than that in the horizontal direction.
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