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Abstract

The overall thermal-mechanical properties of a fibrous composite out of an elastic deformation range can be simply simulated using a
recently developed micromechanics model, the Bridging Model. Only the in situ constituent fiber and matrix properties of the composite and
the fiber volume fraction are required in the simulation. This general yet easy-to-implement micromechanics model is reviewed and
summarized in the present paper. Application of the model to predict various properties of unidirectional laminae and multidirectional
laminates, including thermoelastic behavior, elasto-plastic response, ultimate failure strength, strength at elevated temperature, and fatigu
strength an&-N curve, is demonstrated. It is suggested that use of the bridging model, appropriately calibrated with experimental data, can
therefore inform composite design by identifying suitable constituent materials, their contents, and their geometrical arrangements. Some
technical issues regarding applications of the bridging model are also addrés26a1 Elsevier Science Ltd. All rights reserved.
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1. Introduction volume element (see Fig. Al) is taken for the composite,
and a set of governing equations on this geometry are solved
Over the last four decades or so, a great number of micro- using, e.g. Finite Difference method. However, it is difficult
mechanics models have been proposed in the literature.to use this model to simulate the composite responses under
Surveys about these models can be found, among othersiransverse and in-plane shear loads, and hence the model
in Refs. [1-5]. Most these models can be used to accuratelycannot perform general composite laminate analysis.
estimate the linear elastic property of a fibrous composite. Dvorak and Bahei-El-Din [8,9] developed a vanishing
However, it is difficult to generalize them to the inelastic fiber diameter model. This model assumes that the fibers
deformation situations. The majority of these models, with- possess a vanishingly small diameter even though they
out significant modifications, cannot be applied to predict occupy a finite volume fraction of the composite. Only the
the yield strength, failure strength, or the nonlinear stress— longitudinal constraints between the fibers and the matrix
strain relationship of fibrous composites, since the existing have been considered in the model. Rule of mixtures
models for estimating composite elastic behavior do not assumptions have been made for the averaged stress and
have any inherent connections with the other mechanical strain relations. Therefore, the model gives exactly the
properties of the composites. same predictions as the rule-of-mixtures formulae for
Yet, several attempts have been made to understandcomposite elastic properties. As we know, these predictions
micromechanically the inelastic and failure behaviors of are not accurate for the composite transverse and in-plane
composites by using their constituent properties and shear responses. Hopkins and Chamis [10,11] proposed a
geometric parameters [6]. One such model is the concentricmulticell model, by requiring that longitudinal strains and
cylinder model [7], well known in analyzing lamina elastic transverse stresses in the fiber and matrix be equal to each
properties [2,3]. A concentric cylinder representative other. This is similar to the rule of mixture assumption. The
material nonlinearity is described as a multifactor interac-

o o ©add Materials Sci Division. Department of Mechan |tion relationship, whereas each material property is
resent address: Materials Science Division, Department of Mechanica . -
& Production Engineering, National University of Singapore, 10 Kent described as a pI’OdUCt of many power law equations each

Ridge Crescent, Singapore 119260. E-mail: mpehzm@ nus.edu.sg. of which indicates_ how that property is affected by one
E-mail addresshuangzm@email.com (Z.-M. Huang). parameter. Aboudi [12,13] developed a method of cells

1359-835X/01/$ - see front matt@ 2001 Elsevier Science Ltd. All rights reserved.
Pll: S1359-835X(00)00142-1



144 Z.-M. Huang / Composites: Part A 32 (2001) 143-172

model in a rather general sense. The main drawback of this2. The bridging micromechanics model

model is in its complexity. In fact, Teply and Reddy [14]

have shown that the method of cells model can be reformu-2.1. Model development [16,21-23]

lated and cast in the form of a finite element analysis by

employing the Hellinger—Reissner variational principle. ~ Consider a UD fibrous composite. Casting in an incre-
The user-unfriendly feature of this model is thus clearly mental form, the volume averaged stress increments in the
seen. Further, a regular fiber packing pattern must be pre-fibers and matrix of the composite can be correlated using a
assumed before applying the method of cells model. As hasbridging matrix through

been investigated by Brockenbrough et al. [15], the compo- " ;

site transverse and in-plane shear responses at a plastiéd‘fi } = [Ajl{doy} D
region are sensitive to the fiber packing patterns assumed.
They found that predictions for the transverse and in-plane Weré {di} = {doy, dogp, dorgs, dora, dos, dori} " and
shear responses based on any of their regular fiber packin he suffixes *f" and “m” refer to the fiber and matrix, respec-

patterns do not correlate well with experiments. It is seen UVely: A quantity without any suffix in the following will
that a significant advancement on micromechanical refer to the composite. The bridging matri%[ represents
the load share capacity of one constituent phase (the fiber or

necessary the matrix) in the composite with respect to the other phase
Recently, the author developed a new versatile and (the matrix or the fiber). Substituting Eq. (1) into the volume

user-friendly micromechanics model, named as the Brid- averaged stress relationship (see Appendix A)
ging Model. The key step of the model is to correlate the
averaged stress states in the constituent fiber and matri
by using a bridging matrix. As the bridging matrix can g9 making use of (Appendix A)

only depend on the constituent properties and on the fiber

packing geometry in the matrix (Appendix B), a unified {dg} = V{d&} + V,,{de™}, (2b)
model is established by focusing on determination of the

bridging matrix for composite elastic responses. This is

achieved by making use of some established elastic solu-{d&/} = [S{d o]}, (20)
tions for composites in the literature. An extension of the
so-defined bridging matrix to an inelastic region is m m
straightforward: only the constituent properties involved {de} = [Sﬁ{daj b (2d

need to be changed because the fiber packing geometry

does not change or only varies to a negligibly small {dg} = [Si{d o}, (2¢)
amount when the constituents undergo inelastic deforma-

tion. The bridging model can be applied to predict the the overall instantaneous compliance matrix of the compo-
effective properties of a unidirectional (UD) composite site as well as the stress increments shared by the fiber and
made from any constituent fiber and matrix materials matrix are derived, respectively, as (Appendix B)
[16—19,21-23]. These properties include the thermo-elas-

tic constants, yield strength, failure strength, ultimate [Sj1= (V{[Sj] + Vin[SIIIA DNV + Vil AD L 3
strain, rubber—elastic stress—strain curve, etc. The predic-

tion only uses the in situ constituent properties and the ; 1

fiber volume fraction. In the case where the fibers are {doi} = (Vill] + VA {doj} = [BjH{d oy}, (43
linearly elastic until rupture and the matrix is bilinearly

elastic—plastic, closed-form formulae for composite m _ ral Nld el AR, _
strengths under uniaxial loads (longitudinal tension, trans- {dor} = AV VnlA D Hd oy} = [A]1B;1{d oy}

verse tension, and in-plane shear) are obtainable [24,25], (4b)
which are as concise as the rule of mixtures formulae for
composite stiffness. The bridging model has been success
fully applied to simulate inelastic and failure behaviors of
composite laminates [20,26—29], fatigue properties &nd

N data of fibrous laminae and laminates [30,31], and elastic,
inelastic and strength responses of various textile (woven,
braided, and knitted) fabric reinforced composites subjected
to in-plane as well as flexural loads [32—43]. The purpose of
this paper is to summarize and review the bridging model S =9. i,j=12,...6. (5)
developed as well as its potential applications to unidirec-

tional laminae and multidirectional laminates. Therefore, the bridging matrixAjj], has the general form

simulation of composite inelastic and failure properties is

Jdo} = Vi{doi} + Vinf{do}. (2a)

In the above,V denotes the volume fraction, {g =
¥d811, d822,d833, 2d823, 2d813, 2d€12}T, and l]] iS a unit
matrix. In practice, the fibers used are generally at most
transversely isotropic and the matrix is isotropic. The result-
ing UD composite is then considered as transversely isotro-
pic. There are only five independent elementsSjj, [and so

are in [Aj]. Further, [§] must be symmetric, i.e.
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[16,17,21,22] (also see Appendix B) c {EfZZ, wheno; = U{( ©a)
_ - f2 =
a1 &2 A3 N4 A5 Ae Ef, whena! > o
0 @ 83 &4 ax o ‘ ¢
GlZ’ Whena'e = Oy
O &g a3 &4 as ags G = { ; . ; (8¢
(Al = o o0 o . (6) EY/3, whenol > oV
Q44 Y5 Ay
E™ »™ andET are Young's modulus, Poisson’s ratio, and
0 0 0 0 as as hardening modulus (tangent to the uniaxial stress—strain
| 0 0 0 0 0 agl curve in a plastic region) of the matrix, respectivelij,,

El,, Gl,, andEf are the longitudinal, transverse, in-plane
In the above,ay;, & ass @ and ag; are independent  shear, and hardening moduli of the fibers, respectively.
elementsas; = ags due to the fact that shear stress—strain represents the yield strength of a material (fibers or matrix),
responses in (1,2) and (1,3) planes are the same, whageas \hereas, is the von Mises effective stress of the material

is not independent because of a correlation among the transgefined using three principal stresses of the materiglg-2,
verse Young's modulus, shear modulus, and transverseando® (¢! = ¢ = ¢°), via

Poisson’s ratio (see Eq. (B7)). The remaining 15 nonzero
elements are determined from Eq. (5) together with Eq. (3). o = \/% (6= 06%?+ (6?2 =0+ (3 —aH?]. (9
For simplicity, let the fiber become isotropic in a plastic
region. Such typical fibers are glass, carbon/graphite,
aramid, boron, silicon carbide, alumina, etc. which can be

considered as linearly elastic until rupture. Further, suppose \when both the fibers and the matrix are in elastic defor-

that the matrix is an elastic—plastic material. When the mation, all the dependent elements of the bridging matrix,
matrix undergoes a rubber—elastic deformation, Ref. [19] Eq. (6), are zero except fa, andays which read

provided an approach methodology, see also Refs.
[37,38]. With these assumptions, the independent bridging 813 = a12 = (S12 — Sh)(@n1 — /(S — S (10
elements in (6) are given by [16,17,21,22] (see also APPeN- yance the five engineering moduli of the composites are

2.2. Elastic response [16,21,22]

dix B) found to be (Appendix B)
ay1 = En/Ena, (78 Bl = VEl + VpE™, (113
3
B =85 == B+ (L= B v = Vithy + Vit (11b
2

(7b)
. — (Vs + Vipai (Vs + Vinao)
27 (Vi + VDV S, + VS + ViVi(S, — Spay
G (119
355:6‘66:a+(1—a)3m,

0 < B <1(B=0.350.5in most cases

' (70) (Vi + Vinaee)GLG™

G = , 11
0 < a < 1(a = 0.3-0.5in most cases 127 V(G + ViagsGh, (119

azp =0. (7d) Gys 0.5(Vt + Vimaus) 11e

It should be noted that since the independent eleragnt Vi(See ™ S0) * Vs ~ )

also takes zero, the bridging matrix is simply given by an It is noted that Egs. (11a) and (11b) are obtained based on
upper triangle, as given in Ref. [22]. In the abotg, G, bridging element formulae (7a) and (7d), whereas Egs.
Eq, Ep, andG; are called effective moduli and are defined as (11¢)—(11e) are based on formulae (7b) and (7c).

