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Abstract— This paper offers an improved finite time sliding mode
controller scheme for a class of robotic manipulators with external
disturbances. Since conventional sliding mode controllers have a
discontinuous signum function, an important problem called chattering
phenomenon can occur in them. The proposed scheme presents a new
Lyapunov candidate functional containing an absolute function based on a
fractional power of the switching surface such that the designed control
law is continuous and smooth. The recommended control technique is
designed using the Lyapunov stability theory and satisfies the presence of
the sliding mode around designed switching surface in the finite time. The
presented method eliminates the chattering problem produced by the
switching controller and satisfies high precision action. Besides, the
adaptive tuning controllers are designed to approximate the unknown
bound of external disturbance. An extension of the proposed control
technique based on the barrier function adaptive terminal sliding mode
control is also suggested for better performance and robust tracking
control of the nonlinear systems with external disturbances. Some
simulation and experimental outcomes exhibit the efficacy of the planned
technique.

Index Terms— Robotic manipulator; continuous sliding mode control;
chattering phenomenon; second-order dynamics; finite time convergence.

I. INTRODUCTION

he classical Sliding Mode Control (SMC) technique has been

provided to be an operative and robust control procedure for

stabilization/tracking of various nonlinear processes in the
existence of perturbations. The chief advantages of sliding mode
control are the robustness versus uncertainty, rapid response,
computational easiness, insensitivity to disturbance, and acceptable
transient efficiency [1, 2]. For this purpose, the SMC approach has
formed a great consideration of industrial and academic societies in the
previous years. This method has been extensively applied in nearly all
aspects of engineering, for example, civil, chemical, mechanics,
robotics, electrical, and interdisciplinary engineering [3]. Specifically,
in recent years, SMC has been broadly employed for the
control/tracking of robotic manipulators [4-6]. The SMC approach has
two principle phases: sliding phase and reaching phase. In this method,
by employing a nonlinear control law, SMC changes the system
dynamics and excites it to reach a pre-defined switching manifold in
finite time [7]. The classical SMC procedure is based on definition of
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the exponentially stable switching surface as a function of the state
trajectories and employment of the Lyapunov stability theory to
guarantee all states reach this curve in finite time.

The concepts of asymptotic and exponential stabilization present
the reachability of the states to equilibrium over the infinite horizon
[8]. However, in some applications such as bipedal locomotion,
sampled-data systems, robotic manipulators, attitude control, aero-
elastic systems, hypersonic vehicles, and other time-sensitive tasks, it
is required to force the state responses to converge the stable equilibria
in finite time. In recent years, the nonlinear Terminal Sliding Mode
Control (TSMC) scheme has been planned, which makes the states to
converge to zero in the finite time. TSMC offers superior
characteristics, for instance, finite-time stability, low steady-state error
and fast dynamic performance. Due to the mentioned superior
characteristics, TSMC has been extensively employed in numerous
applications such as robot manipulators, wheeled mobile robots,
actuated exoskeleton, ship autopilot systems, multi-robot networks,
nonholonomic systems and other robotic systems [9]. Both SMC and
TSMC suffer from the unwanted oscillations called chattering
problem. These oscillations are built via discontinuous control input
which have sign functions and are destructive to practical actuators.
The chattering phenomenon often exists in various types of the SMC.
There are several techniques to eliminate the chattering problem in
SMC, such as High-Order Sliding-Mode (HOSM) approach [10],
boundary layer scheme [11] and disturbance estimation technique [12].
The boundary layer approach comprises the saturation and sigmoid
functions. The main influence of HOSM is that the discontinuous sign
function is available in time-derivative of controller signal; thus, the
actual control input originated by integration is a continuous signal
which can remove the chattering phenomenon. HOSM typically allows
the reduction of the chattering effect while providing the convergence
to surface in finite time. In the systems with parameter uncertainty and
exterior disturbance which are immeasurable in practice, a disturbance
estimation procedure is required. Actually, one main issue in the
design process of SMC is the necessity of the perturbations bounds
which are used in the switching control law.

