- Clear["Global’ "]

=y

Qro(1+z)*
m- = Qr[z_] t= —mm
e[z)?
Qmo
n- - Qro iz ———
(1+ zeq)

Tcmb -4
n- - zeq 1= 2.5« 10% Qmo h?

2.7 Kelvin
m- - Temb = 2.7255 Kelvin

- - Simplify[zeq]

our- - 24077.4 h> Qmo

- - zeq := 24077.4405856556" h? Qme
n - = Q1l[z_] = 3 BH[z] « pde[z]

- Q[z_] += Q1[z]

Qlz]
In[ « J:= QI[Z_] = —
3 MP2 H[z]®
n- - pde[z_] := 3 MP? H[z]* Qde[z]*
n - - Simplify [QI[z]]
our- - 3 B Qde[z]?
n- - QI[z_] 1= 3 B Qde[z]?

- - QmO = 0.3213 3

c=0.8294;

B=0.0782;

h=0.6558;
n - Qro

ouf - - 0.000096542



2 | interacting_holographic_dark_energy.nb

1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - sol = NDSolve [{— e'[z] == - (— '\/ Qde[z] + — + ]
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

out - J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar

- LogLogPlot [e[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness [Medium]]}, FrameLabel - {"z", "E"}]

0.001 1 1000 10°®

- - LogLinearPlot [Qde[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness[Medium]]}, FrameLabel - {"z", "Qde"}]
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- Clear["Global’ "]

=y

Qro(1+z)*
m- = Qr[z_] t= —mm
e[z)?
Qmo
n- - Qro iz ———
(1+ zeq)

Tcmb -4
n- - zeq 1= 2.5« 10% Qmo h?

2.7 Kelvin
m- - Temb = 2.7255 Kelvin

- - Simplify[zeq]

our- - 24077.4 h> Qmo

- - zeq := 24077.4405856556" h? Qme
n - = Q1l[z_] = 3 BH[z] « pde[z]

- Q[z_] += Q1[z]

Q[z]
In[ « J:= QI[Z_] = —
3 MP2 H[z]®
n- - pde[z_] := 3 MP? H[z]* Qde[z]
o - Simplify [QI[z]]
oui - - 3 B Qdel[z]
m-1- QI[z_] t= 3 B Qde[z]

- - QmO = 0.3213 3

c=0.8294;

B=0.0782;

h=0.6558;
n - Qro

ouf - - 0.000096542



2 | interacting_holographic_dark_energy-Q1.nb

1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - sol = NDSolve [{— e'[z] == - (— '\/ Qde[z] + — + ]
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

out - J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar

- LogLogPlot [e[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness [Medium]]}, FrameLabel - {"z", "E"}]

0.001 1 1000 10°®

- - LogLinearPlot [Qde[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness[Medium]]}, FrameLabel - {"z", "Qde"}]
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- Clear["Global’ "]

=y

Qro(1+z)*
m- = Qr[z_] t= —mm
e[z)?
Qmo
n- - Qro iz ———
(1+ zeq)

Tcmb -4
n- - zeq 1= 2.5« 10% Qmo h?

2.7 Kelvin
m- - Temb = 2.7255 Kelvin
- - Simplify[zeq]

our - - 24077 .4 h* Qmo

n- - zeq = 24077.4405856556° h? Qmo
n - = Q2[z_] ¢= 3 B H[z] » pc[z]

n - - Qlz_] = Q2[z]

no- QI[z ] i= =
3 MP2 H[z]®

n- - pclz_] 1= 3 MP? HO? QcO (1 + 2)°
- - pde[z_] = 3 MP? H[z]* Qde[z]
n- - H[Z_] = HO e[z]

n - Simplify [QI[z]]
3(1+2)°BQco

outf « J=
e[z]?

3(1+2)°3BQco
- QI[z ] $2 ————
e[z])?
- - QmO = 0.3225 3
Qb0 = 0.0518;
Qco=Qmo-Qbo;

c=0.7538;

B=0.0092;

h=0.6399;
n - = Qre

our- - 0.000101398



2 | interacting_holographic_dark_energy-Q2.nb

1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - sol = NDSolve [{— e'[z] == - (— '\/ Qde[z] + — + ],
e[z] 1+z \c 2 Qde[z]
2 (1-Qde[z]) Qde[z] {1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

out - J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],
Output : scalar
Qde » InterpolatingFunction [ L Domain : {0., 1. x10°}} ]}}
Output : scalar
- LogLogPlot [e[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness [Medium]]}, FrameLabel - {"z", "E"}]
10° - 1
@100 p
Outf =
100 F 1
0.001 1 1000 10°®

- - LogLinearPlot [Qde[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {Directive[Black, Thickness[Medium]]}, FrameLabel - {"z", "Qde"}]
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- - Clear["Global™ %"]

Qro(1+z)*
m- = Qr[z_] t= —mm
e[z])?
Qmo
n- - Qro iz ———
(1+ zeq)