E™, wheng{' = oy 2.3. Plastic response [17,21,22]
Em = { m m m (83
Er, whenoe > oy As long as any constituent has undergone a plastic defor-
mation, the composite is defined to have such a deformation
_ 0.5E™/(1 + v™), whenog' = oV b too. In such case, only the instantaneous compliance matrix
Gm = EM/3, wheno™ > o (8b) of the constituentﬁsﬂ-] or [Sj“], needs to be redefined. Itis to

be noted that the fibers have been assumed to take isotropic
hardening. Hence, both the constituent materials can use a
(80) same plastic flow theory to define their instantaneous

El.. wheno! = !
1= . : .
= When0'£>a'\f( compliance matrices. Many such theories have been
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developed, and any of them can be equally well
incorporated with the bridging model. Let the general
Prandtl-Reuss theory be employed, which gives [22,44]

[S;1°% whenty = ga'y
[S1= (12
[Sj]e + [S]]p, When’TO > ?(TY
1 .y 1/2
Toz[gaijaij] . (13)
ojj = oy — 3 kK- 14

In Egs. (13) and (14), a summation is applied to the repeated
suffixes, ando; are total stresses. In Eq. (125]° is the
elastic component of the compliance matrix specified by
Hooke’s law, and §;]” is the plastic component defined as
[22,44]

[Sj ]p = 2I\/I712
1(70)
— !/ !/ /! ! !/ / 2 !/ / 2 ! ! 2 ! !/ =
011011 022011 033071 023011 013011 012011
! /! ! ! 2 / ! 2 ! / 2 ! !
022022 03302 £023022 £013022 £01202
! / 2 / / 2 / / 2 / /
x 033033 4023033 £013033 £012033
/ / / / / /
4032303 4071303 40103
4 ! ! 4 ! !
013013 012013
! !
| symmetry 412012
(15
EllET
My = —=+—1 (16)
Ell - ET

Note that for the matrix materi&;; = E. Note also that the
plastic componentg]®, can only occur in a loading condi-
tion. Whenever there is an unloading, the compliance matrix
is simply given by its elastic component.

2.4. Planar formulae [23]

If the composite is only subjected to a planar load, as it
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t1 822 — o1

Qe = m (18b)
di = (S5 — Sie)(@11 — o), (180
dp = (S — S0)(Vr + Vinds1)(azz — 8gg)
+(Ss — Sie)(Vs + Vindge)ar, (180
Bu=Sh-S,  Br=Sh-Su
(189

Bz = (V + Vinaoo) (ST — Sh),

Ba1 = Vin(Si2 — S — (Vi + Vipau)(S, — ). (18f)

The incremental stresses generated in the fiber and matrix
phases are derived as

dU{l by bio bis doyy doyy
doby t =] O by by |§ doge ¢ =[BI{ doz f,
dO’Iz 0 0 bes dos, doip
(193
and
dof1 a1 a1z e |[bun bz by (dons
doz r=1 0 an ax 0 by by [{ doz
dofb 0 0 ag 0 O bgdldop
doqq
= [Al[B]{ do2 . (19b)
doip
where
P11 = (Vf + Vin@a2) (Vs + Vinaee)/C,
(190

b1, = —(Vma) (Vi + Vinase)/C,

b1s = [(Vmau2)(Vmage) — (Vi + Vinag)(Vimdge)l/c,

generally is in practice, the stress states in the constituents

are correlated through

m f
dogy a1 &2 ae] [ dops
da'énz = 0 dyy  dog dO’;Z a7
dob 0 0 agdldsi,

In Eq. (17),a;, is defined by Eq. (10), and the other off-
diagonal elements are given by

dyB11 — 01821

— - 18
B11B22 — B12B21 (183

Q6 =

(190
by = (Vi + Vmaw) (Vs + Vinage)/C,
bos = —(Vimae)(Vs + Vpagp)/e,

(19¢
bes = (Vi + Vma)(V; + Vagy)/c,
€= (Vi + Vinar) (Vs + Vinago) (Vs + Vinasge). (19f)

Note that Eqgs. (18a)—(18f) and (19a)—(19f) are valid
regardless of any plastic flow theory applied to the fibers
and matrix. However, if both the constituents are in elastic
deformation, we haveSs= S¢= S = Ss=0, and
hence,b16 = b26 = a16 = a26 = 0
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2.5. Failure criterion [18,20] 2.6. Strength formulae under uniaxial loads [24]

As both the internal stresses in the constituents and the Suppose that the fibers used are linearly elastic until
overall stresses on the composite are already known, anyrupture and the matrix is bilinearly elastic—plastic. From
failure criterion, either applied to isotropic and/or homoge- Egs. (19a) and (19b) witl® = o = 0.5, and based on the
neous materials, or applied to anisotropic and/or heteroge-classical maximum normal stress criterion, closed form
neous materials, can be incorporated to determine thestrength formulae for UD composites under different uniax-

allowable load sustained by the composite. Let us chooseial loads are derived as follows [24].
a failure criterion that is only employed at the constituent
level. Namely, the composite ultimate strength is assumedload (o 1,) is given by
when any constituent material fails.

The ultimate strength only due to a longitudinal tensile

af ’

The maximum normal stress criterion is among the best ;4 — min{
pl

of such criteria. It is efficient when the three principal stres-

ses of the material differ from each other significantly. If, (229
however, two or three of them become equal, which can
easily occur in the matrix material of a composite, the accu- where
racy of this criterion is certainly questionable. Otherwise, a o (oD fTL
material would be able to sustain a same amount of equi- 011 = MiIN o o (22b)
biaxial or equitriaxial tension as it does uniaxial tension, el Tel
which might be impossible phenomenologically. In light ;
of this, a generalized criterion to detect tensile failure of ol = 11 (220
the material is expressed as [20] V(El, + (1 — VpEM
Oeq = Oy (209 . EM
Qe1 = V. Ef m°’ (220)
where tE; + (1 —VHE
ol wheng3 < 0 £ =H
1 2)a)14 3 LT VE T (1 VpHED (229
(e + (e, whena® =0 By 1 ( DET
Tanq =
| 1eh + @2+ @3 wheno® > o, -
m T
Ap1 = T . (22f)
1<g=o V(El, + (1 — Vp)ET
(20D The ultimate strength only due to a transverse tensile load

In the aboveg?, o%, ando? are the three principal stresses (027) is determined from

f f f 0 m m m 0
oy — (@1~ ap))oir 0y — (A1 — Aoy
am ’

pl

f f f 0 m m m 0
oy — (@e2 = a0z 0y — (Qer — Ap2)03)

tensile strength of the material under a uniaxial load. It is 0, = min
seen that when the power-indgx= oo, (20a) together with

f >

of the material witho! = o2 = ¢ and o, is the ultimate {
p2

¢4

m b
Ap2 }

(20b) is equivalent to the maximum normal stress criterion. (239
In a subsequent example, a comparison study will show that,, here
g = 3is pertinent. Thus, the difference between the general-
ized and the classical maximum normal stress criteriais o . { oV crf, 23p
distinct only when the second or the third principal stress 722 = Min a_(TZ’ aTeZ ’ (23D
of the material is close to its first principal stress.

In contrast to multiaxial tensions, an equitriaxial El
compression on an isotropic material can hardly cause it at; = : _22 o> (230
to fail. Hence, a criterion to govern the compressive failure ViBs, + 051 = VO(E™ + By
of the material is simply given by 05 E! Em

, ol = .S(Ez, + E7) ’ 230
0% = (—oye), (21) # VEL, + 0.5(1 — Vi) (E™ + Eby)
whereo . is the ultimate compressive strength of the mate- Ef
rial under a uniaxial load. It should be pointed out that no o, = —— 2 (239
material buckling is assumed in the compression concerned ViEy, + 0.5(1 = V(BT + B
herein. Further, the material parameters used in Egs. (7a)—
(7c) may be different, under compression, from those under m _ 0.5(E}, + ET) (23h

tension. P27 VEL, + 0.5(1 — V{)(EP + Ef)
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The ultimate strength only due to an in-plane shear load
(o10) reads

U ol — (abs— aLa)O'gz oy — (agy — a&)oi’z
01 = min f , m s
ap3 ap3
(249
where
m f
0 . Oy Oy
o120 = MIN s T (s (24b)
!L V3 "‘23}
Gf
f 12
= R 24¢
%37 VG, + 0.5(1 — Vp)(G™ + Gl,) (249
0.5(G, + G™
m _ i 24
%37 VG, + 0.5(1 — Vi) (G™ + Gl,) (249
f 3Gk, 2460
(0% = N
P37 3V;Gh, + 0.5(1 — V)(EM + 3G,
f m
R +
o — 0.5(3G}, + EM) 249

3V;Gl, + 0.5(1 — Vi) (EP + 3Gl

It is noted that the above equations have not incorporated
any effect of thermal residual stresses. The strength formu-
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On the other hand, we have (see Egs. (4a) and (4b))
{doi} = (Vill] + VoA D) Hd o} + {b}dT

= [Bj}{do;} + {b{}dT, (263
{do} = NIV + Vil A D Hd oy} + {bMdT
= [BM'{da}} + {b"}dT. (26h)

{bif} and {b"} are called thermal stress concentration
factors of the fiber and the matrix, satisfying

Vi{bl} + Vin{b"} = {0}. @7

Both Levin (see Refs. [25,45]) and Benveniste and Dvorak
(Refs. [28,46]) have found rigorous expressions for the
composite thermal expansion coefficients by making use
of the constituent concentration matriceifj] and [B{J“].
Choosing £} as independent, the Benveniste and Dvorak
formula reads [46]

{b™ = (11— B DAST — [SD " { o™} — {of}).
By means of the bridging matrix, the last equation becomes
{b"} = (1] = [AYIOVA I + Vi ATD DS — (ST 7

X{ " = {af}). (28)

lae with thermal residual stress influence have been given inThe overall thermal expansion coefficients of the composite

Ref. [25].

2.7. Thermal analysis [25,28]

Let T, represent the working temperature of the compo-
site, andT, the reference temperature at which the internal

stresses of the fiber and the matrix are both known (e.g.
zero). Due to mismatch between the thermal expansion(q,m®™ = (pMdT
coefficients of the fibers and the matrix, thermal stresses
will be generated in the constituent materials during the

temperature variation,Td= T, — T,. The general constitu-

tive equations of the fiber, matrix, and the composite are

modified to

{def} = [S{da} + {af}dT, (259
{d&"} = [§'Ndo]"} + {a"}dT, (25b)
and

{dg} = [§{doj} + {}dT. (250

where aif, of", and «;, respectively, denote the thermal

are determined from

{ai} = Vi{al} + Vil o™} + V(ST = [S {0

If there is no overall load applied to the lamina, namely,
{doj} = {0}, the pure thermal stress increments in the
constituents are simply given by

(29

and  {do} P = —VVT{bim}dT.
(30

Total stresses increments in the constituents are obtained by
firstly performing an isothermal analysis and then a pure
thermal analysis.

