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A B S T R A C T

Micro phasor measurement units (𝜇PMUs) play a major role in the evolution of distribution networks
toward the smart grids by providing precise and synchronized measurements. In this study, an integer linear
programming (ILP) model for stochastic optimal 𝜇PMU placement (SOMPP) problem is formulated in order
that the network would remain observable following a network reconfiguration. Furthermore, the current
measurement channels are considered limited and it is also extended to voltage measurement channels, in
order to be employed in cases that measurement channels are insufficient (e.g. three-phase networks). The
uncertain quantities including the variability of load demands and the unreliability of lines are characterize
by proper probability distribution functions (PDFs) instead of constant values, and employed in a Monte Carlo
simulation (MCS) process. The most probable scenarios are obtained by a scenario reduction method, and
the most probable topologies within each scenario are identified by multiple execution of reconfiguration for
the reduced scenarios using the genetic algorithm (GA). Then the SOMPP model is solved for each reduced
scenario using the concept of equivalent network that is also introduced in present work. A formulation for
the deterministic form of the problem is also developed in order to compare the results of the SOMPP model
with the deterministic one, by which the observability of all possible topologies is guaranteed with a limited
number of channels. Furthermore, using the concept of voltage channels limit, the formulation of the SOMPP
model is extended to include the unbalanced networks. The simulations are performed on 33-bus and 240-bus
distribution networks. The numerical results revealed the relative superiority of the SOMPP model over the
deterministic version and previous works in terms of decreasing the required number of 𝜇PMUs. Moreover,
the effectiveness of the model in handling the random variables with unknown PDFs is also determined. The
success of the reduced scenarios in representing the most general scenarios is also demonstrated by evaluating
a large number of scenarios. The validation of the concept of equivalent network is also examined for multiple
simulation cases.
1. Introduction

Real-time monitoring is a key element in transition of the traditional
distribution networks toward the smart grids. The phasor measurement
units (PMUs) are one of the latest types of measurement devices that
are able to measure real-time phasors of voltage and current with high
accuracy [1,2]. A PMU installed at a bus could measure the voltage
phasor of its own bus and all the current phasors of the adjacent lines
theoretically [1,3–13]. Accordingly, using the circuit laws, the voltage
phasors of the buses connected to a PMU bus would be measured
indirectly, so a PMU could make its own bus and ideally all its adjacent
buses observable. However, the number of measurement channels of
the PMUs are limited in practice and they could observe a number
of their adjacent buses. Thanks to the capability of measuring both
current and voltage by PMUs, the observability of the network could be
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provided by a limited number of them. The number and the locations
of the PMUs could be determined through optimal PMU placement
(OPP) problem in order to make the network observable with minimum
cost or minimum number of PMUs [4–6]. As distribution networks
become smarter and more complex, defining a fixed situation for the
network would become more difficult. The integration of elements
with uncertain nature, the probability of components’ failure, and
the dynamic topology are some of the issues that real distribution
networks are getting involved with. Considering the aforementioned
uncertainties, variabilities, and limits, in the OPP problem could make
it more applicable for the real world problems.

There are plenty of studies in the literature on the issue of deploying
PMUs in the transmission networks [1–5,8–21]. However, the number
vailable online 14 January 2023
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Nomenclature

Parameters

N Number of network buses.
S, S’ Initial and reduced number of MCS scenar-

ios.
L Number of 𝜇PMUs/PMUs channels.
T0 Optimal topology of the network when no

lines are failed.
p𝑠 Probability of scenario 𝑠.
c𝑖 Cost of installing PMU at bus 𝑖.
d𝑖,d3PH

𝑖 Degree and three-phase degree of bus 𝑖,
respectively.

nTS
𝑖 Number of tie-switches connected to bus 𝑖.

G𝑖𝑗 ,B𝑖𝑗 Conductance and susceptance of the line
connecting buses 𝑖 and 𝑗, respectively.

PL𝑖,QL𝑖 Active and reactive power of loads at bus 𝑖,
respectively.

𝜆𝑙 Hazard rate of line 𝑙.
𝜇pl𝑖 , 𝜎

2
pl𝑖

Mean value and variance of the active
power of load at bus 𝑖, respectively.

𝜇ql𝑖 , 𝜎
2
ql𝑖

Mean value and variance of the reactive
power of load at bus 𝑖, respectively.

r𝑖 Number of ways that a 𝜇PMU/PMU could
be installed at bus 𝑖.

r𝑠𝑡𝑖 Number of ways that a 𝜇PMU/PMU could
be installed at bus 𝑖 for 𝑡th topology of
scenario 𝑠.

rEQ
𝑠𝑖 , rEQ

𝑠𝑖ℎ Number of ways that a 𝜇PMU/PMU could
be installed in equivalent network of sce-
nario 𝑠 at bus 𝑖 and at phase ℎ of bus 𝑖,
respectively.

b𝑗 Desired observability value of bus 𝑗.
bR
𝑗 , b

RCL
𝑗 Desired observability value of bus 𝑗 for

OPP/OMPP considering reconfiguration
and deterministic problem, respectively.

b𝑠𝑗 , b𝑠𝑡𝑗 Desired observability value of bus 𝑗 for sce-
nario 𝑠 and for 𝑡th topology of scenario
𝑠.

bEQ
𝑠𝑗ℎ Desired observability value in equivalent

network for scenario 𝑠 at phase ℎ of bus 𝑗.
a𝑗𝑖 Observability coefficient of bus 𝑖 relative to

bus 𝑗.
aR
𝑗𝑖, a

meshed
𝑗𝑖 Observability coefficient of bus 𝑖 relative

to bus 𝑗 for OPP/OMPP considering re-
configuration and for meshed network,
respectively.

aCL
𝑗𝑖𝑘, a

RCL
𝑗𝑖𝑘 Observability coefficient of bus 𝑖 relative

to bus 𝑗 for the 𝑘th way of installing
𝜇PMU/PMU at bus 𝑖 for OPP/OMPP con-
sidering channel limit and deterministic
problem, respectively.

a𝑠𝑡𝑗𝑖𝑘 Observability coefficient of bus 𝑖 relative
to bus 𝑗 for the 𝑘th way of installing
𝜇PMU/PMU at bus 𝑖 for 𝑡th topology of
scenario 𝑠.

of research works on the topic in the area of distribution networks has
also been increasing recently [6,7,22–30]. With emerging the micro
phasor measurement units (𝜇PMUs) that are less expensive and more
2

aEQ
𝑠𝑗𝑖𝑘, a

EQ
𝑠𝑗𝑔𝑖ℎ𝑘 Observability coefficient of bus 𝑖 relative

to bus 𝑗 and phase ℎ of bus 𝑖 relative to
phase 𝑔 of bus 𝑗, respectively, for the 𝑘th
way of installing a 𝜇PMU/PMU at bus 𝑖 in
equivalent network for scenario 𝑠.

Functions

pl𝑖, ql𝑖 PDFs of active and reactive power of loads
of bus 𝑖, respectively.

𝑓𝑙 PDF of the failure of line 𝑙.

Indices

𝑠, 𝑡, 𝜏 Indices of scenarios, topologies, and time,
respectively.

𝑖, 𝑗 Bus indices.
𝑘 Index of the ways that a 𝜇PMU/PMU with

limited channels could be installed at a bus.
𝑔, ℎ Phases indices.
𝑙 Index of lines.

Sets

𝛤𝑠 Set of topologies within scenario 𝑠.
𝛥 Set of lines that are not equipped with a tie

switch.
𝛺 Set of buses that are connected to the

switches that may change the state or lines
that may fail in the equivalent network.

𝛬𝑖, 𝛬L
𝑖𝑘 Sets of adjacent buses of bus 𝑖 and the 𝑘th

L-subset of 𝛬𝑖, respectively.
𝛬3PH
𝑖 , 𝛬L3PH

𝑖𝑘 Sets of adjacent bus phases of bus 𝑖 and the
𝑘th L-subset of 𝛬3PH

𝑖 , respectively.

Variables

𝑣𝑖, 𝛿𝑖 Voltage magnitude and phase angle of bus
𝑖, respectively.

𝑥𝑖𝑗 Binary status of the line connecting buses 𝑖
and 𝑗.

𝑝𝑔𝑖, 𝑞𝑔𝑖 Active and reactive power generation at bus
𝑖, respectively.

𝑥𝑖 Binary decision variable of installing a
𝜇PMU/PMU at bus 𝑖.

𝑥CL
𝑖𝑘 , 𝑥

RCL
𝑖𝑘 Binary decision variable of the 𝑘th way

of installing a 𝜇PMU/PMU at bus 𝑖 for
OPP/OMPP considering channel limit and
deterministic problem, respectively.

𝑥𝑠𝑡𝑖𝑘 Binary decision variable of the 𝑘th way of
installing a 𝜇PMU/PMU at bus 𝑖 for 𝑡th
topology of scenario 𝑠.

𝑥EQ
𝑠𝑖𝑘 , 𝑥

EQ
𝑠𝑖ℎ𝑘 Binary decision variable of the 𝑘th way of

installing a 𝜇PMU/PMU in equivalent net-
work for scenario 𝑠 at bus 𝑖 and at phase ℎ
of bus 𝑖, respectively.

𝑜𝑗 Obtained observability for bus 𝑗.
𝑜𝑠𝑗 , 𝑜𝑠𝑗𝑔 Obtained observability for bus 𝑗 and for

phase 𝑔 of bus 𝑗, respectively, for scenario
𝑠.

𝑜𝑠𝑡𝑗 Obtained observability for 𝑡th topology of
scenario 𝑠 for bus 𝑗.

accurate than traditional PMUs, deploying them in the distribution
networks is becoming more sensible [7,29], especially for short dis-
tribution lines that the difference between the voltage magnitude and
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the phase angle at the beginning and the end of the lines is not
significant [26,27]. Therefore, by upgrading the distribution networks
toward a smarter version, the importance of fast and accurate data
collection is becoming more plausible and accordingly, it justifies the
increased research in the areas of deploying 𝜇PMUs and the challenges
ahead in the distribution networks.

Even though PMUs and 𝜇PMUs are actually doing the same thing,
i.e. providing accurate and real-time measurement data for monitoring
the network, 𝜇PMUs have some specific features and requirements. The
total cost of 𝜇PMUs depends on the costs of the main unit (which
consists of electronic components), the potential transformer (PT), the
current transformers (CTs), and transmitting data to the global central
processing system [30]. In transmission networks, CTs and PTs are
expensive in high voltage, while in distribution networks, medium
and low-voltage transformers are not expensive [30]. Accordingly, the
lower price of CTs and PTs could notably diminish the total cost of
𝜇PMUs. The sampling rate of the 𝜇PMUs is 256–512 Hz that caused the
𝜇PMUs to be significantly more accurate than PMUs (±0.01 degrees),
while the sampling rate of the PMUs is between 30 Hz to 60 Hz
and the accuracy of the PMUs is ±1 degrees. [30]. Since the 𝜇PMUs
are employed for the real-time applications, the collected data by the
𝜇PMUs should be transmitted entirely and fast. There are two factors
that are important in transmitting data; the channel capacity that
is the maximum rate of data that could be transmitted through the
communication channel of a 𝜇PMU, and the latency that is the length
of time that it takes between creation the data and receiving it at
the receiving unit. In real-time applications, low-latency channels are
required. Among different communication channels, fiber optics and
4G and 5G communication networks are leading [31]. It is worth men-
tioning that, to the best of the authors’ knowledge, the mathematical
modeling of the PMUs and 𝜇PMUs placement problems are the same.
Accordingly, the word PMU is used frequently throughout the present
paper in order to discuss about the common features and models for
both PMUs and 𝜇PMU, while the word 𝜇PMU is only used for the
proposed model and also for describing the particular features of the
𝜇PMUs.