In [13], an adaptive TSMC technique is suggested for nonlinear
differential inclusion systems with external disturbance. In [14], a
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second-order adaptive TSMC approach is offered for stabilization of a
two-link robotic manipulator. An adaptive decentralized attitude
synchronization control based on nonsingular fast TSMC for
spacecraft formation is designed in [15]. An adaptive fast TSMC
scheme combined with the Global Sliding Mode Control (GSMC) is
presented in [16] for tracking control of nonlinear systems with
uncertainties. Reference [17] proposes an adaptive nonsingular TSMC
for finite time tracking of a gyroscope of Micro-Electro-Mechanical
System (MEMS) in the existence of parameter variations and high-
amplitude perturbations. In [18], the TSMC scheme is planned for a
hypersonic vehicle via a disturbance observer. In [19], a continuous
adaptive fast TSMC method is planned for tracking of the position of
robotic manipulators. Reference [20] proposes an adaptive robust
TSMC approach for near-space vehicles via Second-Order Sliding
Mode (SOSM). A novel fast nonsingular TSMC is investigated in [21]
to plan the terminal angle constraint guidance for interception of the
maneuvering target with command chattering reduction in the
guidance law. In [22], a nonsingular chattering-free TSMC technique
based on super-twisting is planned for attitude tracking of a quad-rotor.
In [23], in the light of the nonlinear disturbance observer, an adaptive
TSMC method is recommended for hypersonic flight vehicles. An
adaptive TSMC approach with projection operator is recommended in
[24] for tracking control of hybrid energy storage system. A nonlinear
disturbance-observer-based adaptive TSMC approach is proposed in
[25], which is employed to stabilize the reentry vehicle attitude. In
[26], an adaptive high-order TSMC with delay estimation is suggested
for robot manipulator in the existence of backlash hysteresis. An
adaptive nonsingular fractional order super-twisting TSMC based on
delay estimation is planned in [27] for cable-driven manipulators. In
[28], a nonsingular adaptive fractional-order TSMC with delay
estimation is designed for the high-precision tracking of cable-driven
manipulators in the existence of lumped uncertainty. In [29], a robust
non-singular adaptive TSMC based on dynamic inversion is designed
for position / attitude tracking of a practical quadrotor. References [30]
proposes an adaptive observer-based composite TSMC for the stability
of uncertain nonlinear dynamical systems. A delay-estimation-based
adaptive super-twisting nonsingular fast TSMC technique is presented
in [31] to satisfy the high-precise tracking of uncertain cable-driven
manipulator. In [32], using a neural dynamic manifold, an adaptive
integral TSMC technique is proposed for robust tracking of fully-
actuated mechanical systems. In [33], an adaptive back-stepping
integral fast TSMC is planned for the finite time tracking control of
quadrotor vehicles, where some parameter-tuning laws are designed
for estimation of mass and inertia moment of quadrotor, and
compensation of unknown bounds of external disturbances. In [34], an
adaptive continuous-twisting control method is proposed for the
double-integrator with a Lipschitz continuous perturbation, which
assures the states convergence to the origin in the finite time. Two
output feedback controllers based on the continuous-twisting
algorithm are designed in [35], where the proposed state observers are
based on the first and second order robust exact differentiators. In [36],
the continuous integral super-twisting SMC approach is proposed for
linear and nonlinear systems with matched disturbances, substituting
the discontinuous term of feedback controller by a super-twisting law.
However, none of the researches [34-36] have been focused on the
adaptive barrier-function-based TSMC approach for development of
robust tracking control of nonlinear perturbed systems. All the
methodologies presented in the above-stated works stimulate
investigators to establish the suggested technique of the proposed
article. To the highest of the author's familiarity, very little endeavors
have been done to propose an adaptive robust TSMC approach which
can eliminate discontinuity in the control laws. In this paper, we
propose yet another technique to avoid chattering phenomenon in
TSMC, which is the main drawback of SMC and TSMC. We
incorporate the notions of finite time stability and disturbance observer
to attain finite time tracker for robotic manipulators with the nonlinear

second-order structure and external disturbances. The planned control
approach proposes a novel Lyapunov candidate function including a
fractional-power absolute function of the switching surface, where the
designed controller is continuous and smooth. This technique removes
the chattering phenomenon created via the switching law and
guarantees the high precision efficiency. A parameter-tuning adaptive
control scheme is designed to guesstimate the unknown bound of
disturbance.