3. Simulation of unidirectional laminae
3.1. Effective elastic moduli [16,21,23]
It can be recognized from the above model development

that the unique feature of the present model is in the explicit
determination of averaged internal stresses in the constitu-

expansion coefficients of the fiber, matrix, and the compo- ent fiber and matrix materials until rupture. For this purpose,

site at the initial temperatur® with a5 = ab, o = o =

o, andal, = of = of = o = o' = & = 0. It should be
noted that the compliance matrices in (25a) and (Zﬁ;],
and[Sj“], are also defined at the initial temperatiigewhich
may not be merely the elastic components.

a bridging matrix has been employed. The most important
task is to determine the independent bridging elements in
Eq. (6). As elaborated in Appendix B, the independent brid-

ging elements can only depend on the material properties of
the constituents and on the fiber packing geometry in the
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35

--+- Rule of mixtures formula

--o- Chamis model formula

30 { —o— Bridging model formula (beta=0.5)

--o-- Bridging model formula (beta=0.4) -

--&-- Bridging model formula (beta=0.3) S0

--x-- Bridging model formula (beta=0.6) -

--#- Hill et al model formula -
m_Measured data A

N
(3
L

Transverse modulus (MPa)
N
o

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Fiber volume fraction, Vf

Fig. 1. Predicted and measured [47] transverse moduli of UD composites versus fiber volume fraction. The material parameter&usetdréPa
Y =022 E™ = 345 GPaand /" = 0.35.

matrix. As long as the composite elastic responses obtainedpacking geometry. Accordingly, the paramet@sand «,
based on these independent elements are correct, the validwhich are called as Bridging Parameters for convenience,
ity of these elements with varied material properties when stand for the influences of this packing geometry. It is
applied to a composite inelastic response analysis can bemportant to realize that these bridging parameters are inde-
expected (Appendix B). It is thus of critical importance to pendent of material properties.
check the accuracy of the resulting formulae, Egs. (11a)- A UD composite made using isotropic glass fibers and
(11e), for the composite engineering moduli. epoxy matrix with E' =731GPa E"=345GPa / =

The longitudinal Young’s modulus and Poisson’s ratio 0.22, and v" = 0.35 is used for both analytical prediction
formulae, Egs. (11a) and (11b), are the same as rule ofand experiment to obtain the transverse modif the
mixtures formulae, which are sufficiently accurate for composite. The results are shown in Fig. 1 in which the
most unidirectional composites. Hence, the correspondingexperimental data are taken from Ref. [47]. For comparison,
bridging elements, Egs. (7a) and (7d), are generally valid. predictions by using other two established micromechanics
On the other hand, the composite transverse and in-planemodel formulae, the Chamis model [48] and the Hill—-
shear responses are much more sensitive to the specific fibeHashin—Christensen—Lo model [49] formulae, are also

--¢- Rule of mixtures formula
--o- Chamis model formula
—-o- Hill et al model formula A
--o-- Bridging model formula (Alf=0.4) 4
12 4 | --#-- Bridging model formula (Alf=0.3) R
—o— Bridging model formula (Alf=0.5) A A
--x-- Bridging model formula (Alf=0.6) -
10 - B Measured data

In-plane shear modulus (MPa)
(-] ©

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Fiber volume fraction, Vf

Fig. 2. Predicted and measured [47] in-plane shear moduli of UD composites versus fiber volume fraction. The material parametel@fuséBDa@Pa
andG™ = 1.8 GPa



150 Z.-M. Huang / Composites: Part A 32 (2001) 143-172

Table 1
Thermal-mechanical properties of four UD laminae [58K 0.45 anda = 0.35)

Composite 1 Composite 2 Composite 3 Composite 4

Fiber volume fractiony; 0.60 0.60 0.62 0.60
Fiber properties [50] Type AS4 T300 E-glass2K43 Gevetex Silenka E-Glass 1200tex

El, (GPa) 225 230 80 74

Eb, (GPa) 15 15 80 74

Gh, (GPa) 15 15 33.33 30.8

A, 0.2 0.2 0.2 0.2

o (x107%°C) -0.5 -0.7 4.9 4.9

o (x107%°C) 15 12 4.9 4.9
Matrix properties [50] Type 3501-6 epoxy BSL914C epoxy LY556/HT907/DY063 epoxy MY750/HY917/DY063 epoxy

E™ (GPa) 4.2 4.0 3.35 3.35

™ 0.34 0.35 0.35 0.35

a™(x107%°C) 45 55 58 58
Lamina properties Ey; (GPa) 126 138 53.48 45.6
(measured [50])

Ey, (GPa) 11 11 17.7 16.2

Gy, (GPa) 6.6 5.5 5.83 5.83

V1o 0.28 0.28 0.278 0.278

a;y (X 10°%°C) -1 -1 8.6 8.6

a, (X 10°%°C) 26 26 26.4 26.4
Lamina properties E;; (GPa) 136.7 139.6 50.87 45.74
(Bridging model
prediction)

E,, (GPa) 9.23 9.09 14.38 13.45

Gy, (GPa) 5.54 5.04 5.72 5.31

V1o 0.256 0.26 0.257 0.26

a1 (x107°%°C) 0.06 -0.06 6.23 6.46

a, (x10°%°C) 27.9 29.6 20.62 21.67
Schapery'’s prediction a; (X07%°C) 0.06 —0.06 6.23 6.46

a, (x107°%°C) 33.04 36.83 31.8 33.17

shown in the figure. It is seen that for this composite, the the overall longitudinal thermal expansion coefficients from
bridging model predictions based o@= 8 < 0.5 are in these two models are identical, whereas the present predic-
closest agreement with the experiments. It is also seen thattions for the transverse coefficients are more accurate than
the smaller the paramet@ used the stiffer the predicted Schapery’s model predictions. It should be noted that Scha-
modulus will be. To obtain comparison for the shear modu- pery’s formula can be derived based on an assumption of
lus Gy, another glass/epoxy composite with= 302 GPa free transverse thermal-stress components in the constituent
andG™ = 1.8 GPa is used. The experimental data @s, materials [47], whereas the present formulae, Eq. (26) or Eq.
also taken from Ref. [47], are plotted in Fig. 2 to compare (30), also give nonzero transverse thermal stresses in the
with the predicted results based on the bridging model, the constituents. The latter is seen to be consistent with a
Chamis model, and the Hill-Hashin model. Similar three-dimensional FEM solution [52].
evidences have been observed. It is noted that the bridging In all the following calculations, the bridging parameters
model formula witha = 0.5 is identical with the Hill— are chosen ag = a = 0.5.
Hashin formula for the in-plane shear modulus. Other
comparisons are listed in Table 1, and more in Refs. 3 3 Elasto-plastic response [17,22]
[16,21,23].
Two boron (B) fiber reinforced aluminum (Al) UD
3.2. Overall thermal expansion coefficients [28,29] composites were studied for this purpose. For the first
composite, Brockenbrough et al. [15] employed a FEM

Overall thermal expansion coefficients of four polymer- (finite element method) technique to investigate the influ-
matrix based UD composites were calculated, using inde- ence of fiber arrangement and fiber cross-sectional shape on
pendently measured constituent properties of the compo-its elastic—plastic response. The boron fiber was considered
sites reported in Ref. [50], and are listed in Table 1. For as isotropically linear elastic until rupture while the alumi-
comparison, predictions by using Schapery’s formulae [51] num matrix as elastic—plastic. They found that little influ-
were also made, and are reported in the table. It is seen thaknce exists in the elastic region. The same is true for the
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Fig. 3. Comparison of different solutions to the transverse elastic—plastic response of a boron/aluminium c@wpedkd6). The FEM solutions were
taken from Ref. [15].

longitudinal plastic response when a tensile load is applied matrix. The used matrix hardening modulus is given as:
longitudinally. However, _the conclusion is no Iongt_ar \(glid 188 GPa when 43 MPa< o = 936 MPa

for the transverse plastic response. The most significant

influence is on the transverse tensile and in-plane shearET = { 0.66 GPa when 936 MPa< oy = 1238 MPa
deforrr_latlon du<_a to different fiber arrangements. In th_e|r 017 GPa wheno™ > 1238 MPa
modeling, four fiber arrangement patterns, i.e. square diag-
onal packing, triangle packing, random packing, and square The second B-Al UD composite is subjected to combined
edge packing, were considered. With random packing axial tension and torsion loads. Experimental data for this
assumption, the FEM solution gave results closest to the composite are taken from a part of the results reported in
experimental data [53]. This is unsurprising, since any regu- Ref. [54]. The whole load sequence consisted of several
lar arrangement assumption for the fibers is generally notload paths, some of which were reversed in load directions
found in a real composite. The predicted results of the from the others, see Ref. [54, Figs. 11 and 12] for details. In
present model were comparable with the random packing order to simulate this complicated load sequence, a number
FEM solution, as indicated in Fig. 3. In the present calcula- of load intervals have been chosen in which some intervals
tion, the following parameters were directly taken from Ref. are considered as loading while the others as unloading.
[15]: E' =410 GPa »/ = 0.2, E" = 69 GPa »" = 0.33, Whenever there is one stress component (called key stress
oy = 43 MPa andV; = 0.46. The matrix hardening modu-  component), which begins to change its direction, it is
lus, however, was measured from the testing curve reportedconsidered to begin a new loading or unloading interval.
in Ref. [15, Fig. 2]. Three linear segments were used to Each loading or unloading process continues till the key
represent the plastic hardening curve of the aluminum stress component reaches zero. Then a reversed unloading

Table 2
Key points in the load sequence of a boron/aluminium UD composite used for elastic—plastic response analysis

Load sequence: O to A (loading); A to B (loading); B to@nloading); B to C (loading); C to D (unloading); D to funloading); D to E (loading); E to E
(unloading); E to F (loading); F to F (unloading); F to G (loading); G to H (unloading); H to J (loading); J to K (loading); K t6 (&nloading); K to L
(loading)

Point Magnitude Point Magnitude Point Magnitude
011 (MPa) 021 (MPa) 011 (MPa) o1 (MPa) 011 (M Pa) 021 (M Pa)
(0] 0 0 A 0 18 B 0 54
B’ 0 0 C 0 -62 D 62 -52
D’ 62 0 E 62 64 E 62 0
F 62 -63.4 F 62 0 G 62 4
H 48 0 J 180 0 K 180 73
K’ 180 0 L 180 -69
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Fig. 4. Predicted and measured [54] shear stress—shear strain response of a boron/aluminium composite under combined tension—torsion loads.

or loading process is considered to start. Details for loading prediction, however, did not consider any thermal residual
and unloading intervals are listed in Table 2 in which stress effect due to no processing information (including
endpoint values of the intervals are also included. These stress-free temperature and constituent thermal-mechanical
values were measured from Ref. [54, Figs. 11, 12 and 26]. properties at different temperatures) available. The fiber
It is known that the in-situ matrix properties depend on volume fraction,V;, is 0.45 [54]. The predicted results
the composite processing condition, and may be different using these parameters together with the experimental
from the bulk matrix properties [55]. Also, the yield data, which were taken from Ref. [54], are plotted in Fig.
strengths of a material in different load directions are 4.Itcan be seen from the figure that most parts of the stress—
usually different. Because of no relevant data available strain curves from the prediction and the experiment agree
from Ref. [54], three piece-wise linear segments were quite well.
used to approximate the tensile stress—strain curve of the
aluminum plotted in Ref. [54, Fig. 27] to obtain the matrix
hardening moduli. The elastic constants of boron were 3.4. Off-axial strength [17,21-23,34]
inversely calculated from the overall lamina properties
given in Ref. [54, Table 1], by using Eq. (11). The experi-  Ultimate strength is a critical parameter for composite
mental stress—strain curves of the first two load paths, design. Prediction of this strength can be simply achieved
shown in Ref. [54, Fig. 26] were used to adjust the matrix using the bridging model. Let us consider a UD composite
yield strengths corresponding to the positive and the nega-of glass/epoxy system subjected to an off-axial load. Its
tive shear loads. The material properties thus obtained are:constituent elastic properties together with fiber volume
E' =E[ =445GPa »/ =017, E"=7239GPa " = fraction, taken from Ref. [56], are summarized in Table 3.
0.33 and No additional constituent properties were reported. These
231GPa whenoll! < o' = ¢ + 14 MPa properties can be retrieved from the overall composite

o - . - strengths in two different directions, e.g. longitudinal

19GPa whenol > oV + 32 MPa The recovering is begun by assuming that the glass fiber
is linearly elastic until rupture, and that the matrix plasticity,
where o' = 40 MPa for the positive shear andy' = if any, consists of bilinear segments. As the stiffness and