Some features of the distribution networks, such as variability of
topology, make the OPP problem of the distribution networks different
from its counterpart in the transmission networks. The observability
of the network is affected by the topology variations. Therefore, the
network would be exposed to unobservability due to reconfiguration [7,
24]. The unobservability makes the state estimation of the network
impossible. Whereas the problem of losing observability during the
reconfiguration is addressed in [32] by appending the observability
constraint into the reconfiguration problem formulation, the problem
would not be completely resolved because the observability would be
preserved in exchange for deteriorating the reconfiguration objective
function, i.e. minimizing active power loss. Therefore, a number of
studies had incorporated the effect of topological changes in the OPP
problem [6,7,22–25,28,29]. Most of the methods in the published
works ensure the observability of the network for all or a number of
possible topologies. Among the methods investigated in the literature,
the authors of [6] had developed an OPP model that guarantees the
observability of the network for every possible topology. The method
of [6] would completely solve the problem of losing observability due
to reconfiguration, but the number of PMUs would be increased as a
result of including all possible topologies in the model, while there are
a lot of topologies that would not be functioning because of unsatisfying
the operational requirements of the network. Similar to [6], all feasible
topologies are included in the placement scheme proposed in [28]. The
placement solution in [28] should satisfy the observability constraint
for all feasible topologies, while the method of [6] leads to a solution
that provides observability for all topologies. There are a number
of studies, in which maintaining the observability for a number of
topologies is investigated. In [7] the reconfiguration is done for several
3

load levels throughout a year, the OPP problem is solved for every
obtained topology from reconfiguration, and the union of the solutions
for all obtained topologies is suggested to be the ultimate solution.
Similar to [7], the reconfiguration is performed for different hours of
a typical day in a distribution network with intermittent photovoltaics
and wind turbines in [22,23] and the OPP problem is solved for each
obtained topology. By the approaches of [7,22,23], only the effect of
load levels on the reconfiguration is addressed, whereas the reconfig-
uration is influenced by different variables such as faults. The number
of PMUs obtained in [7,22,23] are also non-optimal, since the multiple
topologies are not considered once in an aggregated OPP model, but
the union of the solutions derived from solving the OPP model for a
number of times is considered as the final solution. In [24], an approach
proposed by which every tie switch must be equipped with a PMU at
one of its connected buses to ensure the observability when they are
operated. The method guarantees the observability of the buses that
are connected to the tie switches, while the observability of other buses
might become in danger due to opening the sectionalizing switches.
In [25] a few pre-defined topologies are considered and attempted
to find the locations of 𝜇PMUs to maximize the sum of observability
of buses along with minimizing the number of 𝜇PMUs. As is claimed
in [25], the method helps the network be partially observable in
abnormal condition and full observability of the pre-defined topologies
would not be ensured. The possibility of islanding is incorporated in the
OMPP model of [29] so that all switches in the network are assumed to
be opened, to accommodate all possible network reconfigurations and
islanding. Eventhough the method of [29] considered the worst-case
scenario, but the possibility of line failure is ignored that could lead to
unobservability.

The number of PMU channels indicate the maximum number of cur-
rent and voltage phasors that could be measured simultaneously by a
PMU. Considering unlimited number of channels leads to an unrealistic
and optimistic perspective. The more the number of channels become,
the fewer PMUs will be needed to make the network observable [3,8].
While, the degrees of buses in the distribution network graph are
less than the ones in the transmission network, utilizing the PMUs
with great number of channels seems to be unnecessary in distribution
networks. On the other hand, the channel capacity of 𝜇PMUs, that are
designed for the distribution networks, are also limited [27]. Therefore,
regarding the channels limit in the OPP problem, especially in the area
of distribution networks, is unavoidable. It is also claimed in [27] that
the total installing cost of a typical commercial 𝜇PMU with an extra
channel would be increased by 6.5–20% while this additional cost will
raise to 90–500% of the unit cost in low-cost 𝜇PMUs. Actually, the
𝜇PMUs with large number of channels need more CTs and PTs [27],
that it could increase the total installing cost. Therefore, considering
the channel capacity limit results in cost management in practice. The
channels limit is taken into account in most of the studies carried out
in the area of PMUs/𝜇PMUs placement [3,4,8,11,19–21,25,27,28,30].
In most of the previously mentioned studies, the number of channels
are considered identical for all the PMUs intended to be located in the
network, but in [19], a nonhomogeneous mix of channel capacities is
examined in order to minimize the costs and the waste of channels
and being more practical. Nonhomogeneous number of channels, that
is called hybrid current channels is also regarded in [27] to minimize
the total cost and any unnecessary measurements. According to these
facts, the limited number of channels are considered in present work.
Furthermore, in all the aforementioned works, it is assumed that a
PMU would always measure the voltage phasor of its bus, which means
the PMU would always make its own bus observable, and the channel
capacity limit is only for the current measurements. In some cases that
multiple phases of a bus should be observed by a single-phase PMU,
it is impossible for the PMU to make its bus completely observable.
Accordingly, the channel capacity restrictions could be extended to
include the voltage phasor measurements as well.

In most of the works in the literature, the determinant factors in the

OPP model are considered deterministic. But actually, there are some
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degrees of uncertainty in the network that it would be more realistic to
capture them. There are a number of studies in which the uncertainties
of the power network are included in the OPP model. Most of these
studies have focused on the uncertainty concerned with the field of net-
work reliability. One of the earliest works regarding the issue is [14].
In aforementioned paper, the probability of the observability of buses
is introduced and properly formulated by the indices of the availability
of components. The average of the probabilities of bus observability,
called APO, is used as an objective to maximize the observability of
buses along with minimizing the number of required PMUs. There are
some other works that used a similar approach to build a probabilistic
framework for the OPP such as [9,15]. The authors of [17] used a same
approach as [14] along with the effect of zero injection buses (ZIBs) and
limited observability propagation which are reflected in the formula-
tion. In [16], the probabilities of PMUs/lines outages are considered
in an multi-objective optimization model aiming to minimize the cost
of PMUs and the number of unobservable buses affected by PMUs/lines
outage contingencies. Another multi-objective and bi-level probabilistic
reliability-based model is proposed in [10] to minimize simultaneously
the number and the unavailability of PMUs and the probabilities of
lines outages. In [11] a set of scenarios are generated by Monte Carlo
simulation (MCS) using the availability of the network components. In
each scenario, some equipments would be out of service. The most
probable scenarios are identified out of generated scenarios for si-
multaneous placement of PMUs and flow measurements. In [21], the
probability of the network being fully observable is maximized as well
as the number of PMUs being minimized. The probability distribution
function (PDF) of uncertain variables are not included in any of the
aforementioned studies, and indeed, the value of probabilities assumed
to be fixed. But the uncertain variables are described by PDFs in prac-
tice. In [18], the probabilities of the failure of lines are characterized
by exponential function. The probability of unobservability of each
bus is formulated as a function of failure probability of lines and the
probability of observability of the whole network is derived from them.
The Markov chain is used to calculate the probabilities of cascading
outage paths of network lines, and the consequences of the severity
of cascading outages are quantified by proper indices and utilized in
an optimization problem to minimize the risk of losing observability
and the number of PMUs. Even though the failure probabilities are not
considered fixed in [18], but the formulation of failure PDF indicates
that the failure of lines are only associated with their overloadings,
while the reliability of lines are dependant to time as well. Furthermore,
in all of the studies reviewed, other sources of uncertainty like loads
are ignored. The uncertainty associated with loads and lines failures
are considered simultaneously in the present work by proper PDFs and
utilized in a probabilistic framework to determine the most probable
topologies and the observability of the network for these topologies
would be guaranteed by a 𝜇PMU placement approach.

Generally, there are two approaches for solving the OPP problem,
mathematical programming and metaheuristic methods. In the mathe-
matical programming models, the precise definition of the constraints
is very important in achieving the solution [3,8]. They also result
in a single solution, while there might be multiple solutions with
the same number of PMUs [8]. Linear programming (LP) is widely
used among the mathematical programming subfields for modeling
the OPP problem [3,4,6,7,11,16,19–21,24–29]. By metaheuristic algo-
rithms, multiple solutions could be obtained, but the long execution
time of simulation for the large-scale models and the possibility of
trapping in local optimum are the disadvantages of these methods [10].
A number of metaheuristic methods are employed in the literature, such
as binary particle swarm optimization (BPSO) [1], genetic algorithm
(GA) [2,13], constriction factor based particle swarm optimization (CF-
PSO) [8], and cuckoo search algorithm (CSA) [15]. A different method
is introduced in [5] in which the observability equations are defined by
nonlinear polynomial equations and the model is solved using Groeb-
4

ner bases. In addition to aforementioned method, in [22,23] Greedy
algorithm heuristic method is employed to provide the good quality
approximation of the solutions instead of metaheuristics wherewith the
global solution is not ensured. Nonlinear OPP models are developed in
some studies whereas the difficulties in achieving the global optimal
solution are associated with such models. Different approaches are em-
ployed for solving nonlinear models. In [14], the OPP problem is first
formulated as a mixed-integer nonlinear programming (MINLP) model
and then transformed to a mixed-integer programming (MIP) model
by a linearization approach and solved by CPLEX solver. The same
approach is adopted in [17], and the MINLP model is approximated by
a linear approximation method. The similar problem to [14] was also
expanded in [9,15], and the nonlinear problem is solved using BONMIN
solver and CSA, respectively. In [18], the problem is formulated as a
MINLP model and the optimal solution is found by Branch and Bound
method in the Knitro optimization engine. In [12] a MINLP formulation
is proposed and solved by a two-phase branch-and-bound algorithm.

Zero injection buses (ZIBs), i.e. buses with no loads and generations,
are generally attended in the OPP problems, especially in the area of
transmission network, because of their features which improves the
observability of the network by fewer number of PMUs. But, according
to [15], ZIBs are a virtual concept that would not be practically
possible, because the buses with neither generations nor loads still have
some internal consumption for posts and equipments, so, they are not
actual ZIBs. Furthermore, even if an actual ZIB does exist, it might
become non-ZIB due to the expansion of the network in the future.
Especially in the distribution networks that loads are dispersed roughly
at whole buses across the feeders. Therefore, the ZIBs are ignored in the
present work.

In present paper, an ILP model for the stochastic optimal 𝜇PMU
placement (SOMPP) problem is developed to address the issue of
losing observability due to reconfiguration. Using the stochastic model,
the most probable topologies of the network are identified, instead
of considering all of them, and attempts were made to provide the
observability of topologies by appropriate placement of 𝜇PMUs, to
decrease the required number of 𝜇PMUs. The uncertainty is reflected
in the model by proper PDFs rather than a constant probability value.
The restriction of measurement channels is not only applied on current
channels, but restriction of the voltage measurement channel is also
introduced that helps the formulation of the SOMPP be expanded to
three-phase unbalanced networks; however, the main formulation of
present work is devised to be solved for a single phase. The 33-bus
benchmark distribution network and 240 bus distribution test network
are used to implement the proposed model. The contributions of the
paper are highlighted in the following:

1. The stochastic model, proposed in present study includes the un-
certainty of loads as well as the unreliability of lines, to obtain a
more realistic perspective. The PDFs of the lines failures are also
employed instead of using a constant value for the availability of
lines and they are used in a MCS process to generate scenarios.

2. The topologies that are more likely to be happened are identified
with their probabilities, to cover the most common variations
that might happen in the network topology as a result of the
lines outages and changes in the load values.

3. The limitation of the number of channels of the 𝜇PMUs is not
only applied for current measurements, but the voltage mea-
surement limit is also introduced that helps the SOMPP model
be generalizable to three-phase unbalanced networks. It means
that the voltage measurement of the 𝜇PMUs buses would not
be available all the time, but the voltage phasors are measured
according to the preferences of the model.

The remaining parts of the paper are structured as follows: In Section 2,
the formulation of the ILP model for the SOMPP problem considering
the measurement channels restriction is evolved, in order to avoid
unobservability following a network reconfiguration. Next, in Section 3,

the test systems are introduced and the simulation inputs are given.
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Then the numerical results are stated and discussed in the rest of the
section. Finally in Section 4, the conclusion and the suggestions for the
future works are given.

2. Problem formulation

In this section, the formulation of the proposed ILP model for the
SOMPP problem is presented. By this approach, instead of all possible
topologies, only the most probable ones are considered. The determin-
istic version of the problem in which all the possible topologies, even
ones with low probability of being applied, are taken into account
would also be brought in Appendix A to compare the results of the
stochastic and the deterministic approaches.

2.1. The proposed SOMPP model

As mentioned in the introduction, the method introduced in [6]
leads to the solution that includes all the possible topologies of the
network. While there are a lot of topologies for a typical distribution
network that are feasible from the topological point of view (leading
to connected and radial network), but not optimal in terms of oper-
ational criteria. Therefore, the probability of deploying most of the
feasible topologies is extremely low. Consequently, considering these
less probable topologies in the SOMPP problem is not beneficial in
practice.

On the other hand, the nature of power networks is associated
with uncertainties. The uncertainties arise from the variability of the
electrical quantities and the unreliability of the network elements. The
variability of loads is an uncertainty source in the normal operational
condition of the network. There are some other uncertainty sources
like the generators that their output power is associated with solar or
wind energy resources. In present work, under normal operational con-
dition, only the uncertainty of the load points are taken into account.
Another source of network uncertainty is unreliability of the network
components such as lines, switches and etc. The reconfiguration is
done under both normal and emergency conditions of a distribution
network [33]. In normal condition, the reconfiguration is affected by
the uncertainty of loads, while in an emergency, the reconfiguration is
influenced by lines outages as well as loads variations. In the following
subsections, finding the probability of occurrence of topologies under
normal and emergency conditions is pursued. Then, these topologies
and their probabilities are used in the SOMPP problem.