This article is presented as the following layout: the problem
formulation for the robotic manipulators is presented in Sect. 2. In
Sect. 3, main results containing the novel Lyapunov candidate function
with an absolute term and two adaptive finite time (discontinuous/
continuous) controllers are proposed. In Sect. 4, the simulation and
experimental outcomes are provided and finally, conclusions are
specified in Sect. 5.

Il. PROBLEM DESCRIPTION

Consider the Euler-Lagrange dynamical equation of the robotic
manipulators as

Bo(q(®), q())G (1) + Co(q(®), ()4 (t) + Go(q(1)) = u(®), 0
where q(t), q(t), G(t) indicate the joint position, joint velocity and
joint acceleration, correspondingly; u(t) signifies the control vector
indicating the torque employed on the joints; By(q(t), ¢(t)) signifies
the inertia matrix; Cy(q(t),q(t)) represents the centripetal Coriolis
matrix; Gy (q(t)) shows the gravity vector. The dynamical equation (1)
are denoted in second-order form with disturbance as
%) = 9i (i (8), % (£)) + ;i (i (£), %; () )i (2)
+d;(x;(t), t), 2

where x; € R signifies the states (joint positions) of robotic
manipulator, u;(t) € R signifies the controller signal, g; (x; (t), x;(t))
and  h;(x;(t), x;(t)) # 0 represent two known functions, and
d;(x;(t),t) indicates the unknown disturbance but bounded as
d; (x; (), )| < D;.

Assumption 1: The states x;(t) and x;(t) are available as measured
outputs, then, the relative degree is one over x;(t) # 0.

The second-order robotic manipulator (2) is assumed to track the
desired reference x4, (¢). The error signal is formed as

X (8) = x;(t) — xq,;(0). ©))
Let us consider the sliding surface expressed as follow:
si(t) = X;(t) + 4:%;(t), 4)

where the constant parameter A; should be positive to satisfy the
closed-loop stability when the states reach the switching surface.
Lemma 1 [37]: Let x e Xc R", x=3(x), J:R*">R™ is a
continuous function on an open neighborhood X of the origin and
locally Lipschitz on &\{0} and J(0) = 0. Assume there is a
continuous function V: X — R where (a) V is positive-definite; (b) V
is negative on X\{0}; (c) there exist real-positive values m and 0 <
a < 1, and a neighborhood N c X of the origin where

V+mye<0 ®)
on N\{0}. So, the origin is finite-time stable for system x = 3(x).

Then, for the initial time ¢, , the Lyapunov functional reaches zero
in finite time as
V1% (ty)

t5=t0+—c(1—a) (6)

where t, is the settling time.
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I1l.  MAIN RESULTS

In what follows, a novel technique defining a Lyapunov candidate
function with an absolute term is proposed as a solution to feature a
continuous and smooth adaptive control law in the sliding approach.
The main objective of the new continuous SMC scheme is to design a
controller such that the chattering problem is removed. In this work,
the subsequent control law is planned for the robotic manipulator (2):

uin p+1-2
si(t n
m i(®)

() = hiCxi(0, 1 () (Rar(0) -

| U
— 240 — i (0), %:(0)))

where n; and y; indicate two positive constants to adjust the speed of
the reaching to the sliding surface; m and n specify two positive odd
integers with m > n; b is a positive odd integer.

To verify the stability of the robotic manipulator (2) under the
controller (7), we define the novel Lyapunov candidate function as
Vi(t) = mlsl(t)ln
= misi (t)n sgn(si(O™) ®)
=18 (t)n sgn(si(t)).
Taking the time derivative of Lyapunov function (8), one obtains

. m  m_
Vi) =m ;Si(t)” 5i(t) sgn(si(£)). )

In order to satisfy the stabilization of the robotic manipulator (2),
the differentiation of the Lyapunov function (8) must be negative.
Hence, for V;(t) < 0, one has

Vi(t) = —wlsi(©)1°
= s sgn(s(©) <0, (10)

where using (9) and (10), we have

_mm o be1-T
" s (1)

i

$i(0) =

Substituting the time-derivative of switching surface (4) into (11)
leads to

= < uin

x; () + A% () = _n-lm

L

SO (12)

Then, using (2), (3) and (12), the equivalent controller is obtained
as (7). Now, substituting (7) into (9), one obtains

. m m_4
Vi(®) =my ;Si(t)" sgn(si(t)) (di(xi(t)' t)
— Msi(t)bﬂ_%)

nim

(13)

where because s;(t)n “sgn(s;()) >0 and Vi(t) <0 (for
guarantying the stability), the foIIowing condition must be fulfilled:

di (i (8), ) — — L(t)”“ <0 (14)
or equivalently

:mD; m_,_
p = T sy eyn (15)

Eq. (15) satisfies the robust stability of the robotic manipulator
dynamics (2).