30 MPa for the negative shear loads. This difference in strength of the glass fiber are much higher than those of the
yield strengths under shear loads may be attributed to theepoxy matrix, Egs. (23a)—(23f) indicate that the transverse
thermal residual stresses in the composite. The presentensile strength of the composite is governed by the strength

Table 3
Parameters of a glass/epoxy UD composite used for off-axial strength anafysid236 MPa Y = 2845 MPa S= 38 MPa) K = longitudinal tensile
strength,Y = transverse tensile strengt®s= in-plane shear strength)

Material Volume fraction E;; (GPa) E,, (GPa) V1o Va3 G, (GPa) Er (GPa) oy (MPa) o, (MPa)

Glass 0.6 73 73 0.22 0.22 29.92 73 2047 2047
Epoxy 0.4 3.45 3.45 0.35 0.35 1.28 - - 19
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Fig. 5. Predicted and measured [56] off-axial strength of a unidirectional glass/epoxy composite. The parameters Bbed Ere: 73 GPa E™ =
345 GPay = 0.22, v, = 0.35 ¢!, = o, = 2047 MPaV; = 0.6, ando" = 19 MPa

of the matrix. Thus, Eq. (23a) gives four curves almost coincide with each other. This may be
m m m m attributed to the fact that the ultimate strength of the compo-

ol = C% W —Y~ ‘% (32) site is mainly dependent on the ultimate stresses, but less on
) Up2 ) the yield strength or hardening modulus, of the constituent

materials, although the ultimate strain and the entire stress—
strain curve of the composite do depend on them. This is
especially true when the modular ratio of the two constituent
materials is large. It should be pointed out that the conclu-
sion made herein is only applicable to UD composites which
are statically determinate. For an angle-plied lamina in the
" (ol =y - agl)gfl o — (o) — ag‘l)gfl laminate which is statically indeterminate, its strength
o1 = Min o ’ am prediction depends heavily on its plastic properties [26],

Pl Pl see also the subsequent section for details. Other examples
=X, of off-axial strength predictions have been reported else-

where [17,21-23,34].

sinceay, = agy. From Eq. (31), the matrix strength is recov-
ered to be 18.4 MPa (a slight amendment is later made for
the recovered parameter due to incorporation of matrix plas-
ticity, i.e. app # agy, see Table 3). Next, let us use Eq. (22a)
to recover the fiber strength. It is required that

At this stage, we cannot assume thg} =~ ag;. However,
the longitudinal strength of the composite is most probably 3.5. Tensile strength at elevated temperature [22]
governed by the strength of the fiber especially when the
fiber volume fraction is high. Thus, we can consides=

oy = al/aky, due to aby ~ afy, provided that we can
choose the other two parameters of the matE¥, and
oy, such that

Metal matrix composites usually have high service
temperature. When these composites are subjected to a
mechanical load, the ultimate strength of the composites
varies with both the elevated temperature and the external
load. In this example, a ceramic alumina fiber reinforced
(o{(“ N ol — a{}‘) ~ % 37 aluminum matrix composite was investigated, having a

am M - (32 fiber volume fraction ofV; = 0.5. The measured off-axial

tensile strengths of this composite at a number of tempera-
It is clear that many different combinations Bf and o', tures from room temperature to 773 K were performed by
which  satisfy  inequality  (32), exist.  Since Matsuda and Matsuura [57]. The alumina fibers (being line-
((r{}‘/ag‘j)gum:m mpra < X, the epoxy used cannot be consid- arly elastic until rupture) were considered as temperature
ered as linearly elastic until rupture. On the other hand, any independent [58], and its thermal—elastic properties were
combination ofET' and ¢¥', which satisfy (32), can be taken from Ref. [58]. On the other hand, the properties of
regarded as the matrix plastic parameters due to no otherthe aluminum matrix depend on temperature heavily, and
information. Calculated results for the off-axial tensile were taken, except for the tensile strengths, from Ref. [59].
strength of the composite with four different combinations Thus, only the constituent strengths at each temperature
of ET anday' are plotted in Fig. 5, which are compared with were recovered from some overall strengths of the
experimental data taken from Ref. [56]. It is seen that all the composite. However, the alumina strength is temperature

m m
®e1 %p1 oM=184 MPa
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Table 4 _ _ . axial directions must be used to retrieve the constituent
Material properties of the alumina/aluminium UD compositg = 0.5) fatigue data. The retrieval is similar to that in obtaining
used for elevated temperature off-axial strength analysis: properties of . . .
alumina fibers, independent of temperature [58] the.constltuent sta‘up parameter;. A pro_cedure about this
retrieval as per the first example is described below.

Young's modulus Tensile strength Poisson’s Thermal expansion First, the scattered fatigue data were best approximated
) i e _ ’ ; _ O

(GPa) (MPa) ratio coefficient (x 10" "/K) using some polynomial function (a first-order polynomial in

300 1380 0.26 6.0 the present case). Using the polynomial function, the

composite fatigue strength at each off-axial angle corre-
sponding to a given cycle number was determined, as
independent. Only the longitudinal tensile strength of the shown in Table 6 (those & = 0 were not shown). From
composite at room temperature was used to retrieve thethe measured lamina static properties including the lamina
fiber strength. Because the matrix plastic parameters hadlongitudinal and transverse tensile strengths, shown in Table
already been chosen, this retrieval was easy to perform,7, the constituent static properties could be backed out, and
by simply setting the fiber strength equal to the resulting are listed in Table 8. The elastic properties of the constitu-
maximum normal stress in the fiber when applying a long- ents were kept unchanged at every subsequent cyclic load
itudinal tensile load to the composite. This longitudinal condition, whereas the matrix plastic parameters were kept
tensile load should be equal to the composite longitudinal as constant as possible. At each cycle number, the overall
tensile strength. The aluminum matrix tensile strength, longitudinal and transverse fatigue strengths of the compo-
however, is very temperature dependent. Its strength atsite were employed to adjust the fiber and matrix strengths,
each temperature was backed out using the overall trans+espectively. This adjusting was done as though the same
verse tensile strength of the composite at the correspondingamount of “static loads” had been applied to the composite.
temperature. The constituent properties thus obtained arelf the fiber and matrix strengths could be determined
summarized in Tables 4 and 5. The predicted and measuredsuccessfully, the matrix plastic parameters were kept
[57] off-axial tensile strengths at temperature of 773 K are unchanged. Otherwise, the matrix yield strength was
plotted in Fig. 6. Good correlation is seen to exist. Further adjusted accordingly. For example, at a cycle number of

results are referred to Ref. [22]. N = 10°, the matrix strength, around 26.4 MPa, was firstly
determined by applying an equivalent “static” transverse
3.6. Fatigue strength prediction [30] load of 38.5 MPa (see Table 6) to the composite, without

changing matrix plastic parameters, i’ = 25 MPa and

It is believed that any failure of a material results from its ET = 1.8 GPa (see Table 7). Then, if we loaded the compo-
internal stresses, no matter what kind of load has beensite longitudinally, we would find that we could not apply to
applied to the material. As such, the overall fatigue strength a load level of 1323.7 MPa, which is the composite long-
of a fibrous composite can be similarly estimated by using itudinal fatigue strength &t = 10°. Thus, the matrix plastic
the Bridging Model, based on the information of the fatigue parameters must be adjusted. Keeping the hardening modu-
behaviors of the constituent fiber and matrix materials. Two lus of ET' = 1.8 GPa unchanged, the yield strength of the
UD composites are investigated for this purpose. One is amatrix was adjusted to 18 MPa. The constituent fatigue
graphite/epoxy (AS/3501-5A) lamina, with a fiber volume parameters thus defined are summarized in Table 8.
fraction of 0.7, and another is a glass/epoxy lamina, with a ~ Similarly, the constituent fatigue parameters of the
fiber volume fraction of 0.6. Awerbuch and Hahn [60] made second example, glass/epoxy lamina, were retrieved. The
extensive experiments on the first composite, whereasonly difference is that the overa$-N data of this latter
Hashin and Rotem [56] measured tBeN curves of the composite at 60rather than at 90(transverse direction)
second lamina, both under off-axial tensile fatigue loads. off-axial load were used to determine the matrix fatigue
As no cyclic tests for the constituents were reported, the strengths whenN > 0, since no cyclic tests had been
overall fatigue data of both the composites at some off- performed for the transverse direction specimens. The

Table 5
Material properties of the alumina/aluminium UD composie = 0.5) used for elevated temperature off-axial strength analysis: properties of aluminium
matrix [59]

Temperature Young’s modulus Yield strength Hardening modulus Tensile strength Poisson’s Thermal expansion
(K) (GPa) (MPa) (MPa) (MPa) ratio coefficient (x 107%/K)
297 68.9 41.4 6500 78.4 0.33 23.4

394 63.8 39.3 4500 65 0.33 23.6

473 59.6 36.5 1150 51 0.33 23.9

573 54.6 325 500 34 0.33 24.8

673 48.3 15.9 200 21 0.33 24.8

773 42.0 10.5 80 125 0.33 25.7
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Fig. 6. Predicted and measured [57] off-axial tensile strengths of an alumina fiber and aluminium matrix composite at 773 K. The parameterseis@ud are giv
Table 4.

retrieved constituent parameters of the glass/epoxy systenthe laminate plane and along the thickness direction.
are given in Table 9. Let the fiber direction of thekth lamina have an
Using the retrieved constituent fatigue parameters and theinclined ply-angle 6y with the global x direction. In
respective fiber volume fractions, the predicted off-axial the classical lamination theory, only in-plane stress
fatigue strengths together with the measured fatigue and strain increments, i.e. {x} = {d oy, doyy, daxy}T
strengths [60] for the graphite/epoxy composite Nat= and {de}€ = {d &y, deyy, 2daxy} are retained, where
10° and 16 are shown in Figs. 7 and 8, whereas the results G refers to the global system. The global in-plane strain
for the glass/epoxy composite are shown in Fig. 9. More increments of the laminate at a material poirt Y, 2)
results can be found in Ref. [30]. These figures clearly indi- are expressed as [61]
cate that the bridging model is efficient for lamina fatigue
strength analysis. ey = ey + 20KRy, ey = dedy + zd),

2dsy, = 2d$Xy + ZZdKXy,

4. Simulation of multidirectional laminates 0 0 ]
where dy,, etc. and dy,, etc. are the strain and the

4.1. Classical laminate theory curvature increments of the middle surface, respectively.
The global stress increment at the considered material
4.1.1. Iso-thermal analysis [20] point is obtained from

Suppose that the laminated composite consists of multi- G G s G
layers of UD laminae, each of which has a different ply {do}® = [CIi{de}® = [(C)l{d &}
angle. Let a global coordinate syster, ¥, 2), to have its

2 ) X . . — 117 G
origin on the middle surface of the laminate, witandy in = ([Tle([Slo “([TIe){d &}~ (33
Table 6 where i is the compliance matrix of thkth lamina in
Material properties of a graphite/epoxy composife = 0.7) under tensile its local coordinate system given by
fatigue: measured [60] off-axis fatigue strengths of the compadRite=(0.1
and o™ = 18Hz) (‘=stress ratio, i.e.R= omin/omax; = Cyclic - S, S, Sis
frequency)
) [Slk = S S6 |
Angle Cyclic numberN
| symmetry Se A«
10° 10* 10° 10° (34)
(2 2
0° 1323.7 1254.6 1185.5 1116.4 11 12 21,
10° 295.8 257.6 219.5 181.3 Td=| n? m
20° 156.6 142.7 128.9 115.1 ¢ i LMy
3¢ 65.5 68.7 71.9 75.2 limy Lmy  limp + lomy
45 67.1 59.5 52.0 44.4 -
60 47.0 45.3 435 41.8 ; ;
with Iy =m, =cosé, |, = —m; =siné.