The time horizon of the proposed model is considered single year.
Since the problem is related to the planning of the distribution network
that is intrinsically long-term, the optimal solution of a single year may
not be optimal for any other years. Especially in large-scale networks
that due to high cost of 𝜇PMUs, installing the required number of
𝜇PMUs is not possible at once [15]. Therefore, the planning models are
often multistage and designed to be solved for several years. There are
plenty of multistage OPP/OMPP models in the literature [5,7,14,15]. In
present work, the expansion of the network over the years is ignored.
While, the model could be extended over a longer time horizon as a
multistage problem.

As discussed so far, in order to form the proposed model, the PDFs
of uncertain variables, i.e. loads and lines failures should be known or
calculable. A large number of samples from PDFs, called scenarios, are
generated and then the scenarios are reduced until a few representative
scenarios are retained. In each reduced scenario, a number of lines are
likely to be failed within the target year. Since the lines that expose
to risk of failure in a scenario, have different time to failures (TTFs),
they would not be failed at the same time, but one after another. At
the moment 𝜏 = 0 (the beginning of the target year), no lines are
failed, so, the network would be in its initial optimal topology T0. T0
s the optimal topology of the network when no lines are failed and is
5

btained by reconfiguration.
Now, consider Fig. 1, in which the horizontal axis demonstrates the
ime of the target year (in hours). The topology T0 is kept until 𝜏 = 𝜏1,
hen the first line failure is occurred. Then, the reconfiguration is done

onsidering the line outage and the topology T1 is determined and
ept until the failed line is repaired. After repairing the failed line, the
ptimal topology would be T0 again, because it is the optimal topology
f the network when no lines are failed, and T1 is the optimal topology
hen first line failure is imposed to the network. The topology T0 is

emained until 𝜏 = 𝜏2 when the next line failure is occurred. This
rocedure is kept up during the target year. Therefore, a number of
opologies

{

T0,T1,…
}

, are obtained for each scenario. The repetitive
opologies within each scenario are considered once. The topology T0 is
ncluded in each scenario, because regardless to the scenario, T0 would
e the topology of the network if no line failure is occurred. If there
as any other optimal topologies, like seasonal reconfiguration, they
ould be included in each scenario same as T0.

In order to obtain the solution of the stochastic problem, the fol-
owing optimization model must be solved for every scenario in order
o find the set of possible solutions under each scenario condition. The
etwork should remain observable for every topology of each scenario,
o an optimization problem is devised in order to minimize the number
f 𝜇PMUs, as well as considering all topologies within each scenario,
s following,

min: p𝑠
∑

𝑡∈𝛤𝑠

( N
∑

𝑖=1

r𝑠𝑡𝑖
∑

𝑘=1
𝑥𝑠𝑡𝑖𝑘

)

, (1)

subject to : 𝑜𝑠𝑡𝑗 =
N
∑

𝑖=1

r𝑠𝑡𝑖
∑

𝑘=1
a𝑠𝑡𝑗𝑖𝑘 ⋅ 𝑥𝑠𝑡𝑖𝑘 ≥ b𝑠𝑡𝑗 , (2)

∀𝑠 ∈ 1, 2,… , S′, 𝑡 ∈ 𝛤𝑠, 𝑗 ∈ 1, 2,… ,N.

In (1) and (2), r𝑠𝑡𝑖 and a𝑠𝑡𝑗𝑖𝑘 could be calculated exactly by the method
of obtaining r𝑖 and aCL

𝑗𝑖𝑘 that will be introduced in Section 2.1.3. Each
value of b𝑠𝑡𝑗 would be considered equal to one, in order to achieve the
observability with minimum number of 𝜇PMUs.

According to (2), the set of solutions of each scenario provides the
observability for all topologies within that scenario. However, the deci-
sion variables in each scenario are different for different topologies and
could take different values, because the topologies are not dependent to
each other. To address this problem, the concept of equivalent network
would be introduced in this section. Accordingly, for each scenario, an
equivalent network with unique topology would be constructed. The
observability of the equivalent network of a scenario could provide
the observability of all topologies within that scenario. The steps of
building the equivalent network is described in the following using a
small example network.

After obtaining optimal topologies within each scenario, the lines
that might be failed and the switches that might become opened or
closed would be known. Then, for each scenario, an equivalent network
would be obtained. The equivalent network has some characteristics as
follows:

1. The buses of the equivalent network are the same as the buses
of the initial network.

2. The lines that never fail or the switches that are always closed
within the scenario are shown in closed state in the equivalent
network graph.

3. The switches that are always open within the scenario are shown
as open branches in the equivalent network graph.

4. The lines that may fail and the switches that their states might be
changed in different topologies, are also specified in the network
graph by closed state. However, the observability of the buses
connected to two ends of these lines/switches should not be
provided through them, because by opening/failing these lines,
the buses connected to the ends of these lines might become

unobservable.
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Fig. 1. Changes of the topology of the network during the target year.
Fig. 2. An example of the equivalent network.

n Fig. 2, an example of the equivalent network is given. The state
f Lineij would be changed within the scenario. The lines that are
lways closed within the scenario are illustrated by solid lines. In order
o preserve the observability of the network when Lineij is opened,
he buses i or j should not be observed by the 𝜇PMUs of each other,
ecause opening Lineij would result in losing the observability of i or
. According to Fig. 2, the equation of the observability of buses i and
is obtained from

i = aii𝑥𝑖 + air𝑥𝑟 + aij𝑥𝑗 , (3)

𝑜j = ajj𝑥𝑗 + aji𝑥𝑖 + ajs𝑥𝑠 + ajt𝑥𝑡. (4)

In order to keep the observability of buses i and j when Lineij becomes
opened, the following inequalities should be satisfied;

aii𝑥𝑖 + air𝑥𝑟 ≥ 1, (5)

ajj𝑥𝑗 + ajs𝑥𝑠 + ajt𝑥𝑡 ≥ 1. (6)

Accordingly, Eqs. (1) and (2) could be rewritten using the equiva-
lent network concept as

min: p𝑠

N
∑

𝑖=1

rEQ
𝑠𝑖
∑

𝑘=1
𝑥EQ
𝑠𝑖𝑘 , (7)

subject to : 𝑜𝑠𝑗 =
N
∑

𝑖=1

rEQ
𝑠𝑖
∑

𝑘=1
aEQ
𝑠𝑗𝑖𝑘 ⋅ 𝑥

EQ
𝑠𝑖𝑘 ≥ b𝑠𝑗 , (8)

∀𝑗 ∈ 1, 2,… ,N, 𝑠 ∈ 1, 2,… , S′.

The superscript EQ above some of the parameters or variables in (7)
and (8) indicates that these parameters or variables are dependent to
the structure of the equivalent network, while those with no superscript
are determined just same as (1) and (2). rEQ

𝑠𝑖 and aEQ
𝑠𝑗𝑖𝑘 are determined

similar to the method of obtaining r𝑖 and aCL
𝑗𝑖𝑘 in Section 2.1.3, but the

set 𝛺 that contains all the buses that are connected to the switches
that are likely to change the state and the lines that are likely to
be failed within the scenario, is defined and ∀𝑖 ∈ 1, 2,… ,N, 𝑘 ∈
1, 2,… , r𝑖, 𝛬L

𝑖𝑘
⋂

𝛺 would be deleted from 𝛬L
𝑖𝑘, in order to prevent losing

observability when aforementioned lines/switches are failed/operated.
The values of b𝑠𝑗 ,∀𝑗 ∈ 1, 2,… ,N is considered equal to one, in order

to minimize the number of required 𝜇PMUs to make the network fully
observable under circumstances of the problem.

The flowchart of the proposed algorithm is given in Fig. 3. Accord-
ing to the flowchart, after receiving the simulation inputs (that include
initial network topology T0, parameters, and loads and generators data,
the number of channels of 𝜇PMUs, the initial and the reduced number
of scenarios, the number of times that the reconfiguration program
must be run, and, the genetic algorithm parameters), S scenarios are
generated that include the scenarios of loads and the scenarios of the
TTFs of lines. Then, the number of scenarios is reduced to S′ and the
probability of each scenario p𝑠 is determined. Next, in each scenario
𝑠, if the uncertainty of loads is considered, the load values will be
replaced by the 𝑠th scenario of loads. Then, if the unreliability of
6

Fig. 3. The flowchart of the proposed SOMPP model.

lines is also intended, for each line failure in scenario 𝑠 (FLC is the
failed line counter), first, the topology of the network is set to T0,
and then the state of the failed line is considered opened in T0, and
the reconfiguration is executed in order to find the optimal topology
when the line is failed. Whenever the reconfiguration is done for all
failed lines in scenario 𝑠 (FLC = FLC𝑠,max), the set of obtained optimal
topologies are used to construct the equivalent network representation
for scenario 𝑠. Afterwards, the parameters of the SOMPP model (aEQ

𝑠𝑗𝑖𝑘
and b𝑠𝑗) are determined and the SOMPP model is solved to obtain the
optimal number and locations of 𝜇PMUs for scenario 𝑠. The procedure
is repeated until obtaining the optimal solution for all scenarios.

In the following subsections, the required steps for building the
SOMPP model are described in detail.

2.1.1. The basic OPP problem
The formulation of the OPP problem in order to make the net-

work completely observable by PMUs that is commonly used in the
literature [3–5,7,8,12,16,17,19,22–24,26,30] is as follows:

min
N
∑

𝑖=1
c𝑖𝑥𝑖 (9)

subject to : 𝑜𝑗 =
N
∑

𝑖=1
a𝑗𝑖𝑥𝑖 ≥ b𝑗 , ∀𝑗 ∈ 1, 2,… ,N (10)

The basic OPP problem is formulated as a linear programming (LP)
model. The objective function (9) is aimed to minimize the total cost
of installing PMUs while keeping the network observable with the

restrictions imposed by the observability constraint (10). If c𝑖 = 1,∀𝑖 ∈
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1, 2,… ,N, the OPP problem is converted to the problem of minimizing
he number of PMUs. Since, in present work, the goal is to reduce the
umber of 𝜇PMUs, the cost coefficients are omitted from other cost
unction equations. In constraint (10), a𝑗𝑖 = 1 if 𝑖 = 𝑗 or if there is a line
etween buses 𝑖 and 𝑗, otherwise, a𝑗𝑖 = 0. If o𝑗 ≥ 1, the network would

be observable in its current topology. ∀𝑗 ∈ 1, 2,… ,N, b𝑗 is normally
considered equal to one in order to minimize the required number of
PMUs to make the network observable.

There are two different methods for observability assessment in
the literature, numerical and topological methods [1,3,8,21–23,25,26].
The Topological observability analysis is the most commonly employed
method to reduce the computational difficulties associated with the
numerical analysis. The observability constraint (10) is formatted as
a numerical observability framework. It is worth mentioning that,
evaluating the observability of the network by checking the observ-
ability of each bus is not the only way of observability assessment.
There are some studies in the literature like [28], that investigated
the observability of each line using a different formulation, in order
to evaluate the observability of the whole network.

2.1.2. Modifying the OPP problem to keep the observability of the network
for all operational topologies

Since the observability is dependent on the topology of the network,
the reconfiguration could result in losing the observability. To keep the
network observable for all possible topologies, a method is proposed
in [6] that is adopted in present section by a revised formulation.
This formulation is employed in Appendix A to build a model for the
deterministic form of the SOMPP model.

In a reconfigurable network, the buses owning a PMU would re-
main observable under all topologies, but the observability of the
buses with no PMUs, that are observed indirectly by the PMUs of the
neighboring buses, might become at risk due to reconfiguration. If all
the neighboring buses of these buses are connected to them through
a line that is equipped with a tie/sectionalizing switch, they must
be observed by all of the neighboring buses. The reason is that the
reconfiguration constraints impose the connectivity of all the network
buses to it through at least one path, so in any given topology, at
least one of the lines connected to these buses would remain in closed
state. Consequently, the observability would not be lost if the rest of
the connected lines become opened. If the buses without PMUs are
connected to one or more lines with fixed state (without any switches),
the state of these lines would be kept unchanged due to reconfiguration,
so these buses should be observed at least through one of these lines.
As a result, the basic OPP problem is altered and the observability
coefficients and the desired observability values of the buses would be
adjusted by the following procedure:

1. Assume that the network is in its initial configuration. In this
situation, for every typical bus 𝑖, the degree of bus d𝑖 and the
number of tie-switches connected to it nTS

𝑖 are calculated (The
degree of a bus is equal to the number of lines connected to it).

2. The desired observability value for each bus 𝑗 ∈ 1, 2,… ,N is
calculated as,

bR
𝑗 =

{

1 ,
{

∀𝑖 ∈ 𝛬𝑗 |a𝑗𝑖 ∈ 𝛥
}

d𝑗 + nTS
𝑗 , otherwise.