The upper bounds of external disturbance are unknown practically
and hence, it is hard to find a suitable parameter D;. In what follows,
two adaptive finite time (discontinuous/continuous) controllers are
presented to approximate the unknown upper bound of disturbance.

Theorem 1: Consider the robotic manipulator (2) and sliding surface
(4). Assume that disturbance d; (x;(t), t) is unknown but bounded with
|d; (x;(t),t)| < D;. Suppose D;(t) as estimation of D; which is
adapted as

D; = yilsi(®)l, (16)
where ¥; > 0. Using the adaptive controller as
u;(t) = hi(x:(2), J'Cz‘(t)2_1(5f¢zl'(t) = 9i(xi(8), % (1))
— Dy(t) sgn(si (1) — 4:%:(D)) (17)

then, the state trajectories of robotic manipulator (2) are converged to
switching surface (4) in finite time.

Proof: Consider positive-definite Lyapunov functional is described as
V() = 0.5u;D;(£)? + 0.55;(t)?, (18)

where D;(t) = D;(t) — D; and ; is a scalar with 0 < p; < ;7%
Differentiating (18) with respect to time and using (4) and (16), we
find
Vi(®) = wDi(OD;i () + si(D)s:i(t)
= upDi O Isi (O] + 5;(0) (K (£) + 1 %,(D)).
From (2) and (3), it follows from (19) that

Vi) = wipiDi ()]s (O] + 5:(£) (g: (xi (1), %:(1))
+h; (e (8), %, (0w (1) + di (x:(8), £) + A% (8) — %q,;(D)),

(19)

(20)

where substituting (17) into (20) yields
Vi(t) = wpi Dy (0)1s:(0)] R
B + 5:(8) (di (x; (1), £) — Dy (t) sgn(s:(1)))

< wpiDy(O)1s;(O + |5 (O11d; (x;(0), )]
—Di(®ls:(®O] + Dyls; ()| — Dyls; ()]
< =1 = up)Di(Olsi ()| — (D; — 1d; (x; (), ) DIs; ()

Since D; > |d;(x;(t),t)| and wp;y; <1, hence, Eq. (21) is
expressed as

Isi]

Vi(t) < —V2(D; — 1d;(x:(2), t)l)T

Hi =
—j%(l - #ilpi)lsil\/;Dl

< _min \/E(Di—ldi(xi(t)'tﬂ)'j%(l

1)

(22)

Is; ()]

Ylsi ()] (T

+ J%D'Kt))

5 = min {V2(0, = 1o (00D, [£ € = uplsi(ol] >

0. In conclusion, according to Lemma 1, via the adaptive controller
(17), the trajectories of robotic manipulator (2) reach the sliding
surface in the finite time. ]

—5Vi(0)°%,

where

Theorem 2: Consider the robotic system described by the nonlinear
second-order equation (2) and the proportional-derivative sliding
surface (4). Suppose that the external disturbance d;(x(t),t) is
unknown and bounded, where D; > 0 is unknown scalar. Assume that
D;(t) is the estimate of D; with the foIIowmg adaptation law:

D) = pilsi (O,

where y; > 0. Employing the adaptive controller as

(23)
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n _m
Hi sib+1 “

w(6) = hiCxa(0, 1 () (Rai(®) -
— i (0),5®) - Ak () - Di(v))

i

(24)
then the finite time convergence of state trajectories to the surface (4)

is fulfilled.