90 38.5 36.2 33.9 31.7 1= My = CoS6, I L 0

Hence, the averaged stress increments inkthdamina
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Table 7
Material properties of a graphite/epoxy composite = 0.7) under tensile fatigue: static properties (cyclic numibéer 0)
E11 (GPa) Ezz (GPa) V12 612 (GPa) gy (MPa) ET (GPa) Xa (M Pa) Yb (MPa)
Fiber 194.3 15.4 0.275 18.1 - - 2610 -
Matrix 3.45 3.45 0.35 1.28 25 1.8 385 -
Lamina (measured [60]) 137 9.6 0.3 5.24 - - 1836 56.9
Lamina (predicted) 137 9.56 0.298 5.24 - - 1837.6 56.6
2 Longitudinal tensile strength.
® Transverse tensile strength.
can be determined from lamination theory, giving [61]
-  dNL ) ™ A I I Il Il Il
{do}® = (TISI0 ATIHd 39 o D
dN,y Q2 Q2 Q% Qun Q2 Qx
where | | | I I I
) AN,y . Qe Q2 Qes 16 26 Wee
g dM Il Il Il i Il 1T
(de)® =1de? + 4 T 4 a2, dé‘gy X 11 {12 Vie Y V2 Vs
2 dMm Il Il I 0l 0l Il
%% 12 W22 W6 12 (22 Uz
+ ' avy) Lol ok ok Qb O ol
4T 410 0 0 ) ’ - -
+ ?deya 2d“‘f‘xy +(z + Zk—l)dey} . - dé'gx 1
0
(36 deyy
7, and z., are thez coordinates of the top and bottom 2d82y
surfaces of the lamina. These stresses can be transformed X1 o [’ 39
: . Oryx
into the local coordinates through
dK?,y
{do}i = (TIDdd o} (37) 0
[ 2dkyy J
where another coordinate transformation matriX]s,[ is | N G
defined as Q= Z (Ci(@c = ze-1)s
k=1
@ |§ 412 1y
Il G
=2 (COWEZ — %), (40
M-| @ @ mm @ 22,
2Am 2Lmp  limp + hmy 0"

1 N
3 2 CO& — 4w

k=1

Qj =
Substituting (37) into the right-hand sides of Egs. (19a) and

(19b), the averaged stress increments in the fiber and matrixwhereN is the total number of lamina plies in the laminate.

phases of this lamina can be calculated. It is thus only (Ci?)k are the stiffness elements of théh lamina in the
necessary to determine the middle surface strains and curvaglobal coordinate system, see Eg. (33). In Eq. (3%,d

ture increments, which can be achieved using the classicaldN,y, dN,y, dM,,, dV,, and d1,, are the overall incremental

Table 8
Material properties of a graphite/epoxy composite = 0.7) under tensile
fatigue: retrieved constituent fatigue propertiBs= 0.1 andw = 18 Hz)

Table 9

Retrieved constituent fatigue properties of a glass/epoxy composite under
off-axial fatigue loads B = 73 GPa »/ = 0.22, E" = 345 GPa +" =

0.35 V; = 0.6, R=0.1, andw = 19 Hz)

Cyclic numberN

Cyclic numberN

10° 10* 10° 10° 0 10 10° 10* 10° 10°
ol (MPa) 1880 1780 1683 1586 ol (MPa) 2055 1460 1235 1013 790 570
o (MPa) 26.4 24.8 23.2 21.8 o (MPa) 18.6 19.5 18 16.5 15 13.4
o (MPa) 18 17 15 14 o (MPa) 13 13 13 13 13 12
ET (GPa) 1.8 1.8 1.8 1.8 EP (GPa) 0.21 0.21 0.21 0.21 0.21 0.21
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Fig. 7. Comparison between measured [60] and predicted off-axis fatigue strengths of a UD graphite/epoxy conpesit€’afThe material parameters
used are given in Table 5.

in-plane forces and moments per unit length exerted on thewhereh = Z{:‘Zl (z, — z.1) is the whole thickness of the
laminate, respectively. Suppose that the total applied in- laminate. In all the laminates considered subsequently,
plane stresses are2, of,’y, a')?y). The incremental in-plane  each lamina in the laminates will assume a same
forces and moments are defined as thickness.

2 0 2 o
ANy = J' 2 (doyy) dz, dNyy = J7 o (dO'yy) dz,

4.1.2. Post-failure analysis

2 (413 It is evident that different ply in the laminate is
dNXV_J (doyy) dz, subjected to a different load share. Therefore, some
2 lamina ply must have failed first before others. As
soon as one ply fails, its contribution to the overall
2 b2 instantaneous stiffness matrix of the laminate must be
dex:J (dog)z dz, dMyy_J (doypy)z dz, reduced. Various reduction strategies have been
-2 —h2 proposed in the literature [62,63]. Here, we adopt a
hv2 0 total reduction strategy, which is somewhat similar to
dey:J:hlz(d‘Txy)ZdZ (41Db) that used by Chiu [64]. Once thkl' lamina ply has

Fatigue strength at N=10**5 cycles
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Fig. 8. Comparison between measured [60] and predicted off-axis fatigue strengths of a UD graphite/epoxy contpesitéfat



158 Z.-M. Huang / Composites: Part A 32 (2001) 143-172

D 120 A

60 -

40;--'——' ----------- %XXX

20

4 Measured (off-axial angle=10deg.)
A Measured (off-axial angle=15deg.)
® Measured (off-axial angle=20deg.)
Measured (off-axial angle=30deg.)
—o— Predicted (off-axial angle=10deg.)
—2— Predicted (off-axial angle=15deg.)
—O— Predicted (off-axial angle=20deg.)
--X-- Predicted (off-axial angle=30deg.)

*

° o ¢

2 2.5 3 3.5

4.5 5 5.5 6 6.5

Cycles, Log(N)
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material parameters used are given in Table 6.

failed the stiffness elements in Eq. (39) are redefined asbe forced to failure due to the limitation of the testing appa-

N
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k=1k=k,

n_ 1
ij —

N

N
> COE ~ %0 (42
k=1k~kg

1 N
Q' = 3 > (CHWE — Zip).
k=1koekg

ratus to excessive beam deflections [42,43]. This is consis-
tent with our theory.

Therefore, if a flexural load is involved, an additional
critical deflection/curvature condition has to be employed
in order that the ultimate strength of the laminate can be
determined [42,43]. However, only in-plane loads will be
concerned in the present paper.

4.1.3. Thermal analysis [28,29]

Due to stacking constraint, each lamina in the laminate

Note that the incremental forces and moments are deter-may be still subjected to nonzero thermal stress components
mined using the same formulae, Egs. (41a) and (41b). even though no overall load is applied to the laminate. This

The stiffness reduction, as given by Eq. (42), must be is because each lamina may have different global coeffi-
continued until the last-ply has failed, if the laminate is cients of thermal expansion (although the local ones may
only subjected to an in-plane load. Then, the composite be the same).
ultimate strength results. If, however, the laminate is For the kth lamina, the thermal stress and strain
involved with a flexural load, the stiffness reduction must increments in the global coordinate system satisfy [see
be performed more carefully. For example, let the laminate Eq. (25c)]
be subjected to only a bending load. The above stiffness
reduction process should be_ stopped beforeT rgaching the{d o} E,(T) = [C1{d 8}(k3,(T) —{prSdT (439
last or the second last ply failure [42,43]. This is because
under the bending condition, the middle plane strain incre-
ments, @3, etc. are negligibly small. The remaining bend-
ing curvature will have very small, if not zero, stress G G G GiT 1
contribution to the last ply failure or the last two-ply fail- {8} = {(BUK: (B2)> (Ba)} = ([Tlok([Slo)™ { .
ures, according to Eqgs. (35) and (36). For instance, if the (43b)
laminate consists of odd-number (e.g. 5, 7, 9,...) of plies
each of which has the same global property and the sameOn the other hand, the thermal stress increments applied
thickness, the central ply will not carry any load no matter on the kth lamina in its local coordinate system are
how much a pure bending will be applied to the laminate, obtained from Eqg. (37). These stress increments must
according to Egs. (35) and (36). Thus, the last ply will not be substituted into the right-hand sides of Eqs. (26a)
fail at all, but the deflection (curvature) can be increased and (26b), rather than Egs. (19a) and (19b), to deter-
unlimitedly. In bending tests of some laminated beams, we mine the thermal stress increments in the constituent
have observed that the central ply/plies of the beams cannoffiber and matrix materials. Note that the thermal strain

where



Z.-M. Huang / Composites: Part A 32 (2001) 143-172 159

Table 10 4.2. Inelastic response [27]
Constituent properties of T300/5208 laminaté4 = 0.664) used for

inelastic response analysis: elastic and strength parameters A number of laminates made using the same graphite/
— - — — . . .
(X'= 1619 MPaX' = 900 MPa Y = 49 MPa S= 76 MPa) epoxy (T300/5208) UD laminae but placed in different

Ew (GPa) Ey (GPa) Gy, (GPa) vz oy (MPa) 0y (MPa) configurations were experimentally investigated by
: Sendeckyi et al. [65] to obtain their whole stress—strain
Fibe 235 15 15 0.25 2417 1342 curves under a longitudinakdirectional) load condition.
Matrix™ 4.2 4.2 157 0.34 42 104 The laminae had a nominal fiber volume fraction\Gf=
2 Elastic properties were taken from Ref. [50]. 0.664 [65]. The constituent elastic properties together with
lamina longitudinal tensile and compressive strengis,
increments, {@}&™, in (43a) are defined as andX’, were take.n from the literature [50], see also Table
1. No thermal residual stress was assumed for these compo-
G(T) _ om o &t Z-10m 4.0Mm sites, since no related information was given [65]. The
{de}, ' =Jdey ' + ——5——dryy . deyy : . . . .
2 matrix tensile stress—strain curve was retrieved using the
lamina in-plane shear stress—strain data, because these
&t Ze1 o om 0T data are least influenced by any possible residual thermal
+ dryy ', 2dsyy X :
2 stress. The retrieval was performed in such a way that by
T only adjusting plastic parametersy' andET, at each load
+ (z + zkl)dK%ET)} (44) level, the predicted and measured in-plane shear stress—
strain curves were in close agreement. The retrieved tensile

where the middle surface strain and curvature incre- stress—strain curve was then expressed as a combination of

ments due to the temperature variation are obtained 10 linear segments. A further assumption made was that the
from matrix had a same stress—strain curve at compression as that
S - | | ' ' A at tension. The fiber tensile and compressive strengths were
d(; Qu Qi Qi Qu Qi Qi then backed out fronX andX’, respectively. However, the
dQs QL Qh Q QL Q) Qi matrix tensile strength, 36 MPa, retrieved from the lamina
| | | | 0 i 0 transverse tensile strengthj, was different from the matrix
) d(2; [ _ Qe Q2 Qes Qie Q26 Qso tensile strength, 48 MPa, retrieved from the lamina in-plane
doy ool Qs ot QY ok shear strengtlf. Thus, a simple average was used to define
I I I 0 " " " the matrix tensile strength, giving 42 MPa. Finally, the
df2; 12 =22 W26 <12 W22 <26 matrix compressive strength was backed out using the ulti-
| do) J | Qls Qb Qs Q5 Q% Q| mate strength of thet{30],s laminate under a uniaxial load