(11)

3. The observability coefficients in the case that all the network
tie-switches are closed ameshed

𝑗𝑖 ,∀𝑖, 𝑗 ∈ 1, 2,… ,N are determined.
4. The observability coefficients to maintain the network observ-

ability for all the possible topologies aR
𝑗𝑖,∀𝑖, 𝑗 ∈ 1, 2,… ,N are

specified as follows

aR
𝑗𝑖 = ameshed

𝑗𝑖 ×

{

bR
𝑗 , 𝑖 = 𝑗

(12)
7

1 , otherwise.
The buses without PMUs that are connected to the lines with no
switches, should be observed through one of these lines. Therefore, the
following constraint should be added to the previous constraints,

aR
𝑗𝑗𝑥𝑗 +

∑

𝑖
aR
𝑗𝑖𝑥𝑖 = 1 ,

{

∀𝑖 ∈ 𝛬𝑗 |a𝑗𝑖 ∈ 𝛥
}

. (13)

The OPP model considering network reconfiguration could be for-
mulated as,

min
N
∑

𝑖=1
𝑥𝑖, (14)

subject to : 𝑜𝑗 =
N
∑

𝑖=1
aR
𝑗𝑖𝑥𝑖 ≥ bR

𝑗 , (15)

∀𝑗 ∈1, 2,… ,N.

In (14) and (15), the parameters and variables having the super-
script R above them are dependent on the problem conditions of this
section, while for parameters or variables without a superscript, there
is no differences for them between this section and Section 2.1.1.

2.1.3. The effect of channel limit of PMUs on the OPP problem
At the beginning of this section, it is assumed that only the current

measurement channels are limited and the formulation of the OPP
problem is developed. Then, in the rest of the section, the voltage
measurement channel limit is also described briefly in order to extend
the proposed model, to include unbalanced distribution networks.

∀𝑖 ∈ 1, 2,… ,N, if d𝑖 ≤ L, the PMU at bus 𝑖 could measure all the
current phasors of adjacent lines of that bus, so the PMU at bus 𝑖 could
be installed only in one way [3,8,19,30]. However, if d𝑖 > L, the PMU

could be installed in r𝑖 =
(

d𝑖
L

)

different ways [3,8,19,30].

Let 𝑖, 𝑗 ∈ 1, 2,… ,N, 𝑘 ∈ 1, 2,… , r𝑖, and 𝛬L
𝑖𝑘 be the 𝑘th L-subset of

the set of the adjacent buses connected to bus 𝑖, 𝛬𝑖. Therefore, the
observability coefficients are calculated as follows,

aCL
𝑖𝑘𝑗 =

{

1 , 𝑖 = 𝑗 or 𝑗 ∈ 𝛬L
𝑖𝑘

0 , otherwise.
(16)

It is worth nothing that if ∀𝑖 ∈ 1, 2,… ,N, d𝑖 ≤ L, 𝛬L
𝑖𝑘 would be

equivalent to 𝛬𝑖. The OPP model would be formulated as follows,

min
N
∑

𝑖=1

r𝑖
∑

𝑘=1
𝑥CL
𝑖𝑘 , (17)

subject to : 𝑜𝑗 =
N
∑

𝑖=1

r𝑖
∑

𝑘=1
aCL
𝑗𝑖𝑘𝑥

CL
𝑖𝑘 ≥ b𝑗 , (18)

∀𝑗 ∈1, 2,… ,N.

In (17) and (18), the parameters and variables with superscript CL
are dependent on the conditions of the OPP problem of this section,
while the rest of the parameters and variables are just same as those in
Section 2.1.1. In order to provide the observability of the network with
minimum number of PMUs, b𝑗 = 1, ∀𝑖 ∈ 1, 2,… ,N. To calculate aCL

𝑗𝑖𝑘,
aCL
𝑖𝑘𝑗 is calculated beforehand ∀𝑖, 𝑗 ∈ 1, 2,… ,N, 𝑘 ∈ 1, 2,… , r𝑖, unlike in

Sections 2.1.1 and 2.1.2 that a𝑗𝑖 and aR
𝑗𝑖 were calculated directly.

In the case that the voltage measurement channels are not sufficient
(e.g. three-phase buses), the number of ways that a PMUs could be
installed at a bus should be multiplied by the number of ways that
a PMU could measure the voltage phasors. For example, in order to
measure the voltage of a three-phase bus, a single-phase PMU could
measure the voltage of phases A, B, or C, or it could measure no voltage
phasors. Consequently, there are four ways for measuring phase voltage
of a three-phase bus by a single-phase PMU. However, the concept
could be extended to any arbitrary number of phases and channels.
Using this approach, the SOMPP model is extended to include three-
phase unbalanced networks. Since the method is beyond the scope of
this paper, the details of the formulation are given in Appendix B.
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2.1.4. The probability distribution function of uncertain quantities
To compute probabilities of occurrence of the most possible topolo-

gies under normal operational condition, the PDF of each uncertain
quantity, i.e. power of loads, should be known or calculable. Since the
SOMPP problem is a planning problem with a long-term time horizon,
the short-term forecasted values of loads powers are not sensible here.
As an alternative, seasonal or yearly peak load values become more
important. Accordingly, in present paper, the yearly load forecasting
values were employed and the optimal configuration would be obtained
as a result of reconfiguration operation. If the long-term forecasted peak
values were expressed as a set of constant values, the uncertainty of the
load forecasting would not be reflected. There are some works in the
literature that exploited Gaussian PDF to illustrate the dynamic ranges
of forecasted load [34], and a similar procedure is followed in present
paper. However, the Gaussian PDF in [34] is employed in transmission
level, and in actual distribution networks, the variations of loads do
not necessarily follow a known distribution. Nevertheless, it is shown
in Section 3.1 that the proposed model could cope with any known or
calculable PDFs.

The active and reactive power of loads of a generic bus 𝑖 are
modeled by Gaussian PDFs as follows,

pl𝑖 ∼ 
(

𝜇pl𝑖 , 𝜎
2
pl𝑖

)

, (19)

ql𝑖 ∼ 
(

𝜇ql𝑖 , 𝜎
2
ql𝑖

)

. (20)

According to [35], the PDF of failure for a typical line with constant
azard rate during the useful life of the line is represented by an
xponential function,

𝑙 = 𝜆𝑙𝑒
−𝜆𝑙𝜏 . (21)

Eq. (21) could represent the PDF of failure for all network lines. The
ines that are more likely to be failed would be identified through a MCS
rocedure that is described in 2.1.5. It is worth mentioning that the
ines are considered mission oriented, not repairable from the reliability
oint of view.

.1.5. Scenario generation using Monte Carlo simulation method
Scenarios would be generated by random sampling from the PDFs

f all existent random variables, i.e. the annual peak of active and
eactive power of loads and the TTF of lines. The scenario generating
ethod is taken from [36]. The most frequent technique for producing

andom samples of a PDF is inverse transform method [36], that is
tilized here. Random samples would be the different values of the
ctive and reactive power of loads and the TTF of lines, according to
heir PDFs. Every scenario is represented by a set of random samples,
.g., the 𝑠th scenario is a vector consisting of the 𝑠th sampling from all
andom variables. The probabilities of all generated scenarios would be
dentical and equal to the reciprocal of the total number of generated
cenarios [36].

Each scenario would be composed of one random sample from the
DF of each load and the TTF of each line. According to [35], for a
iven scenario, if the TTF of a line is greater than or equal to its mission
ime (e.g. 1 year in present work), the line would be considered in
peration, whereas the lines with the TTFs smaller than mission time
re considered likely to be failed in the target year.

.1.6. Scenario reduction approach
Since a great number of scenarios are generated in 2.1.5, there

ight be lots of scenarios that would be very closed to each other.
s a consequence, by applying the scenario reduction methods, the

nitial set of generated scenarios would be replaced by a few number
f representative scenarios. The scenario reduction method that is used
n this paper is backward reduction method, that the details could be
ound in [36]. Using backward reduction method, the initial number of
enerated scenarios are decreased to a limited number of representative
cenarios and the probabilities of the reduced scenarios would be
8

pdated meanwhile the scenarios are getting reduced.
2.1.7. Reconfiguration formulation
The reconfiguration would be done for every scenario that is gen-

erated by MCS method. Before running the reconfiguration program,
active and reactive power of all load points should be set at the sampled
values of that scenario. The yielded topologies within each scenario are
used in the SOMPP problem.

Reconfiguration is a MINLP problem. Metaheuristic algorithms are
widely employed for solving the reconfiguration problem. GA is uti-
lized in present work to find the optimal solution. The most frequent
objective of the reconfiguration is minimizing the total active power
loss of the network that is one of the objectives of the reconfiguration
here. In addition, minimizing the deviation of the voltage magnitude
of the buses from the nominal value is also included in the objective
function. The formulation of the reconfiguration problem that is given
in the following is based on the formulation given in [37].

min 1
2

N
∑

𝑖=1

N
∑

𝑗=1

[

G𝑖𝑗𝑥𝑖𝑗
(

𝑣2𝑖 + 𝑣2𝑗 − 2𝑣𝑖𝑣𝑗 cos
(

𝛿𝑖 − 𝛿𝑗
)

)]

+
N
∑

𝑖=1

|

|

1 − 𝑣𝑖|| . (22)

Subject to:

𝑝𝑔𝑖 −
N
∑

𝑗=1

[

𝑥𝑖𝑗
(

G𝑖𝑗𝑣
2
𝑖 − 𝑣𝑖𝑣𝑗

(

G𝑖𝑗 cos
(

𝛿𝑖 − 𝛿𝑗
)

+ B𝑖𝑗 sin
(

𝛿𝑖 − 𝛿𝑗
)))]

= PL𝑖,

(23)

𝑔𝑖 −
N
∑

𝑗=1

[

𝑥𝑖𝑗
(

−B𝑖𝑗𝑣
2
𝑖 − 𝑣𝑖𝑣𝑗

(

G𝑖𝑗 sin
(

𝛿𝑖 − 𝛿𝑗
)

− B𝑖𝑗 cos
(

𝛿𝑖 − 𝛿𝑗
)))]

= QL𝑖,

(24)

1
2

N
∑

𝑖=1

N
∑

𝑗=1
𝑥𝑖𝑗 = N − 1. (25)

There are two types of decision variables in the reconfiguration
problem; binary 𝑥𝑖𝑗 and continuous 𝑣𝑖, 𝛿𝑖, 𝑝𝑔𝑖 and 𝑞𝑔𝑖. If 𝑥𝑖𝑗 = 1, the
connecting line between buses 𝑖 and 𝑗 would be closed, otherwise, it
would be opened. Since ∀𝑖, 𝑗 𝑥𝑖𝑗 = 𝑥𝑗𝑖, the coefficient 1

2 is used in (22)
and (25) before the summations, because each line is considered twice
in the formulation. Constraint (25) demonstrates the necessary but not
enough condition for radiality of the obtained topology. Radial topol-
ogy is guaranteed if in addition to satisfying (25), the topology would
be connected either. Load flow constraints, (23) and (24), impose the
connectivity condition to the problem. It is intended to avoid the
complexities associated with the modeling of reconfiguration problem,
so some of common constraints, like maximum lines flow restriction,
are disregarded deliberately for the sake of simplicity. One could extend
the reconfiguration model to include any other purposes.

According to (22)–(25), the number of decision variables are N2+4N
hat could extremely increase the scale of the optimization problem.
owever, a large number of variables have known values. If there is
o line or tie-switch between buses 𝑖 and 𝑗, then 𝑥𝑖𝑗 = 𝑥𝑗𝑖 = 0. There
s no connection between each bus and itself, so 𝑥𝑖𝑖 = 0. For the buses
ith no generators 𝑝𝑔𝑖 = 0 and 𝑞𝑔𝑖 = 0 and for the slack bus 𝑣𝑖 = 1 and

𝛿𝑖 = 0.

3. Simulations, numerical results and discussions

The simulation of the proposed model is executed on the bench-
mark 33-bus distribution network [38] and 240-bus distribution test
network [39]. The simulations are conducted by MATLAB R2015b,
GAMS 25.1, and OpenDSS 9.4.2.2 softwares on a personal computer
with Intel®Core™i7-2670QM 2.20 GHz processor and 8 GB RAM. The
ILP model is solved using CPLEX solver in GAMS environment and

OpenDSS is used for load flow analysis of the distribution networks.
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Table 1
The reduced scenarios introduction for cases I–III (33-bus network).