Proof: The new Lyapunov function is defined as
Vi(t) = misi(t)n sgn(si(t)) + 0.56,D(t)?, (25)

nim

where D;(t) = D;(t) — D; and 0 < ¢; <
and using (4) and (23) yields
Vi0) = 1 s, (07 5,(0) sgn(si(©) + D (D)
2 E (0 + 15(0) sgn(si(0) (26)
+ filpiﬁi(t)|5i(t)|%_1-
From (2) and (3), Eq. (26) is written as
Vi(t) = tapi(D: (t) D )Isl(t)l_'1
w (9i (i (0), %:())

+h (o (0, % (0w (£) + di (x(0), £) + 4%, ()
— &g (t)) sgn(s; ()

where substituting (24) into (27) leads to
v; (t) =t 1!) (D (t) D; )Isl(t)l_'1 - ullsl(t)l”

(O + (O, Dlsi (O

Eq. (28) can be rewritten as
Vi < f-wib‘-(t>|s-(t>|?1 - m—D (Olsi O

Id (xi (8), Ols; I__1

|d; (x; (£), ©)Dls; (t)l__1

(’“ — ) DOl I,

Since D; > |d[(xi(t), t)| and £;; <

my/n;

i< -,

leferentlatlng Eq. (25),

n

@7)

(28)

ny

< ——(D (29)

O™ then, we have

|di (x: (2, t)|)|si(t>|ﬁ‘1 (Vmlsio)l2n)

2 mim
- e

) Il Eﬁi“)

(D; — 1d; (x; (2), t)l)lsl(t)IZ"

(30)

mym;

< —mln{

2 - n- m €i~
) ;i(’?nm_&w)ls(t)l 1 \/E|si(t)|2n+\/;Di(t)

= —0,V;(H)°%,

where 0, = min{™% (D, — |d;x, (0, ODlsi O, \f (e

n

fiwi)lsi(t)|?_1}> 0. Finally, according to Lemma 1, using the

adaptive controller (24), states of robotic manipulator (2) are
converged to surface s; = 0 in finite time. o

Remark 1: As it can be observed from (24), the suggested control
scheme gives insights for the elimination of the chattering
phenomenon because no signum function is employed in (24). Hence,

the offered control law is continuous and smooth. The schematic
diagram of the proposed control configuration is displayed in Fig.1.

xa(t) T F %(t) J Slidin‘;g;)urfacc 5i(£)
x;(£)
Dynamical |, u() Adaptive control
system (2) input (24)

Adaptation
law (23)

Fig.1. Schematic diagram of the proposed control method.

Remark 2: By some modifications, the proposed control technique
can also be employed on n-dimensional nonlinear systems.

Remark 3: For the extension of the proposed control method, the
barrier function-based adaptive terminal sliding mode control method
is studied for the robust tracking control of the nonlinear second-order
systems in the presence of external disturbances. Then, a new adaptive
control law based on the barrier function is designed in this section.
The external disturbances can be estimated by using the barrier-based
adaptive TSMC more efficiently, and the closed-loop system becomes
more stable. Using the control law (24) with
Bt {ﬁia(t), if 0<t<t
i(® Dipsd(t)‘ if t>t¢ (31)

where £ denotes the time that the error converges to the neighborhood
€ of the surface s(t). The adaptation law and the positive-semi-definite
(PSD) barrier function are provided by

D, (&) = Pils;(©)| et
(32)

i)
gi-lsi®)l’ (33)

Bipsd(t) =

where ¢ is a positive scalar. Using the adaptation law (32), the control
gain is tuned to be increased until the error trajectories reach the
neighborhood ¢ of the surface at time £. For the times bigger than ¢,
the adaptation gain switches to the PSD barrier function which
decreases the convergence region and maintains the error trajectories
in that region. For the condition 0 < t < £, the controller design is
proposed in Theorem 2. For the condition that the time is greater that
t (t > t), the barrier-function-based adaptive controller is designed as

ui(t) = hy(x; (), %; ()™ (fdi(f) — 9i(x; (), %; (1))
— L&) = Diyog (Dsgn(si(t))  (39)

then the error trajectories reach the convergence region |s;(t)| < € in
the finite time.