(along O direction), because at such load condition the

C 0,(T) A
dei” matrix material in the £30]s laminate is subjected to
de%T) essentially compressive stresses. The retrieved constituent
22T properties are summarized in Tables 10 and 11. Using these
N | (45) parameters, the uniaxial stress—strain curves up to final fail-
di2™ ’ ure of a number of !aminates having different stacking
oM arrangements were simulated [27], and some of them are
dreyy plotted in Figs. 10—13. Good agreement has been found.
LZdK%T) ) Additional information is present in Ref. [27].

| N G 4.3. Thermal-mechanical strength [28]
d = > (B)K@ — Z-0dT,
k=1 Four metal matrix laminates made from the same silicon-
N (46) carbide fibers (SCS-6) and Ti-15-3 matrix, with a same fiber
n_ 1 G volume fraction ofV; = 0.34, but in different lay-ups were
d0' = S > (BI(& — £-y)dT. r =0.54 bul in difterent | :
25 analyzed. Measured uniaxial (irx-direction) tensile

Table 11
Constituent properties of T300/5208 laminates = 0.664) used for inelastic response analysis: plastic parameters of 5208 epoxy matrix

1 2 3 4 5 6 7 8 9 10

(a¥)); (MPa) 28.0 34.8 42.2 49.4 56.4 63.0 69.1 74.8 80.3 83.0
(ET); (GPa) 4.20 3.30 3.07 2.63 2.22 181 1.45 1.20 0.99 0.42
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Fig. 10. Longitudinal stress versus longitudinal and transverse strains for T300/6808 laminate. The material parameters used are given in Table 7,
whereas experimental data were taken from Ref. [65].

strengths of these laminates at two or three different parameters, the laminate final failure strengths at different
temperatures were reported in Ref. [66]. The laminate lay temperatures were estimated, and are summarized in Table
ups as well as the measured laminate tensile strengths atl2. The predictions and the experiments are in reasonable
different temperatures are summarized in Table 12, in agreement.

which the O-direction parallels to the globatcoordinate.

According to Ref. [66], the laminates assumed a stress-frees 4. Fajlure envelope [20,29]

processing temperature of 805 Therefore, residual ther-

mal stresses were firstly generated in the constituent fiber One important feature of the Bridging Model is its simpli-
and matrix materials when the laminates were cooled down city. The model can be easily used to estimate the ultimate
from 815C to room temperature before applying subse- failure strength of fibrous composites under any multi-axial
guent thermal and mechanical loads. The SCS-6 fiber wasstress condition. Let us illustrate this by considering two
considered as isotropic and linearly elastic until rupture glass/epoxy laminates subjected to combined bi-axial stress
[66], whereas the Ti-15-3 matrix as isotropic and bilinearly states. The E-glass fiber reinforcement was Silenka 051L,
elastic—plastic. The thermal-mechanical properties of 1200 tex, and the epoxy resin system was Ciba-Geigy
them, obtained from Refs. [52,67] whenever possibly, are MY750/HY917/DY063. All required constituent properties
given in Tables 13 and 14, where schemes in determining and the properties of a unidirectional lamina made from the
the remaining constituent parameters are noted. Using thesesame constituents were measured independently [50], and,
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Fig. 11. Longitudinal stress versus longitudinal and transverse strains for T300/52885300°]s laminate.
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Fig. 12. Longitudinal stress versus longitudinal and transverse strains for T300/52084509(C°]s laminate.

except for the matrix plastic parameters, are summarized inproperties of the composite are used to calibrate some
Table 15 (see also Table 1). In their original data report, constituent parameters for the bridging model, an improved
Soden et al. [50] only gave the ultimate tensile stress and prediction can be expected. One such an example is shown
strain of the epoxy matrix, 80 MPa and 5%. Choosing a in Fig. 14, in which the bridging model prediction using a
typical yield strength oby' = 50 MPa the matrix harden-  lower matrix compressive strength (without changing any
ing modulus was found to be 0.85 GPa, both of which are other parameter) gave even better correlation with the
also listed in Table 15. Using these independent properties,experiments. Other more information on bridging model
the predicted strength envelopes based on the present theorgredictions for the 14 multidirectional laminates [50]
and on Tsai—Wu'’s theory [47] for the two angle-ply lami- subjected to biaxial loads has been reported in Ref. [29].
nates, {-45°]s and [=55]s are shown in Figs. 14 and 15.

Experimental data reported by Soden et al. [68] are also 4 5 | jfe prediction [31]

shown in the figures. It can be seen from the figures that

the bridging model predictions are grossly more accurate Rotem and Hashin [69] experimentally measuf®eN
than the predictions made using Tsai—Wu’s theory. It is data of angle ply Glass/Epoxy laminates;,d],s, with 6 =

also noted that the bridging model predictions were based30, 35, 41, 45, 49, 55, and 80The laminates were subjected
on independent constituent properties whereas the predic-o tensile fatigue unixaially along thé (x-) direction, with
tions from Tsai—Wu’s theory were based on the material a stress ratio oR= 0.1 and cyclic frequencyw = 19 or
parameters measured from the composite. If some overall1.8 cps. Both stress and strain controls were used during
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Fig. 13. Longitudinal stress versus longitudinal and transverse strains for T300/5208§98090°]s laminate.



162 Z.-M. Huang / Composites: Part A 32 (2001) 143-172

Table 12 stress generated in the matrix of theg(°],slaminate when
Measured and predicted total tensile strengths of SCS-6/Ti-15-3 compositejt \was subjected to the corresponding ultimate tensile load.
laminates under uniaxial loa¥{ = 0.34 and each ply being of same thick- For example when thet[60°] laminate was subjected to

) 2s

ness) the uniaxial tensile stress of 53.6 MPa, which is the fatigue
Lay-up Temperature ~ Measured [66] (MPa)  Predicted (MPa) strength of the composite at the cycle numberNof O
0 RT 13361517 1425 (Table 16), the maximum normal stress in the mgtrix was
127C 1365-1387 1249 found to be 35 MPa, .wh|ch was taken as the matrix tensile
650C 948 949 strength corresponding to the cycle number Nf= 0.
[0/90]; RT 945-1060 1046.5 Meanwhile, the plastic parameters (yield strength and hard-
650°C 548 518 ening modulus) of the matrix were determined by trial-and-
[0a/=45% 6RsT0>C 1222 1729822'2 error due to no other information being available, but in
[0/=45/90] RT 752 994.9 such a way that the predicted failure strain of the6[°] s
650°C 421 624.4 laminate was as close to the measured value as possible. On

the other hand, the predicted unidirectional tensile strength
of the lamina based on the so-defined matrix parameters and
the other given constituent properties must be equal to the
their tests. From measured lamina behaviors, the elasticmeasured strength of the lamina. For example, with the
properties of the constituents were retrieved (using EQ. constituent properties o:frf, = 2055 MPa o' = 35 MPa
(11)), and were assumed unchanged during the cyclic load-o{' = 16 MPa andEYT = 0.86 GPa and a fiber volume frac-
ing. Because a tensile fatigue applied to the],slaminate tion of V; = 0.60, the predicted longitudinal strength of the
can hardly generate any compressive failure to the fiber resulting unidirectional lamina is 1247 MPa, which is equal
material, the fiber compressive strength data were immater-to the measured value Bit= 0 [56], whereas the predicted
ial for the present prediction. The fiber tensile fatigue data ultimate strain of the £60°],s laminate is 0.8762%, higher
were taken from those given in Table 9, whereas the matrix than the measured strain, 0.4022% [69]. However, if we take
tensile and compressiv@-N parameters were back calcu- ET = 2.46 GPa the predicted longitudinal strength is
lated using measured over&N data (which were defined 577 MPa, which is incorrect, although the predicted lami-
similarly as those in Table 6) of thet60°],s and [=30°] 5 nate ultimate strain has been improved to 0.4532%. Thus,
laminates, given in Table 16. This is because under the the matrix plastic and tensile strength parametefd at 0
uniaxial tensile load condition the matrix in the:$0%], were chosen asy' = 16 MPa ET' = 0.86 GPaand o' =
or [=30°], laminate is essentially subjected to tension or 35 MPa These plastic parameters were kept unchanged for
compression. The constituent fatigue properties are all the subsequent cycle numbers unless the corresponding
summarized in Table 17, whereas a detailed procedure forlongitudinal load was unable to apply to the unidirectional
the retrieval of the matrix fatigue data is described below. lamina. In such casedN(= 10° and N = 10°), the matrix

As the measured stress—strain curves of the compositesjield strengths were adjusted accordingly. For example,
under static tensile load condition displayed nonlinear beha-with ¢¥' = 16 MPa ET = 0.86 GPa o' = 21 MPa and
vior [69], the matrix used could not be considered as linearly o, = 790 MPa the predicted longitudinal strength of the
elastic until rupture. Instead, it was assumed to be bilinearly unidirectional lamina was lower than 480 MPa, which is
elastic—plastic in the retrieval. The matrix tensile strength at the longitudinal tensile strength of the unidirectional lamina
a given cycle number was specified as the maximum normalat N = 10° [56]. Thus, the yield strength was adjusted to

15.5 MPa (Table 17), with which the predicted lamina long-

Table 13 itudinal strength is 480 MPa. The retrieved matrix tensile
Thermoelastic properties of the SCS-6 fiber [67] strengths and plastic parameters at cycle numbers=6f0
to N = 10° are listed in Table 17.

2 RT = room temperature, taken as°25

T(C) B (GPa) ol (MPa) i (x10°°/°C) Under the assumption that the matrix plasticity at
o5 393 0.25 2600 3.564 compression was the same as that at tension, the compres-
93 390 0.25 2576 3.660 sive strengths of the matrix at the chosen cycle numbers
204 386 0.25 2537 3.618 were back calculated straightforwardly: by applying the
316 382 0.25 24% 3.638 uniaixal loads at the respective numbers to tHe3(],s
gg; g;i 8:;2 331‘9 2:3?; laminate, the maximum compressive stressesY) in the
650 370 0.25 2380 3.826 matrix were taken as the matrix compressive strengths at the
760 365 0.25 2341 3.903 corresponding cycle numbers.
871 361 0.25 2302 3.980 Using the constituent properties given in Table 17, the
1093 354 0.25 2224 4.103 predictedS-N curves of angle ply laminates with= 35,

2 Retrieved using the tensile strength of][daminate. 41, 45, 49, and 5%are plotted in Figs. 16-20, respectively.

® Interpolated. For comparison, the measured data by Rotem and Hashin

¢ Extrapolated. [69] are also shown in the corresponding figures. It is seen
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Table 14

Material properties of the Ti-15-3 matrix [67]

T (°C) E™ (GPa) ¥ (MPa) ET (GPa) p™ o' (MPa) am (X 1078°C)
25 83.6 763 3.32 0.36 848 8.48

315 80.4 645 3.54 0.36 719 9.16

482 72.2 577 3.67 0.36 645 9.71

538 67.8 447 2.69 0.36 500 [52] 9.89

566 64.4 287 2.39 0.36 321 9.98

650 53.0 198 1.12 0.36 292 10.26

900 25.0 26 0.8° 0.36 27 10.50

2 Retrieved using the tensile strength of [0/Q0minate.
® Interpolation/extrapolation value.
¢ Determined according tar(T) = a(T)ay(T), (T) = a3 + [(T — 25/(538— 25)](a, — 1), ; = 848763 = 1.1114 anda, = 500447 = 1.1186

that correlation between all the predictions and the experi- 5. Summary remarks
ments is satisfactorily high.