Case Scenario no. Probability Failed lines TTF (yr) Open switches

I
1 0.384 – – s9, s14, s28, s32, s33
2 0.2 – – s9, s14, s28, s32, s33
3 0.416 – – s9, s14, s28, s32, s33

II

1 0.39 34 0.0693 s11, s28, s33, s34, s36
20 0.3083 s11, s13, s17, s20, s28

2 0.407

13 0.1412 s7, s9, s13, s17, s28
17 0.2235 s2, s14, s17, s28, s33
23 0.3166 s7, s9, s14, s23, s32
20 0.3688 s11, s13, s17, s20, s28
15 0.5864 s7, s10, s14, s15, s28
25 0.6712 s9, s14, s25, s32, s33
34 0.8825 s11, s28, s33, s34, s36

3 0.203

24 0.4020 s7, s9, s14, s24, s32
29 0.4937 s2, s14, s17, s28, s33
35 0.5307 s7, s13, s17, s28, s35
30 0.5628 s2, s14, s17, s28, s33
15 0.6660 s7, s10, s14, s15, s28
33 0.9082 s2, s14, s17, s28, s33

III

1 0.302

35 0.1585 s7, s14, s28, s35, s36
9 0.2397 s9, s14, s28, s32, s33
34 0.6651 s2, s13, s28, s33, s34
2 0.8935 s9, s14, s28, s32, s33

2 0.227
16 0.1444 s7, s10, s14, s16, s28
30 0.2037 s9, s14, s28, s30, s33
32 0.7451 s9, s14, s28, s32, s33

3 0.471

23 0.1650 s7, s9, s14, s23, s31
10 0.2714 s10, s14, s28, s32, s33
8 0.3165 s8, s14, s28, s33, s36
17 0.5708 s7, s10, s14, s17, s28
34 0.6850 s11, s28, s32, s33, s34

Fig. 4. Benchmark 33-bus distribution network.

.1. Simulation inputs

In Fig. 4, the one-line diagram of the IEEE 33-bus distribution
etwork is illustrated. Sectionalizing/tie switches are denoted by solid/
ashed lines. It is assumed that all the network lines are equipped with
ie switches.

In Fig. 4, the network is in its initial configuration and s33, s34,
35, s36, and s37 are opened. Bus 1 is considered as the slack bus with
nown magnitude and phase angle (1∡0 p.u.) and unknown amount of
ower generation and the rest of the buses are PQ with known power
emand and unknown voltage phasor. ∀𝑖, The upper and lower bounds
f 𝑣𝑖, 𝛿𝑖, 𝑝𝑔𝑖, and 𝑞𝑔𝑖, are [0.9, 1.1] p.u., [−𝜋∕2, 𝜋∕2] rad, [0, 10] MW, and
−10, 10] MVAr, respectively. In initial configuration, the total active
ower loss of the network is 202.7 kW and the sum of the deviations
f voltage magnitude of buses is 1.7009 (p.u.). The load demands,
iven in the 33-bus network data, are considered as the mean values
f the Gaussian distributions and coefficient of variations of loads are
onsidered 20%.

The hazard rate of each line according to [40] is considered 0.1
/yr for the shortest line (100 m) of the network and 0.4 f/yr for the
9

ongest one (2000 m). The hazard rates of the rest of the lines take place d
etween aforementioned bounds and increase linearly by increasing
he length of lines. The length of lines of 33-bus network are taken
rom [41].

The GA parameters settings for the reconfiguration problem are
s follows: both the population size and the number of iterations are
onsidered 100. The crossover and mutation percent are 80% and 40%,
espectively. The mutation rate is assumed 0.4 and the roulette wheel
election method is used for proper selection of parents. The crossover
perators are a combination of single-point, double-point and uniform
rossover.

The next test network is 240-bus distribution network that is a
eal network with real smart meter load data. The one-line diagram
f the network is shown in Fig. 5. Because the names of the network
lements are long and might be confusing, the equivalent numbers are
sed and the table of equivalent names is given in Appendix C. The
etwork is consisted of three main feeders that the feeders are three,
wo, and single-phase overhead and underground lines. There are nine
ircuit breakers in the network that six of them are normally closed
nd the rest are normally opened. The circuit breakers are specified by
mall squares in the diagram. The hourly smart meter data of one year
2017) for each load point is available. Since the real load data do not
ecessarily follow a known PDF, like Gaussian, the PDF of the active
nd reactive power of loads are estimated using distribution fitting tool
n MATLAB. The histogram plot of the active and the reactive power of
oads for a given bus (bus 1003) is depicted in Fig. 6 and the estimated
DFs using Gaussian kernels are shown by solid red line. According
o Fig. 6, the load data for active power of bus 1003 follows a bimodal
istribution and the reactive power follows a non-Gaussian distribution.
ince the proposed SOMPP method could be utilized for any random
ariables with known (or estimated) inverse CDF, the real smart meter
ata could properly be used in the SOMPP model.

The failure rate of lines are not specified in 240-bus network de-
cription, so the failure rate of lines are assumed exactly the same as
3-bus network (0.1 f/yr for 100 m and 0.4 f/yr for 2000 m overhead
ines) and the failure rate increases linearly by increasing the length
f lines. However, 240-bus network consists of both overhead and
nderground lines. Since the underground lines are less prone to failure
han overheads, after calculating the failure rate of lines, the failure
ate of underground lines is assumed to be the half of the calculated
alues. 240-bus distribution network has a few switches, so, the optimal
opologies are obtained using an exhaustive search, by examining all
ossible combinations of open switches (i.e. three open switches) that
esult in a radial and connected topology. Moreover, it is assumed that
hen a line fails, all of its phases would be disconnected from the
etwork. Even though, 240-bus network is unbalanced and solving the
OMPP for a single phase could not be generalized to two other phases,
ut the proposed SOMPP model is devised for single-phase calculations.
oreover, in order to compare the results of simulations of two test

ases, and avoid from complexity, it is assumed that 240-bus network
s single-phase and the SOMPP model is solved for a single phase of
40-bus network. The loads that are actually divided among phases are
lso assumed to be connected to one phase. Same as 33-bus network,
us 1 is considered as the slack bus (1∡0 p.u.) and all of the load buses
re PQ.

.2. Numerical results and discussions

In this section, the numerical results of simulating the SOMPP model
re given and discussed. The simulation results of the deterministic
odel are also stated in order to compare the results.

.2.1. Simulation of the SOMPP model
To simulate the SOMPP model, 1000 scenarios are generated. Then,

he scenarios are reduced to three representative scenarios. This proce-

ure is performed for four different cases, as following,
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Table 2
The reduced scenarios introduction for case IV (240-bus network).

Scenario no. Probability Failed lines TTF (yr) Open switches/lines

1 0.540 4, 9, 28, 38, 53, 80, 96, 104,
126, 127, 133, 134, 135, 140,
147, 170, 176, 184, 198, 209

0.9158, 0.4822, 0.3903, 0.9324,
0.2283, 0.5670, 0.8387, 0.5039,
0.9871, 0.6343, 0.1485, 0.7852,
0.2833, 0.3708, 0.1107, 0.1676,
0.8936, 0.5937, 0.9544, 0.5237

79, 155, Failed Lines

2 0.175 4, 21, 35, 36, 72, 75, 77, 78, 84,
85, 88, 98, 109, 111, 114, 132,
135, 140, 142, 161, 175, 189

0.9493, 0.6158, 0.5546, 0.7492,
0.5676, 0.5853, 0.2245, 0.2845,
0.4558, 0.8587, 0.9499, 0.1575,
0.0152, 0.8737, 0.4728, 0.5594,
0.3601, 0.0380, 0.7043, 0.1831,
0.9554, 0.5192

44, 79, Failed Lines

3 0.285 9, 14, 18, 22, 75, 83, 105, 108,
146, 147, 154, 195, 212

0.1153, 0.9140, 0.8511, 0.7306,
0.7354, 0.2836, 0.3836, 0.2661,
0.8001, 0.7363, 0.2473, 0.8557,
0.0564

79, 155, Failed Lines
Table 3
The number and the locations of 𝜇PMUs for Cases I–III.

Case I

Scenario no. No. of 𝜇PMUs 𝜇PMU Buses

L = 1
1 17 1, 3, 4, 7, 9, 11, 14, 16, 18, 19, 20, 22, 24, 26, 27, 30, 32
2 17 1, 3, 4, 7, 9, 11, 14, 16, 18, 19, 20, 22, 24, 26, 27, 30, 32
3 17 1, 3, 4, 7, 9, 11, 14, 16, 18, 19, 20, 22, 24, 26, 27, 30, 32

L = 2
1 12 2, 3, 6, 7, 11, 13, 15, 18, 21, 25, 27, 31
2 12 2, 3, 6, 7, 11, 13, 15, 18, 21, 25, 27, 31
3 12 2, 3, 6, 7, 11, 13, 15, 18, 21, 25, 27, 31

L = 3
1 12 2, 3, 5, 7, 11, 13, 15, 18, 21, 25, 27, 31
2 12 2, 3, 5, 7, 11, 13, 15, 18, 21, 25, 27, 31
3 12 2, 3, 5, 7, 11, 13, 15, 18, 21, 25, 27, 31

Case II

Scenario no. No. of 𝜇PMUs 𝜇PMU Buses

L = 1
1 17 1, 3, 4, 6, 8, 9, 12, 14, 15, 18, 19, 21, 23, 25, 27, 30, 33
2 17 1, 3, 4, 7, 8, 10, 11, 14, 15, 18, 19, 21, 24, 26, 28, 30, 33
3 17 1, 4, 5, 8, 10, 12, 14, 15, 18, 19, 22, 23, 25, 26, 28, 30, 32

L = 2
1 13 2, 2, 5, 8, 11, 14, 15, 17, 21, 24, 27, 30, 33
2 13 2, 5, 8, 10, 12, 14, 15, 17, 20, 24, 27, 30, 33
3 13 2, 4, 8, 10, 12, 14, 16, 21, 24, 26, 29, 32, 33

L = 3
1 16 2, 3, 6, 9, 10, 12, 14, 15, 16, 18, 20, 21, 25, 27, 31, 33
2 18 2, 3, 6, 8, 9, 10, 11, 12, 14, 15, 17, 18, 20, 21, 25, 27, 31, 33
3 15 2, 4, 6, 8, 10, 12, 14, 15, 16, 18, 21, 23, 27, 29, 31

Case III

Scenario no. No. of 𝜇PMUs 𝜇PMU Buses

L = 1
1 17 1, 3, 4, 6, 8, 9, 11, 12, 14, 16, 19, 22, 24, 27, 29, 31, 33
2 17 1, 3, 4, 6, 8, 10, 11, 13, 16, 17, 20, 21, 24, 28, 29, 31, 33
3 18 1, 3, 4, 7, 8, 9, 11, 14, 15, 18, 19, 22, 24, 26, 28, 30, 32, 33

L = 2
1 12 2, 5, 8, 9, 12, 14, 16, 20, 24, 27, 30, 33
2 12 2, 2, 5, 8, 10, 13, 16, 21, 24, 27, 30, 33
3 14 2, 5, 8, 10, 11, 14, 15, 17, 21, 23, 27, 29, 31, 33

L = 3
1 15 2, 3, 6, 8, 9, 11, 13, 14, 15, 17, 21, 25, 27, 31, 33
2 14 2, 3, 6, 8, 10, 12, 14, 15, 18, 20, 23, 27, 29, 31
3 17 2, 3, 6, 8, 9, 10, 11, 13, 15, 16, 18, 21, 25, 27, 30, 32, 33
I. 33-bus network, considering variability of loads and L = 1, 2, 3,

II. 33-bus network considering unreliability of lines and L = 1, 2, 3,

III. 33-bus network considering variability of loads, unreliability of
lines, and L = 1, 2, 3,

IV. 240-bus network considering variability of loads, unreliability of
lines, and L = 1, 2, 3.

In each case, the probability of each reduced scenario and the
ptimal topologies within it, are obtained. The term scenario is used
nstead of reduced scenario henceforward for brevity. The optimal
opologies in each scenario are found by reconfiguration. Then, the
ptimal locations of 𝜇PMUs, considering measurement channel limit,
10
are determined, regarding to different number of channels. Due to the
paper length limit, the number of channels is considered three at most.
The CPU times to generate and reduce the scenarios and finding the
optimal topologies are equal to 2771, 9215.1, 7582.2, and 14634.96 s
(≈ 4 h) for cases I–IV, respectively.

The generated scenarios for each case are introduced in Tables 1 and
2. Because the number of switching states in case IV is relatively high,
the open switches/lines are not given one by one for every topology,
and only the name of switches that would be open in each scenario
are stated. According to Table 1, in some scenarios, the outage of
different lines resulted in an unique topology. However, the repetitive
topologies within each scenario are considered once in the SOMPP
model. The topology T0 is also included in all scenarios to be involved
in constructing the equivalent network. The open switches in topology
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Table 4
The observability of buses with the obtained solution of Case III (L = 3) for all topologies within each scenario.