Consider the Lyapunov candidate functional as
Vi(t) = 05 (5:(6)? + (i (8) — Dy (00)?),

(35)
where using the time-derivate of the Lyapunov function (35), we have
Vi(6) = 5:(8)8i(t) + (D50 (8) — Dy (00)D;,, (0),

(36)
where substituting s;(t) and Dlpsd(o) = 0 in the above equation, we
obtain

Vi(t) = Si(t)(gi(xi(t)'Xi(t))+hi(xi(t)rJ.C'i(t))ui(t) +
di(xi(6), t) + 2% (t) = %ai () + Dy (DD, (©), (37)

Replacing the control input (34) into (37) yields
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vi(®)
= 5i(8) (=Diyq Dsgn(si(®)) +d(xi(6), 1)
+ Dty (0D, (©)

< Isi(O1{1di (1 (8), O] = Dipg (O} + D (DD, ()

< Isi(®) {ld(x; ©.01 - Di,ea(O)}
+ Dy (6) msyn(si(t))sm (38)
< Isi(O1{1di(x:(8), O] = Dy (01}

&
+ Dlpsd( )m [d; (x; (D), )
ipsd (t)sgn(si(t))] Sgn( Si (t))

Equation (38) can be written as

V() < = {Di,0 () = 1d; G (), D)1} I, (O]

—~ & —~
Pipsa D T mnz Piwsa®  (3)
—|d; Cx; (), ]
where since D; ., () = |d; (x;(¢), t)| and m > 0, one finds
140) € V2 (D100~ i, 01} 221
Vie
~ T P ®
Dipsa®) 40
= ldi a0, 0 =27 (40)
Isi()  Dipsa®)
Z< N +7\/§ )s ZVi(t)
where Z = \/E{f)ipsd(t) — Idi(xi(t),t)l}min{l,@_liﬁ}. |

IV. SIMULATION AND EXPERIMENTAL RESULTS
Example 1: Three degrees of freedom manipulator

In this part, the controller planned in Theorems 1 and 2 are
employed on three-degrees of freedom manipulator displayed in Fig.2.
In the case study, l;, l,, I3 are distances of center of mass of three rigid
links from joint axis, m; , m;,, m;_ introduce the masses of links, m,, ,
My, , My, indicate the rotors’ masses, I;,, I;,, I, are inertia moments
of the links, and I, , I, Im, are inertia moments of the rotors.

Consider the dynamic equations of three-degrees of freedom
manipulator as
BoG + Hoq + Fyq + Fsq + To + Go = u(t)

(41)
_ biy b1z b3 hi1 hyp fata
with By = |bay  bay baz|, Hy = |h21 522 h23 s Fag = |faqz|,
b3y b3y b33 hzy  h3y  h33 fads
V n,
,:/ |
Ji &3
N o
Vi) -
‘:J’ n,
a2
I 4
A L i,
"*//41

X

Fig.2. Three-degrees of freedom rigid manipulator.

fs sgn(41) Ty 91(@)
Fsq = |fssgn(q2)|, To = 71| and Gy = | g2(q) |, where the system
fs sgn(4s) T 93(q)

parameters are defined in Appendix 1. The parameters of the rigid
manipulator and controller are given as f; = f; =5, L1 =L, =13 =
0.5m, my, =my, = my, = 10kg, my, = my, =my, = lkg, I;, =
L, =1, =1kg.m?, m=5 a=a=1, k. =k, =k,=1,
I, = I, = Ip, = 0.01kg.m?, w =p, =pus; =04, n=371, =
10(1 + cos(0.57t) + sin(2t) + sin(1.5t) + sin( 0.57t)),A = 8.

The initial condition is given as q(0) = [-2 —1 5]7. The desired
trajectory is specified as qq = [2sin(t) + 1, 2sin(t) -3,
8sin(t)]T. Comparing the dynamical equations (2) and (41), we
obtain x(t) = q, %(t) = ¢, ¥(t) = §, h(x(t),%(t)) = =By {Hoq +
Fag + Fg3}, R(x(t), %(t)) = By~ and d(x(t), t) = =By~ {T, + Go}.

The proposed adaptive parameter-tuning control law is designed
as (24). Time histories of position of joints are displayed in Fig.3. It is
exhibited from this figure that the states of position track the reference
trajectories, suitably. Time responses of switching surfaces are
displayed in Fig.4, exhibiting that the surface is chattering-free. Fig.5
illustrates time response of controller signals and time responses of
adaptation gains are demonstrated in Fig.6. It can be observed from
Fig.5 that the proposed control signals have suitable amplitude and
they have no high-frequency oscillations. Moreover, as can be
confirmed from Fig.6, since the time-derivative of D; is in the form of
an absolute term, the estimation of the external disturbance has a slight
slope, which is negligible in the results (also for longer time). The final
values of the adaptation gains are found as D=
[0.4338,0.9665,0.4142]T. This simulation shows the feasibility and
effectiveness of the suggested scheme.