Finally, it deserves special mentioning that the present (1) The bridging parameter® and«, in Egs. (7b) and
prediction can also display clearly the averaged interlaminar (7¢), can be adjusted using measured transverse and in-
stress in the laminate, i.e. the stress component in the thick-plane shear moduli of a unidirectional composite, respec-
ness direction. This stress is critical to the laminate delami- tively. They have effect on both the predicted elastic proper-
nation. The present prediction indicated that under the ties and the predicted ultimate strength of the composite. It
tensile fatigue load, the two in-plane principal stresses, i.e. has been found that without changing the predicted elastic
omaxandami,, in the matrix material of the 8],s laminate modulus significantly, a smaller value ghor « would give
have a negative averaged value (@8, + omin < 0) when a slightly better prediction for an off-axial strength of some
8° < § < 44°. The o, attains a critical value when 16< composites. If no other information is available, the follow-

6 = 39°. Out of that range, i.e. whefi=< 8° or § = 44°, the ing recommendations can be considered for these two
sum of the two in-plane principal stresses is positive. parameters:

According .to the classical lamination thepry, the out-of- B = 0.4-0.45 and = 03-035

plane strain components are zero. This means that a
positive stress component will be generated in the It should be pointed out that not too much difference can be
matrix in the thickness direction, due to Poisson's experienced when using some other bridging parameters, as
ratio effect, when 8< 0 <44, and will attain the indicated in most examples of this paper, in whgh= a =
largest when 16< 6 = 39", Such a stress component 0.5 have been used.

is the source to initiate the laminate delamination. (2) The power indexg, in Eq. (20b) is an empirical
Thus, an angle-plied laminate made from the current parameter. One example (Fig. 14) in this paper suggested
glass/epoxy system subjected to a uniaxial tensile (fati- that this parameter should be greater than 2. However, by

gue) load may generate delamination wheh<86 < choosingg = 3, only some small difference can be observed
44, and most probably when 16 6 = 39. On the between the classical and the generalized maximum normal
contrary, no delamination can occur wheh= 8 or stress criteria. As such, the simpler classical maximum

0 = 44°. These observations are consistent with Rotem normal stress criterion should be able to generate reasonably
and Hashin’s experimental evidences [69]. They noticed good predictions in most cases. The majority of the results
that the laminate failure was initiated by delamination shown in this paper were obtained just based on the classical

at edges wherd < 45 (i.e. for the 30, [£357]s, maximum normal stress criterion.

and [+471°]s laminates), whereas no delamination (3) The matrix plasticity is not very important for lamina
occurred in the f£6]s laminates whend > 45°. strength prediction, as long as the lamina is statically
Table 15

Material properties of a glass/epoxy lamina (Silenka 051L/MY750/HY917/DY063) used for failure envelope predigtior’4 GPa 1 = 0.2, E" =
3.35GPav" = 0.35 oy = 50 MP3 ET = 850 MPa E; = 45.6 GPa E,, = 16.2 GPa vy, = 0.278 Gy, = 5.83 GPaandV; = 0.60)

Longitudinal tensile Longitudinal compressive Transverse tensile  Transverse compressive In-plane shear
strength (MPa) strength (MPa) strength (MPa) strength (MPa) strength (MPa)
Fiber 2150 1450 — - -
Matrix 80 120 - - -

Lamina 1280 800 40 145 73
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Fig. 14. Predicted and measured [68] failure envelopes af45]] glass/epoxy shell of; = 0.504 subjected to combined axial and circumferential tensile

loads.

determinate (i.e. the stress components applied to the laminabridging model theory. It is noted that this conclusion is

can be determined only using an equilibrium condition) and
as long as the fiber fracture controls the longitudinal failure
of the composite. Another implicit assumption involved
is that the fiber stiffness should be significantly higher
than the matrix stiffness. In contrast, the matrix plasti-
city becomes very important for laminate progressive
failure analysis and for its strength prediction. The
reason is that an angle-plied lamina in the laminate
becomes always statically indeterminate.

valid only when the stiffness and strength of the fibers are
significantly higher than those of the matrix. On the other
hand, the composite transverse and in-plane shear responses
are quite sensitive to the composite fabrication conditions
involved. As such, the matrix ultimate strengths (tensile and
compressive strengths) should be, whenever possibly, cali-
brated using overall uniaxial strengths of the composite
along some proper directions. If a laminate is going to be
accurately analyzed, some laminate strength rather than

(4) The in situ constituent strength parameters, especiallylamina strength should be used in the calibration. On the

the matrix ultimate strength, are crucial to the accurate
prediction of the resulting composite strength. This is

contrary, the matrix plastic parameters or stress—strain
curves obtained from bulk material tests under both tension

because the failure of most composites, except for thoseand compression can be directly employed in the bridging
that carry out a main load component closer to the fiber model simulation.

direction, results from the matrix fracture, based on the

500

(5) For most composite examples shown in this paper,
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Fig. 15. Predicted and measured [68] failure envelopes af%5]] glass/epoxy shell o¥; = 0.602 subjected to combined axial and circumferential tensile

loads.
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Table 16 In the above, ¢Ym, (0)m and @), stand for the three
Measured [69] failure stresses of angle ply laminates (MPa) principal stresses in the matrix.

(6) When the constituent elastic as well as matrix plastic
parameters have been given, the retrieval of only the consti-

Lay up Cycles to failureN

0 10° 10° 10* 10° 10° tuent strengths is performed straightforwardly. By simply
430 3435 3438 2886 2292  169.9 1105 applying some uniaxial load tg the composite until its ulti-
+ 60 53.6 53.8 48.9 40.6 323 24 mate level (i.e. the level which would have caused the

composite to fail), the resulting maximum (or equivalent
maximum, in Eq. (20)) normal stress in the matrix or the
fiber is defined as the ultimate strength of the matrix or the
fiber.

their constituent matrix materials have been subjected to (7) The composite theory (i.e. the basic equations (2a)—
essentially tensile loads or have been assumed to take th€2e)) was established at the level of a representative volume
same response (i.e. the same elastic and plastic properties) alement (RVE). By definition, a RVE is the smallest repeat-
compression as that at tension. The latter assumption is seeing element in the composite. Therefore, it can be a single
to be inaccurate in general, and may be attributed to onefiber together with a matrix enclosure, as indicated in Fig.
reason that some parts of the simulation results did not showA1. The bridging model has been developed with respect to
very high correlation with the corresponding experiments. the RVE: as long as the overall applied load on the RVE is
As can be understood, in reality, most matrix materials, given, the composite internal response can be determined
especially polymer matrices, do exhibit different response with this model. Different RVEs in the composite (such as a
at compression than that at tension. Therefore, different composite structure or component) may sustain different
matrix properties should be employed for a more accurate overall loads. An FEM Software package can be used to
simulation, depending on whether the matrix material in the determine the overall loads on all the elements of the
composite is subjected to the resulting tension or compres-composite, whereas the bridging model is incorporated to
sion. However, the matrix material in a complex composite determine the internal response and instantaneous stiffness
such as a multidirectional laminate or a textile fabric rein- matrix (elemental local stiffness matrix) of an element.
forced composite is generally subjected to the resulting Evidently, one Finite Element may contain quite a lot of
multiaxial stress-state even though the composite itself is RVEs, and the analysis becomes more and more accurate
under a simple uniaxial load condition. It is highly possible when the Finite Element contains less and less RVEs.

that some of the matrix stress components are positive

(tensile) while the others are negative (compressive). A
criterion is thus necessary to indicate whether the materia

is subjected to essential tension or compression. A straight- . . .
J P 9 A recently developed micromechanics model, the Brid-

forward choice for this is to use the three material principal ina Model. is summarized and reviewed in this paper. The
stresses [40,41]: if the sum of these three stresses is negag 9 ' Paper.

. A "~ "model is so general that it can be applied to essentially any
tive, the material is understood to be under compression; . ; . ; .

N . continuous fiber reinforced composite, and yet is so easy to
otherwise, it is under tension. Namely [40,41],

implement that it only involves explicit formulae and
requires no iteration especially when the composite is
subjected to a planar load condition. Potential applications
of the model to estimate various mechanical properties of
unidirectional laminae and multidirectional laminates,
including thermo-elastic behavior, ultimate strength, inelas-
tic response, strength at elevated temperature, strength
Table 17 envelope, fatigue life an8-N curve, etc. have been demon-

Retrieved constituent fatigue properties of glass/epoxy laminates used for‘c’trat,ed |n'th|s paper. Its powerfgl apphcapons t‘_J textile
life prediction € =80 GPa ' =0.25 E™ = 4.0 GPa »" = 0.35, and fabric (knitted, woven, and braided fabrics) reinforced

# Linear extrapolation= 347.9.
P Linear extrapolatior= 57.3.

| 6. Conclusions

if (Y + (0D + (0, <0, the matrix is under
essential compression;

if (0Ym+ (0)m + (0D, =0, the matrix is under
essential tension.

V; = 0.65) composites will be reviewed in a subsequent paper.
Cycles to failureN
0 109 10° 10* 10° 10° Appendix A
ol (MPa) 2055 1460 1235 1013 790 570 Let V' denote the volume of the representative volume

oM (MPa) 35.0 35.0 32.0 265 210 16.0 element (RVE) of a UD composite, as shown in Fig. Al.

ngc (MPa)  70.0 70.0 59.0 470 340 220 The volumes of the fiber and the matrix in the RVE ¥fe

oy (MPa)  16.0 16.0 16.0 160 155 120 / ; P

ET (GPa) 0.86 0.86 0.86 086 086 086 _ande, res_pectlve_ly. Suppose f[hat thta pomt_ wise stregs
in the RVE iso; which may be different at a different point.
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Fig. 16. Predicted and measured [N curves of a glass/epoxy35°]s laminate.

The volume-averaged stregs of the composite is defined volume averaged stresses and strains, the over-bar can be
as omitted. Thus, Eq. (2a) holds in any case. Further, the
constitutive relationship between volume averaged stresses

. 1 1 @V + 4V and strains has the same form as that between point-wise
RV AV v i , 7 stresses and strains, because a compliance matrix is inde-
pendent of volume averaging. This shows that Egs. (2¢)—

Vi 1 V! 1 (2e) are correct.
(L) (9N

S
!
|

S

Q.