Scenario 1

Open switches Observability of buses

s7, s14, s28, s35, s36 1, 2, 2, 1, 1, 1, 1, 3, 3, 2, 1, 2, 2, 2, 2, 2, 1, 1, 1, 1, 2, 1, 1, 1, 1, 2, 1, 1, 1, 1, 1, 2, 1
s9, s14, s28, s32, s33 1, 2, 2, 1, 1, 1, 2, 2, 3, 1, 1, 2, 2, 2, 2, 2, 1, 2, 1, 1, 1, 1, 1, 1, 1, 2, 1, 1, 1, 1, 1, 1, 1
s2, s13, s28, s33, s34 1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 1, 2, 1, 2, 2, 2, 1, 2, 1, 1, 1, 1, 1, 1, 1, 2, 1, 1, 1, 1, 1, 2, 1
T0 1, 2, 2, 1, 1, 1, 2, 2, 3, 1, 1, 2, 2, 2, 2, 2, 1, 2, 1, 1, 1, 1, 1, 1, 1, 2, 1, 1, 1, 1, 1, 1, 1

Scenario 2

Open switches Observability of buses

s7, s10, s14, s16, s28 1, 2, 3, 1, 1, 1, 1, 1, 3, 1, 1, 1, 2, 1, 1, 1, 1, 1, 2, 1, 2, 1, 2, 1, 1, 2, 1, 1, 1, 2, 1, 1, 1
s9, s14, s28, s30, s33 1, 2, 3, 1, 1, 1, 2, 1, 2, 1, 2, 1, 2, 1, 1, 1, 1, 1, 2, 1, 1, 1, 2, 1, 1, 2, 1, 1, 1, 1, 1, 1, 1
s9, s14, s28, s32, s33 1, 2, 3, 1, 1, 1, 2, 1, 2, 1, 2, 1, 2, 1, 1, 1, 1, 1, 2, 1, 1, 1, 2, 1, 1, 2, 1, 1, 1, 2, 1, 1, 1
T0 1, 2, 3, 1, 1, 1, 2, 1, 2, 1, 2, 1, 2, 1, 1, 1, 1, 1, 2, 1, 1, 1, 2, 1, 1, 2, 1, 1, 1, 2, 1, 1, 1

Scenario 3

Open switches Observability of buses

s7, s9, s14, s23, s31 1, 2, 2, 1, 1, 1, 1, 3, 3, 2, 2, 2, 1, 1, 3, 2, 2, 2, 1, 1, 2, 1, 1, 1, 1, 2, 1, 1, 2, 1, 1, 2, 3
s10, s14, s28, s32, s33 1, 2, 2, 1, 1, 1, 2, 2, 4, 2, 1, 2, 1, 1, 3, 2, 2, 2, 1, 1, 1, 1, 1, 1, 1, 2, 1, 1, 2, 1, 2, 1, 2
s8, s14, s28, s33, s36 1, 2, 2, 1, 1, 1, 2, 1, 3, 3, 2, 2, 1, 1, 3, 2, 2, 1, 1, 1, 1, 1, 1, 1, 1, 2, 1, 1, 2, 1, 2, 2, 2
s7, s10, s14, s17, s28 1, 2, 2, 1, 1, 1, 1, 3, 4, 2, 1, 2, 1, 1, 3, 2, 1, 2, 1, 1, 2, 1, 1, 1, 1, 2, 1, 1, 2, 1, 2, 2, 3
s11, s28, s32, s33, s34 1, 2, 2, 1, 1, 1, 2, 2, 3, 3, 2, 1, 1, 2, 2, 2, 2, 2, 1, 1, 1, 1, 1, 1, 1, 2, 1, 1, 2, 1, 2, 1, 2
T0 1, 2, 2, 1, 1, 1, 2, 2, 3, 2, 2, 2, 1, 1, 3, 2, 2, 2, 1, 1, 1, 1, 1, 1, 1, 2, 1, 1, 2, 1, 2, 1, 2
Fig. 5. 240-bus distribution test network [39].
Fig. 6. The histogram plot of the load data for bus 1003 and the fitted PDFs.
T0 for 33 bus network are s9, s14, s28, s32, and s33, and for 240 bus
are 44, 79, and 80.

3.2.1.1. Case I: 33-bus network, considering variability of loads and L =
1, 2, 3. The simulation results of cases I–III are given in Table 3, and
the number of 𝜇PMUs and their locations considering different number
of channels are stated. In Case I, for a given number of channels,
the obtained number of 𝜇PMUs for different scenarios are identical,
11
because there is only one optimal topology in each scenario that is
identical to the optimal topology of other scenarios and is also equal to
T0, so the SOMPP problem is solved only for one topology. The results
of Case I could not be generalized to similar cases, because generally,
the load variations could affect on the optimal configuration of the
network. Consequently, the variations of loads should not be ignored
in the SOMPP Problem. According to Table 3, the number of 𝜇PMUs
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Table 5
The number and the locations of 𝜇PMUs for Case IV.

Scenario no. No. of 𝜇PMUs 𝜇PMU Buses

L = 1

1 127 1, 1, 4, 6, 8, 10, 10, 12, 13, 16, 17, 20, 21, 24, 25, 26, 28, 31, 33, 34, 35, 38, 39,
40, 42, 46, 48, 50, 51, 53, 56, 57, 59, 62, 63, 66, 67, 69, 72, 73, 75, 77, 80, 81, 83,
84, 86, 87, 90, 92, 94, 97, 98, 100, 103, 104, 107, 109, 112, 113, 115, 117, 119,
120, 123, 124, 126, 127, 129, 132, 133, 135, 137, 139, 141, 142, 145, 146, 147, 150,
152, 153, 156, 157, 160, 163, 165, 167, 168, 171, 172, 175, 177, 178, 178, 181, 183,
185, 185, 188, 190, 193, 195, 198, 199, 201, 203, 204, 207, 209, 210, 211, 211, 214,
216, 218, 221, 222, 225, 226, 228, 231, 233, 234, 235, 237, 239

2 128 1, 1, 4, 6, 8, 10, 10, 12, 13, 16, 17, 20, 21, 24, 25, 26, 28, 31, 33, 34, 35, 38, 39,
41, 42, 44, 47, 48, 50, 52, 54, 56, 57, 59, 62, 64, 66, 67, 69, 71, 73, 75, 77, 80, 82,
83, 85, 86, 88, 90, 92, 94, 97, 98, 100, 103, 104, 107, 109, 112, 113, 115, 117, 119,
121, 123, 124, 126, 127, 129, 132, 133, 135, 137, 139, 141, 143, 145, 146, 147, 150,
152, 153, 156, 157, 160, 163, 165, 167, 168, 171, 172, 175, 177, 178, 178, 181, 183,
185, 185, 188, 190, 193, 195, 198, 199, 201, 203, 204, 207, 209, 210, 211, 211, 214,
216, 218, 221, 222, 225, 226, 228, 231, 233, 234, 235, 237, 239

3 127 1, 1, 4, 6, 8, 10, 10, 12, 13, 16, 17, 20, 21, 24, 25, 26, 28, 31, 33, 34, 35, 38, 39,
40, 42, 46, 48, 50, 51, 53, 56, 57, 59, 62, 63, 66, 67, 69, 72, 73, 75, 77, 80, 81, 83,
84, 86, 87, 90, 92, 94, 97, 98, 100, 103, 104, 107, 109, 112, 113, 115, 117, 119,
121, 123, 124, 126, 127, 129, 132, 133, 135, 137, 139, 141, 143, 145, 146, 147, 150,
152, 153, 156, 157, 160, 163, 165, 167, 168, 171, 172, 175, 177, 178, 178, 181, 183,
185, 185, 188, 190, 193, 195, 198, 199, 201, 203, 204, 207, 209, 210, 211, 211, 214,
216, 218, 221, 222, 225, 226, 228, 231, 233, 234, 236, 237, 239

L = 2

1 89 1, 3, 7, 7, 12, 15, 17, 20, 23, 25, 29, 32, 35, 37, 39, 42, 45, 48, 51, 55, 58, 60, 62,
63, 66, 69, 73, 75, 78, 81, 84, 86, 89, 91, 93, 94, 98, 100, 102, 106, 110, 113, 115,
118, 120, 122, 124, 127, 129, 131, 133, 135, 138, 142, 145, 146, 149, 151, 155, 158,
162, 165, 168, 170, 172, 174, 176, 180, 183, 186, 189, 192, 194, 196, 199, 202, 205,
208, 210, 213, 216, 220, 224, 226, 229, 232, 234, 236, 239

2 88 1, 3, 7, 7, 12, 15, 17, 20, 23, 25, 29, 32, 35, 37, 40, 42, 45, 45, 48, 51, 55, 58, 61,
62, 63, 66, 69, 73, 75, 75, 77, 81, 84, 86, 89, 91, 93, 94, 98, 100, 102, 106, 110,
113, 116, 120, 122, 124, 127, 129, 131, 135, 138, 141, 144, 146, 149, 151, 155, 158,
162, 165, 168, 170, 171, 174, 176, 180, 183, 186, 189, 192, 194, 196, 199, 202, 205,
208, 210, 213, 216, 220, 224, 226, 229, 232, 234, 236, 239

3 88 1, 3, 7, 7, 12, 15, 17, 20, 23, 25, 29, 32, 35, 37, 39, 42, 45, 48, 51, 55, 58, 60, 62,
63, 66, 69, 73, 75, 77, 81, 84, 86, 89, 91, 93, 94, 98, 100, 102, 106, 110, 112, 113,
116, 120, 122, 124, 127, 129, 131, 135, 138, 141, 144, 149, 151, 153, 155, 158, 162,
165, 168, 170, 172, 174, 176, 180, 183, 186, 189, 192, 194, 196, 199, 202, 205, 208,
210, 213, 216, 220, 224, 226, 229, 232, 234, 236, 239

L = 3

1 88 3, 6, 7, 12, 15, 17, 19, 22, 25, 29, 32, 35, 38, 39, 42, 45, 48, 51, 54, 57, 58, 62,
63, 66, 69, 73, 75, 78, 81, 84, 86, 89, 91, 93, 94, 98, 100, 102, 106, 108, 110,
115, 118, 120, 122, 124, 127, 129, 131, 133, 135, 138, 142, 145, 146, 149, 151,
155, 158, 162, 165, 168, 170, 171, 174, 176, 180, 183, 186, 189, 192, 194, 199,
201, 202, 205, 208, 210, 213, 216, 220, 224, 226, 229, 232, 234, 236, 239

2 87 3, 6, 7, 12, 15, 17, 19, 22, 25, 29, 32, 35, 36, 37, 40, 42, 45, 48, 51, 55, 58, 60,
62, 63, 66, 69, 73, 75, 77, 81, 84, 86, 89, 91, 93, 94, 98, 100, 102, 106, 108, 111,
115, 120, 122, 124, 127, 129, 131, 135, 138, 141, 144, 146, 149, 151, 155, 158,
162, 165, 168, 170, 171, 174, 176, 180, 183, 186, 189, 192, 194, 199, 201, 202,
205, 208, 210, 213, 216, 220, 224, 226, 229, 232, 234, 236, 239

3 87 3, 7, 12, 15, 17, 20, 23, 25, 29, 32, 35, 37, 40, 42, 45, 48, 51, 55, 57, 58, 62, 63,
66, 69, 73, 75, 77, 79, 81, 84, 86, 89, 91, 93, 94, 98, 100, 102, 106, 108, 111,
112, 115, 120, 122, 124, 127, 129, 131, 135, 138, 141, 144, 149, 151, 153, 156,
158, 162, 165, 168, 170, 172, 174, 176, 180, 183, 186, 189, 192, 194, 199, 201,
202, 205, 208, 210, 213, 216, 220, 224, 227, 229, 232, 234, 236, 239
decreases by increasing the number of channels, and the number of
𝜇PMUs when L = 2 and L = 3 are identical. Since the cost of 𝜇PMUs
increases by increasing the number of channels, the 𝜇PMUs with 2
channels are preferred in present case.

3.2.1.2. Case II: 33-bus network considering unreliability of lines and L =
1, 2, 3. In this case, it is assumed that the loads would have constant
values, while the lines could be failed and their outage could affect on
the optimal topology of the network. According to Table 3, the number
of 𝜇PMUs is relatively more than of Case I, because the diversity
of topologies of this case is more than Case I and the number of
switches/lines that would be opened/disconnected in the equivalent
network of Case II is more than of Case I. The higher number of
𝜇PMUs compensates the effect of frequent changes of topology in case
II and preserves the observability. By increasing the number of channels
from L = 1 to L = 2, the number of 𝜇PMUs decreases as expected.
But when the number of channels increases to L = 3, the number of
𝜇PMUs unexpectedly increases, while the scenarios are kept unchanged
12
and accordingly, the equivalent network for same scenarios would be
the same. The authors guess that it might be the best solution that
could be found by the solver, because by increasing the number of
channels, the scale and the complexity of the problem increases. The
locations of 𝜇PMUs obtained for different scenarios and a given number
of channels are different, but, there are a lot of 𝜇PMU buses that are
common among different scenarios. The common buses could be good
candidates for installing 𝜇PMUs.

3.2.1.3. Case III: 33-bus network considering variability of loads, unreli-
ability of lines, and L = 1, 2, 3. In present section, it is assumed that
both loads and lines are associated with the degrees of uncertainty.
According to Table 3, similar to Case II, the number of 𝜇PMUs has been
increased compared to Case I, because of the diversity of topologies in
all scenarios. However, the number of 𝜇PMUs is slightly less than Case
II in the same scenarios and the same number of channels, because the
diversity of topologies is somewhat less than Case II. The less diversity
of topologies is happened because of the variability of loads in Case
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Fig. 7. The histogram plot of the optimal number of 𝜇PMUs in 10 scenario — Case
IV (L = 3).