Fig.3. Time histories of position of joints (reference signals=red dashed red line, actual
signals=black solid line).
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Fig.6. Adaptation gains.

Example 2: Rotational inverted pendulum

In this section, a rotational inverted pendulum is employed to
investigate efficacy of proposed controller via Real-Time toolbox and
MATLAB®/Simulink® software. It this case study, the suspended
pendulum is stabilized in upright position [38]. The schematic view of
rotational inverted pendulum and a picture of the practical system are
displayed in Fig. 7, consisting of a rotational servo-motor driving the
gear of output, rotational arm and suspended pendulum. In Fig. 7, the
pendulum mass m,, pendulum angle a,, arm angle 6, pendulum
length [,,, arm length 7, inertia moment of effective mass J,, control
input u and motor torque 7, are introduced. Dynamical equation of
rotational inverted pendulum is formed as [39]

Ap + Bysin®a, C,cosay|[, N G, sgn(6y) + Hy0,
Cp cosay By [ =D, sina, 42)
Fy + By(sin2ap)a, —Cy(sinay)dpl[4, _ [Ipu]
—0.5B,(sin 2 a,)b, E, ap 0

1 1

where A, =mprZ 4], B, = gmplpz, Cp = sMpTaly, Dp =
impglp; Ey, is the pendulum damping constant, F, is the arm damping
coefficient, I, represents the control coefficient, H, denotes the
elasticity constant and G,, is the arm Coulomb friction. The initial states
are given as [a,(0),d,(0),0,(0),0,(0)] = [r,—1,-4,2]. The
constant parameters are given as A, =3.291, B,=0.125(, =
0.237, D, = 6.052, E, = 0.0132, F, = 14.283, F,=14.283,G, =

1428, H, =172, I, = 6.38.

Fig. 7. Schematic view and apparatus of rotational inverted pendulum.
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The simulations of the inverted pendulum system are represented in
Figs. 8- 11. The angular position of the rotational pendulum tracks the
desired trajectory 0.5sin(t). From Fig.8, it can be displayed that the
position and velocity of inverted pendulum suitably track the desired
trajectories. Time history of the switching surface is demonstrated in
Fig.9, which shows that the sliding variable converges to zero. Time
response of control input is illustrated in Fig.10, which displays that
the control signal has slight vibration and is robust to perturbations.
Moreover, the time trajectory of the adaptation gain is exposed in
Fig.11, where it demonstrates that the adaptation gain is a constant
value and does not varies with time. Finally, simulation results on the
rotational inverted pendulum system approve the effectiveness of the
suggested technique.

Time(Sec)

u/p(rad/sec)

Time(Sec)

Fig.8. Time histories of pendulum’s angular position and velocity.

Time(Sec)

Fig.9. Time response of the sliding surface.

u (volt)

Time(sec)

Fig.10. Time history of the control input

Time(Sec)
Fig.11. Adaptation gain

In this section, experimental results are done on the experimental
inverted pendulum system which is developed by TeraSoft® company
in Taiwan. The system components are demonstrated in Fig. 12. This
system has a support package in MATLAB® as Embedded Coder

Toolbox which supports the Texas instruments C2000 Processors.
After implementation of the proposed method on the rotational
inverted pendulum system, the following experimental results are
obtained. Time histories of the angular position and velocity of the
inverted pendulum and arm are illustrated in Fig. 13 and Fig. 14,
respectively. It is confirmed that the angular position of arm is
stabilized near 0.9 radian. The pendulum angular position is converged
to 7. Also, in Fig. 15, the time trajectory of the applied voltage to the
DC motor is demonstrated. This experimental result reveals the
efficiency and success of the control scheme in practice.

Inertial Load Control Tuner Rotating Arm Pendulum Rods

DCMotor CANA&B RS232A&B  Encoder

Power Supply

MCU control and motor drive board

Fig. 12. Components of the practical apparatus.