2

m

Appendix B
= Vfo'if + Vo™,
] Volume averaged stresses and strains in a representative
1=12..6 (A1) volume element (RVE) of the lamina satisfy (Appendix A)
do} = Vi{do'} + Vp{de™ B1
whereV; (= V{/V') andV,, (= V/V') are the volume frac- {da} ddo} mido} B

tions of the fiber and the matrix, respectively, amdand and
o™ are the volume-averaged constituent stresses. Similarly, f m
) . ; . )= + .
we can derive an identity for volume averaged strains {da} =Vi{de} + Vi{deT) (B2)

amongz, &, and &". As we are only concerned with  The constitutive equations correlating the averaged stresses
I 1 I
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Fig. 17. Predicted and measured [N curves of a glass/epoxyf41°]s laminate.
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Fig. 18. Predicted and measured []N curves of a glass/epoxy45’]s laminate.

and strains in different phases of the RVE are expressed aswvhere

{d&} = [SHdo "}, (B3) VEin  —wilBn —wo/Ey
[Sile = VEyp  —wdlBp | (B6b)
{de"} = [S"Hda ™}, (B4) symmetry 1E,,
and and
{de} = [S{dd}. (BS) UGy 0 0
Substituting Eq. (1) into Eq. (B1) and inverting the resulting [Sjl- = VG, 0 | (B6C)

equations yields Eq. (4a), whereas substituting Eq. (4a) into
Eqg. (1) gives Eq. (4b). Further, substituting (B3) and (B4)
into (B2) and making use of (1), one obtains (B5), or Eq. (3). Note that the material parametéts, G,z andv,zare not all
Let us consider an elastic deformation first. In such a case,independent but are related by

the overall compliance matrix of the lamina, Eq. (3), reads

symmetry 1G5

Ex
Gy3= = . (B7)
[Sijl O 2(1 + vy3)
[Sl = , (B6a) o .
0 [S1- Therefore, there are only five independent elements in the
Ply-angle=49 (deg.
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Fig. 19. Predicted and measured [N curves of a glass/epoxyH49°] laminate.
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Fig. 20. Predicted and measured [N curves of a glass/epoxy-55’]s laminate.

bridging matrix (6). The other nonzero elements are deter- elements should be amomg's wherei = 3 andj = 3. We

mined by substituting (6) into (3) and by making the result-

may thus sef,; = az; = 0, and takeay,, ay», ass, andas, to

ing compliance matrix to be symmetric [see Eq. (5)]. Note be independent.

that the constituent compliance matrice®] nd [S™], have
the same structure as that &,[Eqgs. (B6a)—(B6c). Hence,
the most general form of the bridging matrix (in an elastic
region) should read

a1 Q12 A3 7]
ay A A3
az; A3y as3

(Al =

| remaining zero
(B8)

Substituting the choserA]] into Eq. (3) and imposing
that§; = §; for all i,j = 1,2, 3, three algebraic equations
are obtained as follows:

aq1@1p T apdyz t+ ag3d3 = Pr, (B9a)
Q21812893 T pp8y3 T 33 = Po, (B9b)
3181083 T @z0817 T 33813 T 3483 = Pa. (B9o)

In Egs. (B9a)—(B9c), the parameterg's andp;’s are given
by:

a1y = (Vi + Vipaga)(Spy — ST,

As Gy, is an independent modulus, the bridging element %12~ ~Vin(Sh1 — SlVas,,

ass = agg Must be independent. In light of Eq. (B.), i.e.

Gz is not independent, the other four independent bridging a5 =

A2

v

—Vin(Si2 — Shasy,

A2

Fig. Al. A representative volume element of a UD composite.
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o1 = Vin(Si; — ST,
= — (Vi + Vi) (Shy — ST,
azs = ~[(Vs + Vina11)(Siz — ST — Vin(Sis — Sz,
31 = V(S — S,
g = (Vi + Vinaga)(Syy — SR,
33 = (Vi + Vindz2)(Siz — SI) + Vin(Sh1 — Shagal,
a3 = — (Vi + Vina10)(Sh2 — ),
P = (Vi + Vindgs)(Si2 — Shh)(au1 — 82)
—(Vi + Vinay1)(Si3 — S)ag,,
P2 = (Vi + Vina)(Sis — Sia)(ags — ay),

Ps = (Vi + Vinau)[(Shs — S (@gs — a20) — (Siz — Siy)ag,l.

As Egs. (B9a)—(B9c) are nonlinear, there might exist two
sets of solutions t@y, a3 anda,s;. Choosingay, as the
primary variable, two solutions of it are given, respectively,

by

| —b + Vb? — 4ac

N

b2 — 4ac
2a ’
(B10a)

CcC=

w_ —b-—
app =

where a= ayv,,
P + ax3fs — Pa,

[a13(Pa/agy — Pa/az1) — Pilasdazy — axs/agsy)]

b= a8, + axyy + axgye,

B = b
VT ana(asglag — aglag) — agy(asdaz — axgag)
(B10b)
B, = [P1(azz/azy — azlany) — ara(Pa/azy — Palazi)]
ay3(agglagy — axplagy) — agp(agyazy — axg/an)’
(B100
vy = [—ays(agp/agy) + agg(azd/agy — aps/an)]
L=

s
agz(azg/agy — aglany) — agp(agsazy — axslasy)

(B10d)

_ [aga(azy/agy) — agi(azz/agy — azxlar)]
aga(azalazy — aglany) — ajp(agsazg — axslasy)
(B10®

With formulae (B10a)—(B10e), the other two variables are
obtained as

a3 = B1 + 1812, Az = Bo + 2810

The independent elementg;, a,,, as3, andas,, are expected
to depend on the elastic properties of the matrix and the
fibers, and on the fiber packing geometry (the relative

Y2

(B10f)
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position of the fibers embedded in the matrix, the fiber
volume fraction, the fiber cross-sectional shapes, etc.).
When the properties of the two materials become the
same, the bridging matrix Aj], must be identical (of unit
matrix). Hence, the general forms of the independent
elements are always expressible as the power series of the
material properties, i.e.

aj =1+ B(1— EMEL) + -, (B11a
Ay, = 1+ Boy(1 — EMELy) + -, (B11b
8gy = Bay(1 — EMELY) + Bl — iy + -, (Bllg
ag3 =1+ Bs(1 — EMELy) + -, (B11d)
ags = 8gs = 1 + Bsy(1 — G"/Gyp) + -+, (Blle

whereBj's only depend on the fiber packing geometry but
are independent of material properties. For clarity, we call
Bi's as bridging parameters.

The most rigorous method to determine the bridging para-
meters is through experiments. Supposing that the five elas-
tic constants of the composite have been measured, the
bridging parameters can be determined using some best
approximation, such as the least-squares techniques.
However, explicit expressions for them are much more
important in application. The most significant feature is
that when the bridging parameters are determined using
an elastic deformation condition, they remain unchanged
during an inelastic deformation. As the composite elasticity
theory has already been fairly well established, we may use
it to explicitly determine a set of bridging parameters.

Thus, let us imagine that a representative volume element
is composed of a concentric cylinder (Fig. Al). Based on
this, some rigorous analyses have been done and it was
found that [70]:

o1 = 601, (B123
where

%6=-%(1+-§%). (B12b)
Comparing (B12b) with (B11e), we see that

Bs1 = —0.5. (B13)

Further, experiments have shown that the overall longitudi-
nal stress of a unidirectional fiber reinforced composite is
comparable with the stress of the fiber in the same direction,
whereas the overall transverse stress of the composite is
comparable with the matrix stress in that direction. It is
thus reasonable to assume that the averaged normal stresses
between the fiber and the matrix are correlated by

m f f f
011 = @11011 T 81202 t+ 813033, (B14g
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0%y = ag0hy, (B14b)
0% = agsoks. (B140)

Because of the axi-symmetry of the concentric cylinder

geometry, we may further assume that = a,,. Substitut-
ing so definedy;’s, i.e.

=P =Q3=axp=0 and ag=ay, (B1H
into Eq. (B10), it is found that
a1z = a1 = (S;p — SH(@11 — a)/(S;; — S (B1o)

Hence, there are only two independent elementanda,,,

Z.-M. Huang / Composites: Part A 32 (2001) 143-172

(Vf + Vmall)(vf + Vma22)

Epp = ,
27V + Vinar ) (Vi Sy, + 322VinS) + ViVin(SH — Shpaun

(B23)

(Giz + G™) + (G, — GM)
=g" , (B24)

12 (G, + G™ — V;(Gl, — G™)

) +

Gas 0.5(V; + Vinazo) (B25)

- Vi(S, — Sp) + Vindoo( S, — S

Egs. (B21) and (B22) are the rule of mixture formulae for

to be defined. Again, substituting (B15) into Eq. (3) and composite longitudinal Young’s modulus and Poisson’s

making some manipulation, the longitudinal Young's
modulus is obtained as

ratio, which are sufficiently accurate. Eq. (B24) is the result
of an exact elastic solution for the overall in-plane shear

modulus G;,) of the composite, see Ref. [70]. The accuracy
of formula (B23), which is obtained based on Eq. (B20), can
be seen from the comparison between predicted and experi-
mental results for the transverse modulus of a glass/epoxy
composite shown in Fig. 1 (witB = 0.5). It is seen that the
present model and Chamis’s model give comparable results
for the transverse modulus of the composite, both of which
are in close agreement with the experimental data.

_ (Vf + Vmall)
(Vfgll + VmaSh)

It is well known that the rule of mixture approach gives a
quite accurate approximation to the composite longitudinal
modulus. Supposing that the modulus defined by (B17) is
equal to that given by the rule of mixture formula, we get

= (B17)

a;; = E"EL, (B18) Having validated the correctness and accuracy of the

independent bridging matrix elements, Egs. (B12b), (B18),
or and (B20), in an elastic region, we can now easily extend
B11=—1 (B19) them to a plastic region based on a logical consideration. As

) ) ] ] o the bridging matrix correlates the stress states generated in
Itis noted that with this set a;'s, the resulting longitudinal ¢ finer and matrix materials, it can only depend on the
Poisson’s ratiops,, is exactly the same as thaﬁf given by the  yhysical and geometrical properties of the constituent mate-
rule of mixture formula, i.ev, = Vivy, + V™. rials in the composite. As long as the bridging matrix has

There remaingy,, which defines the transverse modulus peen determined using an elastic deformation condition,
E,, to be determined. Many different micro-mechanical only the physical properties involved need to be changed
formulae have been proposed for the transverse modulusyhen any constituent material undergoes a plastic deforma-
Ez,. In fact, one of the main motivations of different micro- - (io The geometrical properties, i.e. the fiber volume frac-
mechanics approaches is to give a distinguished expressionjon the fiber arrangement in the matrix, the fiber cross-
for the transverse modulus [S]. Tsai and Hahn [47] chose gectional shape, etc. do not change or only vary by a negli-
8, = 0.5 in a modified rule-of-mixture formula and much  giny small amount. Therefore, the independent elements of
better estimations were found for some composites. In light o bridging matrix should be given by Egs. (7a)—(7d) (with
of the fact that,, = 1 must be valid when the fiber and the B = a = 0.5), whereas the dependent elements of the brid-
matrix become the same, a formula similar to (B12b) is ging matrix must be determined by solving Eq. (5). It should
chosen fory,, i.e. be noted that the bridging matrix has the form of Eq. (6)

1 rather than Eq. (B8). This is because the constituent compli-
ayy = E (1 + —

ance matrix may be fully occupied due to the plastic defor-
which corresponds t8,; = —0.5 in (B11b). Finally, using

mation, see Eq. (15).
Some further remarks deserve mentioning. It has been
condition (B7), the bridging elemeai, is found to have the
same expression as,, i.e. Eq. (B20).

recognized that the composite longitudinal property; (
together withv,,) is the least “case sensitive”. However,
By means of the bridging matrix defined above, a set of the composite transverse and in-plane shear properties are
new formulae for the five engineering moduli of the unidir- much more dependent on the in situ conditions involved,
ectional fibrous composite are derived as such as fabrication defects, processing condition, fiber-
matrix interface bonding, fiber arrangement, fiber cross-

(B20)

Eip = V{Ef; + VoE™, (B21) sectional shape. In order to account for these variations,
the corresponding independent bridging elements,abe.
vz = Vit + Vo™, (B22 andags, may be chosen as variable. This can be achieved
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by using, e.g. the following formulae:
m

E
a222333:a44:3+(1_[3)E—f, 0=p=1,
11

(B26)

m

G
a55:a66:a+(1_a)G_fa
12

O=a=1,

(B27)

as shown in Eqgs. (7b) and (7¢). The paramefeasda can

be calibrated using measured transverse Young's modulus,q
and in-plane shear modulus, given by Eqgs. (11c) and (11d),

respectively. It is important to realize that the same para-
metersa and 8 can be used in the inelastic and strength
analysis of the composite.
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