III that alleviated the effect of line failures. The number of 𝜇PMUs
are decreased by increasing the number of channels, but when L = 3,
the number of 𝜇PMUs unexpectedly increases that might be the best
solution that solver could find. The number of common buses among
the scenarios are increased compared to Case II, and it reveals that the
fewer number of topologies in each scenario leads to the convergence
of the outcomes of the scenarios to a similar value.

To verify the equivalent network model, the observability value
of buses by the solution obtained in each scenario, for all topologies
within it is calculated and listed in Table 4. According to Table 4,
the solution that is obtained by the equivalent network of a scenario
could provide the observability for all topologies within that scenario.
This observability evaluation is also repeated for three other cases and
revealed the appropriateness of the equivalent network model.

3.2.1.4. Case IV: 240-bus network considering variability of loads, unreli-
ability of lines, and L = 1, 2, 3. In this case, the variability of loads and
the probability of line failures are considered simultaneously, similar
to Case III, but for 240-bus network, in order to evaluate the SOMPP
model for large-scale networks with realistic conditions. The number
and the locations of 𝜇PMUs are reflected in Table 5 for three scenarios
and different number of channels. The simulation results revealed slight
difference between the number and the location of 𝜇PMUs in three
scenarios. However, the number of 𝜇PMUs dramatically decreases by
increasing the number of channels from L = 1 to L = 2 and L = 3 that
justifies using the 𝜇PMUs with 2 channels in this Case.

Due to stochastic nature of the problem, three sets of results are ob-
ained from three scenarios. By increasing the number of scenarios, the
umber of sets of results increases. Actually, representing the stochastic
ature of the problem is intended in present work, while, the decision
hould be made regarding to practical situation requirements. However,
n order to demonstrate the consistency of the solution, the simulations
f Case IV considering L = 3 are repeated for two different sets of
cenarios containing 10 and 50 scenarios that are generated randomly
ithout reducing the scenarios. In Figs. 7 and 8, the frequency of

he required number of 𝜇PMUs obtained from simulating the sets of
cenarios are illustrated by histogram plot. According to Fig. 7, 86
PMUs is the most frequent value obtained for the random variable
f the number of 𝜇PMUs. By increasing the number of scenarios in

Fig. 8, the mean value of the number of 𝜇PMUs approaches to 87. The
Figs. 7 and 8 reveal that, if the simulations are repeated a large number
of times, the variance of the solution approaches to zero. However,
simulating the model for a large number of times is not reasonable, so,
the large number of scenarios are reduced and the simulations are run
for the reduced scenarios. By comparing Fig. 8 with the results of the
simulation of reduced scenarios in Table 5, the effectiveness of reducing
the scenarios is revealed.

In addition to the number of 𝜇PMUs, the most frequent locations
of the 𝜇PMUs after simulating 50 scenarios are listed in Table 6. In
Table 6, the buses with no 𝜇PMUs among 50 scenarios are deleted
13

and only the buses that were the location of 𝜇PMUs in more than
Fig. 8. The histogram plot of the optimal number of 𝜇PMUs in 50 scenario — Case
IV (L = 3).

Table 6
The buses with more that 70% frequency of occurrence in 50 scenarios — Case IV (L
= 3).

Bus Freq. % Bus Freq. % Bus Freq. % Bus Freq. %

3 98 73 100 127 98 183 100
7 100 75 100 129 98 186 100
12 80 78 98 131 100 189 100
15 82 81 100 135 100 192 100
17 84 84 100 138 100 194 100
25 98 86 98 141 98 199 100
29 92 89 100 144 100 201 98
32 90 91 100 146 92 202 100
35 94 93 98 149 100 205 100
37 94 94 100 151 96 208 100
40 78 98 100 155 96 210 100
42 92 100 96 158 90 213 100
45 96 102 100 162 100 216 100
48 76 106 100 165 100 220 100
51 94 108 100 168 100 224 100
58 90 110 86 170 100 226 94
62 100 115 100 171 90 229 100
63 94 120 100 174 100 232 100
66 98 122 100 176 100 234 100
69 100 124 100 180 100 236 100

239 100

70% scenarios are stated with the percentage of the frequency of
occurrence. By comparing the Tables 5 and 6, many common buses
(that are specified by bold font style in Table 5) are evident and the
most frequent 𝜇PMU buses that are obtained by simulating a large
number of scenarios, are acquired by the reduced scenarios as well.

3.2.2. Compare the SOMPP model with the deterministic model and previ-
ous works

In this section, the simulation results of the deterministic version
of the SOMPP model (see Appendix A) are given in comparison to
the results of simulating the SOMPP model. By this approach, it is
assumed that all switches could be open and all lines would be failed
in the time horizon of the problem. However, the model is not de-
pendent to the variation of loads. The simulation results are given in
Table 7. According to Table 7, the number of 𝜇PMUs obtained by the
deterministic model is greater than the stochastic one. The numerical
results demonstrate the superiority of the stochastic model over the
deterministic model in terms of the required number of 𝜇PMUs. The
difference arises from the fact that the number of topologies that should
become observable in the SOMPP model is much less than of the
deterministic model.

To compare the proposed model with the previous works, a number
of papers from the list of references of this work, that investigated
the PMUs/𝜇PMUs placement problem considering reconfiguration and
channel limit, in the similar network to present work (33 bus), are se-
lected and the results in terms of the optimal number of PMUs/𝜇PMUs
are listed in Table 8. None of the methods listed in Table 8 include a

stochastic approach, and the simulation results of the SOMPP model,
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Table 7
The number and the locations of 𝜇PMUs — deterministic model.

33-Bus network

Number of channels Number of 𝜇PMUs 𝜇PMUs locations

1 24 2, 3, 5, 6, 8, 9, 11, 12, 13, 14, 15, 17, 18, 19, 21, 22, 23, 25, 26, 28, 29, 31, 32, 33

2 19 2, 3, 5, 7, 8, 9, 11, 13, 15, 17, 20, 21, 22, 24, 26, 28, 29, 31, 33

3 17 2, 3, 5, 6, 8, 10, 12, 13, 15, 17, 20, 21, 24, 27, 29, 31, 33

240-Bus network

Number of channels Number of 𝜇PMUs 𝜇PMUs locations

1 155 2, 3, 5, 6, 7, 9, 10, 11, 12, 14, 15, 17, 19, 19, 21, 22, 24, 25, 25, 28, 29, 31, , 32,
34, 35, 37, 39, 41, 42, 44, 45, 47, 48, 50, 51, 53, 54, 56, 57, 58, 61, 62, , 63, 65,
68, 69, 71, 72, 73, 75, 77, 79, 81, 81, 83, 84, 86, 88, 89, 91, 93, 94, , 97, 98, 100,
101, 102, 105, 106, 108, 109, 110, 112, 114, 115, 117, 118, , 119, 120, 122, 124,
126, 128, 129, 131, 133, 135, 135, 137, 138, 140, , 141, 143, 144, 146, 147, 148,
149, 151, 154, 155, 157, 158, 160, 162, , 163, 164, 165, 167, 168, 170, 171, 173,
174, 176, 179, 180, 182, 183, , 185, 186, 188, 189, 191, 192, 194, 196, 198, 199,
201, 202, 204, 205, , 207, 208, 210, 212, 213, 215, 216, 218, 219, 220, 223, 224,
227, 228, , 229, 231, 232, 234, 235, 236, 238, 239

2 120 1, 2, 3, 5, 6, 7, 9, 10, 13, 15, 17, 20, 22, 24, 25, 29, 31, 32, 35, 37, 39, 40, , 42,
45, 46, 48, 51, 53, 55, 57, 58, 61, 63, 65, 67, 69, 71, 73, 75, 77, 81, 81, , 83, 84,
87, 89, 91, 93, 94, 96, 98, 100, 102, 104, 106, 108, 110, 112, 114, , 116, 118, 120,
122, 124, 127, 129, 131, 131, 134, 136, 138, 140, 142, , 144, 147, 149, 151, 153,
155, 157, 159, 160, 162, 164, 166, 168, 170, , 172, 174, 176, 178, 180, 183, 185,
187, 189, 192, 194, 196, 197, 199, , 202, 204, 206, 208, 210, 211, 213, 216, 218,
220, 222, 224, 226, 228, , 230, 232, 235, 237, 239

3 115 1, 3, 5, 7, 10, 13, 15, 17, 20, 22, 24, 25, 29, 31, 32, 35, 37, 39, 40, 42, 45, , 46,
48, 51, 54, 56, 57, 58, 61, 63, 65, 67, 69, 71, 73, 75, 77, 81, 84, 86, 86, , 86, 87,
89, 91, 94, 96, 98, 100, 102, 104, 106, 108, 110, 112, 114, 116, , 118, 120, 122,
124, 127, 129, 131, 134, 136, 138, 140, 142, 144, 147, , 149, 151, 153, 155, 157,
159, 160, 162, 164, 166, 168, 170, 172, 174, , 176, 178, 180, 183, 185, 187, 189,
192, 194, 196, 197, 199, 202, 204, , 206, 208, 211, 213, 216, 218, 220, 222, 224,
226, 228, 230, 232, 235, , 237, 239
Table 8
Comparing the SOMPP model with the previous works.

Proposed method No. of PMUs/𝜇PMUs Reconfiguration Channel limit

SOMPP 17–18 Yes Yes (L = 1)
12–14 Yes Yes (L = 2)
14–17 Yes Yes (L = 3)

[25] 12 Yes (2 topologies) No
12 No Yes (L = 2)
13 Yes (6 topologies) No
13 Yes (6 topologies) Yes (L = 2)

[6] 17 Yes (all topologies) No

[23] 14–22 Yes No

[22] 14–22 Yes No

only for Case III are reflected. According to Table 8, the SOMPP
model could be compared with the method of [25] when L = 2 and
6 topologies are considered. The 6 topologies are predefined and cover
all operational topologies of the network. The SOMPP model has shown
a slight superiority to the method of [25] in some scenarios, while
the solutions are obtained by a stochastic approach considering the
operational topologies and line failures. The proposed method obtained
a better solution in terms of the number of required 𝜇PMUs compared
to [6], because the topologies with less probability of occurrence are
not included in the model.

Comparing the results of the SOMPP model with the results of the
deterministic version and previous works reveals the relative superior-
ity of the SOMPP model in decreasing the required number of 𝜇PMUs.
However, the authors are aware of the drawbacks of the model. One
of the main drawbacks of the method is that the proposed model does
not include a decision making procedure to identify the best solution
14

among the set of scenarios. Another drawback of the method is that it
only considers the most probable topologies, and if a rare configuration
happens, the observability of the network will not be guaranteed.

4. Conclusion

An ILP model for stochastic optimal placement of 𝜇PMUs con-
sidering the risk of losing observability following a reconfiguration
operation is investigated in present paper. The channel limit for voltage
measurements is also introduced in addition to considering the current
channels limit, in order to increase the flexibility of the model to be
extended to the cases that voltage channels are not sufficient for full
observability of a single bus (e.g. three-phase networks). To prevent
unobservability of the network due to reconfiguration, a stochastic
approach is addressed in which the most important topologies are
incorporated in the ILP model, rather than considering all of them. The
uncertain variables included in the model are the active and reactive
power of loads and the TTF of lines that are described by proper PDFs
instead of fixed probability values. The PDFs of the uncertain variables
are utilized in a MCS and a number of probable scenarios for loads
and failed lines are generated. Then the network is reconfigured for
each scenario and a number of topologies are obtained within each
scenario that are most likely to be happened. The SOMPP model is
solved using these scenarios and the concept of equivalent network that
is introduced in present work. The deterministic version of the proposed
model, that considers the observability of the network for all possible
topologies with limited number of channels is developed in order to be
compared with the stochastic method. The formulation of the SOMPP
model is also extended using the concept of voltage channel limit in
order to include the unbalanced networks.

The simulations are executed considering the uncertainty of loads
and the unreliability of lines separately and simultaneously. The supe-
riority of the model in minimizing the number of 𝜇PMUs is revealed
by comparing the simulation results with the deterministic model and
previous works. The success of the model in handling the random
variables with unknown PDFs is demonstrated by using the real smart
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meter data. The effectiveness of the reduced scenarios in representing
the most general scenarios is also determined by simulating the model
for a large number of scenarios. It is also concluded that the concept
of equivalent network could properly provide the observability for all
topologies of each scenario.

In future studies, more smart grid elements with stochastic na-
ture, such as distributed generators based on renewable energy re-
sources, electric vehicles, demand response, etc. could be incorporated.
The SOMPP model for unbalanced networks could also be formulated
with more details to reflect the realistic aspects of the distribution
networks.
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ppendix A. The formulation of the deterministic model

The deterministic version of the proposed SOMPP problem consid-
ring both reconfiguration and 𝜇PMUs channel limit is developed to
ompare the results of the stochastic and the deterministic models. The
ifference between the deterministic and the stochastic models is that
n the deterministic model, all the possible topologies are included,
hile, in the stochastic approach, only the most probable topologies
re considered.