Pendulum angle(rad)

Pendulum velocity(rad/sec)

Time(Sec)

Fig. 13. Angular position and velocity of the pendulum.



IEEE Transactions on Circuits and Systems |: Regular Papers

.
o
0
3
T
L

Arm angle(rad)
S
©

'
o
©
@
T
|

0 2 4 6 8 10
Time(Sec)
o
©
e
=
S 0
o
°
>
E
<5 i
0 2 4 6 8 10
Time(Sec)
Fig. 14. Angular position and velocity of the arm.
30 T T T
= 20 1
o
Z
5
Q
£
g
5-
o
O 20F ]
30 . . . .
0 2 4 6 8 10

Time(Sec)
Fig. 15. Time response of the control signal.

V. CONCLUSIONS

In this article, a new method for finite-time stability of a robotic
manipulator with nonlinear second-order equation was proposed. The
suggested control method was derived from a new idea of Lyapunov
candidate functional including an absolute function based on a
fractional power of the sliding surface. The new scheme can eliminate
discontinuity in the control laws, which is the principal disadvantage
of SMC called chattering phenomenon. Furthermore, an adaptive
control procedure was planned to estimate the unknown bound of
external disturbance. Moreover, an extension of the recommended
control procedure based on the barrier function adaptive TSMC is
advised for better performance and robust tracking control of the
perturbed nonlinear systems. Some simulation and experimental
outcomes demonstrated efficiency of planned technique in avoiding
the chattering problem as well as maintaining the robust performance.
This novel concept of Lyapunov candidate functional can be combined
with any classes of sliding mode techniques to form smooth and
continuous controllers.

Appendix 1
The parameters on model are given by [40]

biy = I, +my 17 + ki Ly, + 1, + My, a5 + Iy,
+my,(af + 15 + 2a11,¢,) + 1,

+Im, + mp, (af + a5 + 2a1a,¢1)

+my,(af + a3 + 15 + 2,050, + 20113053 + 2a,15¢3),

by, = I, + I, + kZyly, + L, + My a3 +my, 13
+ ml3(a% + l% + 2a2l3C3),

b33 = 1[3 + k$31m3 + mlslg,

blz = b21 = 112 + 113 + krzlmz + 1177.3 + mms(a% + a1a2C2)

+ mlz (l% + a112C2)
+m13 (a% + l% + ajazc, + all3C23 + 2a213C3),
biz = by = I, + Ky, I, + my, (15 + ayl3¢23 + ayl3c3),
b23 = b32 = 113 + kr31m3 + mls(lg + a2l3C3),
hyy = —Mp, 4102514

- (mlz + allzsz + m13a1a252 + m13a1l3523)qZ

_(ml3all3523 + ml3azl353)Q3'

hyy = —(ml3a2l3s3)q3,
h33 = _(ml3a1a252)flz - (ml3a2l3s3)q3,
hip = _(mlzallzsz +m,a,a;s; + ml3a1l3523)‘?1

- (ml3all3523 + ml3a21353)%
_(ml3a1a252 +mya;l3s,3 + My a1a;5; + m12a1lzsz)CIz,

hyz = _(m13a1l3523 + ml3a2l3s3)é[1
- (ml3all3523 + ml3a21353)‘?2
_(ml3a21352 + ml3a1l3523)‘?3:

hyp = (mlzallzsz +maia;s; + ml3a1l3sz3)q1 - (m13a2l3s3)q3,
hy3 = —(m13a213s3)q1 — (ml3azl3s3)q2 — (m13a213s3)(13,
h31 = (my,ail3s53 + my,azl3s3) 41 + (my,a,1353) 42,
h3y = (my,azl3s3)q1 + (my,azl383)d; — (My,az1353)ds,

g1(q) = (m1111 +mya; + mpy,a; +mya; + mm3a1)9C1
+(m1212 +mya; + mm3a2)gc12 +my,l3gca3,

92(q) = (mlzlz +mya; + mm3a2)gc12 +myl3gca3,

g3(q) = my, l3gci23,

with ¢; =cosqq, s; =sinq,, ¢; =c0sq,, S, =Ssing,, c3 =cosqs,
12 = cos( a1+ q2), €123 = c0s(q1 + G2 + q3), S12 = sin(q1 + q2)
and s123 = sin(qy + g2 + q3)-
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