The optimization model is given in (A.1) and (A.2),

min
N
∑

𝑖=1

r𝑖
∑

𝑘=1
𝑥RCL
𝑖𝑘 , (A.1)

subject to : 𝑜𝑗 =
N
∑

𝑖=1

r𝑖
∑

𝑘=1
aRCL
𝑗𝑖𝑘 𝑥RCL

𝑖𝑘 ≥ bRCL
𝑗 , ∀𝑗 ∈ 1, 2,… ,N. (A.2)

The parameters and variables with superscript RCL are affected by
he condition of the deterministic model. The desired observability
alues bRCL

𝑗 are calculated similar to (11), and the method of deter-
ining the observability coefficients aRCL

𝑗𝑖𝑘 is analogous to that of aCL
𝑖𝑘𝑗

n (16). However, there are some points that should be taken into the
onsideration in the deterministic model:

• All the network tie-switches must be in closed state and therefore
the network should have a meshed configuration.

• For a typical bus 𝑖, if d𝑖 + nTS
𝑖 ≤ L, the 𝜇PMU would be installed

on bus 𝑖 in a unique manner, but, if d𝑖+nTS
𝑖 > L, the 𝜇PMU at bus

𝑖 could be installed in r𝑖 =
(

d𝑖 + nTS
𝑖

L

)

different ways.

Appendix B. The SOMPP formulation for unbalanced networks

The proposed SOMPP model is devised for three-phase balanced
networks and is solved for one of the phases, while the result could
be generalized to other phases. Since the actual distribution networks
are mostly unbalanced with three, two, and single-phase feeders, the
15
Fig. B.9. An example of an unbalanced network.

proposed SOMPP model could be extended to include the unbalanced
networks. The method is briefly described in the following, but the
simulation results are disregarded due to length limit of the paper.

The formulation is based on an assumption; the 𝜇PMUs are con-
sidered single-phase with one voltage and L current measurement
channels. Accordingly, for the example network of Fig. B.9, a 𝜇PMU
could measure the voltage of bus t in three and the current of the lines

connected to the phases of bus t in
(

3
L

)

different ways. Consequently,

he total number of ways that a 𝜇PMU could be installed at bus t is

×
(

3
L

)

. On the other hand, for bus r, there is only one way that a

𝜇PMU could be installed at this bus, because there is only one voltage
and one current phasor that should be measured. This procedure could
be employed to establish a framework for the SOMPP model of the
unbalanced network.

The formulation of the SOMPP model for an unbalanced network
could be expressed as,

min: p𝑠

N
∑

𝑖=1

∑

ℎ∈{A,B,C}

rEQ
𝑠𝑖ℎ
∑

𝑘=1
𝑥EQ
𝑠𝑖ℎ𝑘, (B.1)

subject to : 𝑜𝑠𝑗𝑔 =
N
∑

𝑖=1

∑

ℎ∈{A,B,C}

rEQ
𝑠𝑖ℎ
∑

𝑘=1
aEQ
𝑠𝑗𝑔𝑖ℎ𝑘𝑥

EQ
𝑠𝑖ℎ𝑘 ≥ b𝑠𝑗𝑔 , (B.2)

𝑠 ∈ 1, 2,… , S′, ∀𝑗 ∈ 1, 2,… ,N, 𝑔 ∈ {A,B,C} .

According to (B.1), A, B, and C represent the three phases. In order
to calculate rEQ

𝑠𝑖ℎ, the parameter d3PH
𝑖 is introduced that is called the

three-phase degree of bus 𝑖, and is equal to the number of phases
connected to bus 𝑖 from adjacent buses. For example in Fig. B.9, d3PH

t =
3. Now, if d3PH

𝑖 ≤ L, the 𝜇PMU could be install at bus 𝑖 only in a single
way and rEQ

𝑠𝑖ℎ = 1, while if d3PH
𝑖 > L, the 𝜇PMU could be installed in

rEQ
𝑠𝑖ℎ =

(

d3PH
𝑖
L

)

different ways.

The observability of the network is determined by the observability
of all phases at each bus. In (B.2), aEQ

𝑠𝑖ℎ𝑘𝑗𝑔 is determined by the following
equation,

aEQ
𝑠𝑖ℎ𝑘𝑗𝑔 =

{

1 , (𝑖, ℎ) = (𝑗, 𝑔) OR (𝑗, 𝑔) ∈ 𝛬L3PH
𝑖𝑘

0 , otherwise.
(B.3)

In (B.3),
{

∀𝑖 ∈ 1, 2,… ,N|d3PH
𝑖 ≤ L

}

, the 𝑘th L-subset of the set of
adjacent bus phases of bus 𝑖, i.e. 𝛬L3PH

𝑖𝑘 , is equal to the set of adjacent
bus phases of bus 𝑖, i.e. 𝛬3PH

𝑖 . The elements of 𝛬3PH
𝑖 are the ordered

pairs, like (𝑖, ℎ). For example, in Fig. B.9, 𝛬3PH
t = {(s,A), (s,B), (𝐫,𝐂)}.

The values of b𝑠𝑗𝑔 are considered equal to one in order to minimize the
number of 𝜇PMUs required for the observability of the network.

Appendix C. The table of 240-bus network equivalent names for
buses and lines
See Table C.9.
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Table C.9
The equivalent names for buses and lines of 240-bus network.

F. T. F. Eq. T. Eq. L. Eq. F. T. F. Eq. T. Eq. L. Eq.

1 1001 1 2 1 3060 3061 138 139 123
1001 1002 2 3 2 3055 3062 133 140 124
1002 1003 3 4 3 3062 3063 140 141 125
1002 1004 3 5 4 3063 3064 141 142 126
1004 1005 5 6 5 3064 3065 142 143 127
1005 1006 6 7 6 3065 3066 143 144 128
1006 1007 7 8 7 3066 3067 144 145 129
1006 1008 7 9 8 3030 3040 108 118 130
1008 1009 9 10 9 3040 3044 118 122 131
1009 1010 10 11 10 3044 3045 122 123 132
1009 1011 10 12 11 3040 3041 118 119 133
1011 1012 12 13 12 3041 3042 119 120 134
1012 1013 13 14 13 3042 3043 120 121 135
1013 1014 14 15 14 3040 3046 118 124 136
1014 1015 15 16 15 3046 3047 124 125 137
1013 1016 14 17 16 3046 3048 124 126 138
1016 1017 17 18 17 3048 3049 126 127 139
1010 2057 11 75 18 3049 3050 127 128 140
1 2001 1 19 19 3050 3051 128 129 141
2001 2002 19 20 20 3051 3052 129 130 142
2002 2003 20 21 21 3030 3031 108 109 143
2003 2004 21 22 22 3031 3032 109 110 144
2004 2005 22 23 23 3032 3033 110 111 145
2005 2006 23 24 24 3033 3034 111 112 146
2006 2007 24 25 25 3034 3068 112 146 147
2007 2008 25 26 26 3068 3069 146 147 148
2007 2009 25 27 27 3069 3070 147 148 149
2006 2010 24 28 28 3070 3071 148 149 150
2010 2011 28 29 29 3071 3072 149 150 151
2011 2012 29 30 30 3069 3073 147 151 152
2012 2013 30 31 31 3073 3074 151 152 153
2013 2014 31 32 32 3068 3075 146 153 154
2014 2015 32 33 33 3075 3076 153 154 155
2014 2016 32 34 34 3076 3077 154 155 156
2016 2017 34 35 35 3077 3078 155 156 157
2017 2018 35 36 36 3076 3079 154 157 158
2013 2019 31 37 37 3079 3080 157 158 159
2019 2020 37 38 38 3080 3081 158 159 160
2019 2021 37 39 39 3080 3082 158 160 161
2021 2022 39 40 40 3081 2016 159 34 162
2022 2023 40 41 41 3082 3083 160 161 163
2023 2024 41 42 42 3083 3084 161 162 164
2024 2025 42 43 43 3084 3085 162 163 165
2021 2026 39 44 44 3085 3086 163 164 166
2026 2027 44 45 45 3086 3087 164 165 167
2027 2028 45 46 46 3087 3088 165 166 168
2028 2029 46 47 47 3088 3089 166 167 169
2029 2030 47 48 48 3089 3090 167 168 170
2030 2031 48 49 49 3090 3091 168 169 171
2027 2032 45 50 50 3082 3092 160 170 172
2032 2033 50 51 51 3092 3093 170 171 173
2033 2034 51 52 52 3093 3094 171 172 174
2033 2035 51 53 53 3094 3095 172 173 175
2035 2036 53 54 54 3095 3096 173 174 176
2036 2037 54 55 55 3096 3097 174 175 177
2037 2038 55 56 56 3092 3098 170 176 178
2038 2039 56 57 57 3098 3099 176 177 179
2039 2040 57 58 58 3092 3100 170 178 180
2040 2041 58 59 59 3100 3101 178 179 181
2039 2042 57 60 60 3101 3102 179 180 182
2042 2043 60 61 61 3102 3103 180 181 183
2043 2044 61 62 62 3100 3104 178 182 184
2044 2045 62 63 63 3104 3105 182 183 185
2045 2046 63 64 64 3105 3106 183 184 186
2045 2047 63 65 65 3082 3107 160 185 187
2047 2048 65 66 66 3107 3108 185 186 188
2044 2049 62 67 67 3108 3109 186 187 189
2049 2050 67 68 68 3109 3110 187 188 190
2050 2051 68 69 69 3110 3111 188 189 191
2051 2052 69 70 70 3111 3112 189 190 192
2044 2053 62 71 71 3107 3113 185 191 193
16
Table C.9 (continued).
F. T. F. Eq. T. Eq. L. Eq. F. T. F. Eq. T. Eq. L. Eq.

2053 2054 71 72 72 3113 3114 191 192 194
2054 2055 72 73 73 3114 3115 192 193 195
2055 2056 73 74 74 3113 3116 191 194 196
2053 2057 71 75 75 3116 3117 194 195 197
2057 2058 75 76 76 3107 3118 185 196 198
2057 2059 75 77 77 3118 3119 196 197 199
2059 2060 77 78 78 3119 3120 197 198 200
2013 3005 31 83 79 3120 3121 198 199 201
1 3001 1 79 80 3121 3122 199 200 202
3001 3003 79 81 81 3119 3123 197 201 203
3003 3002 81 80 82 3123 3124 201 202 204
3003 3004 81 82 83 3124 3125 202 203 205
3003 3005 81 83 84 3125 3126 203 204 206
3005 3006 83 84 85 3126 3127 204 205 207
3006 3007 84 85 86 3127 3128 205 206 208
3005 3008 83 86 87 3128 3129 206 207 209
3008 3009 86 87 88 3129 3130 207 208 210
3009 3010 87 88 89 3130 3131 208 209 211
3010 3011 88 89 90 3118 3132 196 210 212
3011 3012 89 90 91 3132 3133 210 211 213
3008 3013 86 91 92 3133 3134 211 212 214
3013 3014 91 92 93 3134 3135 212 213 215
3008 3015 86 93 94 3135 3136 213 214 216
3015 3016 93 94 95 3133 3137 211 215 217
3016 3017 94 95 96 3137 3138 215 216 218
3015 3018 93 96 97 3138 3139 216 217 219
3018 3019 96 97 98 3107 3140 185 218 220
3019 3020 97 98 99 3140 3141 218 219 221
3020 3021 98 99 100 3141 3142 219 220 222
3015 3022 93 100 101 3142 3143 220 221 223
3022 3023 100 101 102 3140 3148 218 226 224
3023 3024 101 102 103 3148 3149 226 227 225
3024 3025 102 103 104 3149 3150 227 228 226
3022 3026 100 104 105 3150 3151 228 229 227
3026 3027 104 105 106 3151 3152 229 230 228
3027 3028 105 106 107 3152 3153 230 231 229
3028 3029 106 107 108 3153 3154 231 232 230
3022 3030 100 108 109 3154 3155 232 233 231
3030 3035 108 113 110 3140 3156 218 234 232
3035 3036 113 114 111 3156 3144 234 222 233
3036 3037 114 115 112 3144 3145 222 223 234
3037 3038 115 116 113 3145 3146 223 224 235
3038 3039 116 117 114 3146 3147 224 225 236
3039 3053 117 131 115 3156 3157 234 235 237
3053 3054 131 132 116 3157 3158 235 236 238
3053 3055 131 133 117 3158 3159 236 237 239
3055 3056 133 134 118 3159 3160 237 238 240
3056 3057 134 135 119 3160 3161 238 239 241
3057 3058 135 136 120 3161 3162 239 240 242
3058 3059 136 137 121
3059 3060 137 138 122
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