Tcmb -4
n- - zeq 1= 2.5« 10% QmO h? | ——
2.7 Kelvin

m- - Temb = 2.7255 Kelvin
- - Simplify[zeq]

our - - 24077 .4 h* Qmo

- - zeq := 24077.4405856556" h? Qmo
- 1- Q3[z_] := 3 B H[z] (pde[z] + pc[z])
- - Q[z_] 1= Q3[z]

Q[z]
Inf « J:= QI[Z_] = —
3 MP2 H[z]®
n- - pclz_] 1= 3MP? HO” QcO (1 + z)°
n- - pde[z_] := 3 MP? H[z]* Qde[z]
- 1= H[z_] ¢= HO e[z]

o - Simplify [QI[z]]
3 B8((1+2)° Qco + e[z]* Qdelz])

Outf « J=
e[z]

3B((1+2)° Qco +e[z]* Qde[z])

- = QI[z_] =
ef[z]*
n- - QmO = 0.3235
Qb0O = 0.0547;
QcO = Qmo -Qbo;

c=0.7675;

B =0.0088;

h=0.6394;
n = Qro

ou - - 0.000101557



2 | interacting_holographic_dark_energy-Q3.nb

1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - sol = NDSolve [{— e'[z] == - (— '\/ Qde[z] + — + ],
e[z] 1+z \c 2 Qde[z]
2 (1-Qde[z]) Qde[z] {1 1 QI[z]-Qr[z]

Qde '[z] == -

l1+2z

|

— 4/Qde[z] + — +

C

2

)

2 (1-Qde[z])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

/

- {{e - InterpolatingFunction [ Domain : {0., 1. x10°}} ],

Output : scalar

Domain : {{0., 1. x 10°}}

Output : scalar

Qde - InterpolatingFunction [

_ It

In[

- LogLogPlot [e[z] /. sol, {z, 167%, 106°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness [Medium]]}, FrameLabel - {"z", "E"}]

10°

1000 10°®

- - LogLinearPlot [Qde[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {Directive[Black, Thickness[Medium]]}, FrameLabel - {"z", "Qde"}]

0.7F ‘ ‘ w \ ‘ ‘ .
06
05

04 F E

Qge

out 03¢ ]
02f E

0.1F

0.0 F E

0.001 1 1000 108



In[

In[

In[

In[

Out[

In[

Inf

In[

In[

In[

In[

In[

In[

Inf

Out[

ol

o= QI[z_] i=

- Clear["Global’ "]

Qro(1+z)*
- Qr[z_] i1z ——
e[z])?
Qmo
- Qre jz ———
(1+ zeq)

Tcmb -4
- zeq 1= 2.5~ 10* Qmo h? (—]
2.7 Kelvin

- Tcmb := 2.7255 Kelvin
1= Simplify[zeq]

- 24077.4 h?> Qmo

- zeq := 24077.4405856556" h? Qme

- Q4[z_] := 3 BH[z] 4/ pde[z] - pc[z]

= Qz_] := Q4[z]
Q[z]

- QI[z ] iz ———

3 MP2 H[z]®

- pc[z_] := 3 MP? HO? QcO (1 + 2)°

- pde[z_] := 3 MP? H[z]* Qde[z]

- H[z_] = HO e[z]

- Simplify [PowerExpand [Simplify [QI[z]]]]

3(1+2)*2 B A/Qco +/Qde[z]

/

e[z]

3(1+2)*28 4/aco '\/Qde[z]

e[z]

- QMmO = 0.3233
Qb = 0.0526 ;
Qco = Qmo - QbO;
c=0.7868;

B =0.0346;
h=0.6512;

- Qro
- 0.0000979105



2 | interacting_holographic_dark_energy-Q4.nb

1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - sol = NDSolve [{— e'[z] == - (— '\/ Qde[z] + — + ]
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

out - J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ k Domain : {{0., 1. x10°}} ]}}

Output : scalar

- LogLogPlot [e[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness [Medium]]}, FrameLabel - {"z", "E"}]

0.001 1 1000 10°®

- - LogLinearPlot [Qde[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness[Medium]]}, FrameLabel - {"z", "Qde"}]

0.7F ‘ ‘ w \ ‘ ‘ 5
06 ]
05 B

04 b

Qge

ouff « J- 03 g
02 b

0.1F b

0.0 | .

0.001 1 1000 108



In[

In[

In[

In[

Out[

In[

In[

In[

In[

In[

In[

In[

In[

In[

Inf

Outf

ol

nf e J= QI[Z_] o=

- Clear["Global’ "]

Qro(1+z)*
- Qr[z_] i1z ——
e[z])?
Qmo
- Qre jz ———
(1+ zeq)

Tcmb -4
- zeq 1= 2.5~ 10* Qmo h? (—]
2.7 Kelvin

- Temb := 2.7255 Kelvin

1= Simplify[zeq]

- 24077.4 h? Qmo

- zeq := 24077.4405856556" h? amo

pde[z] » pc[z]
- Q5[z_] := 3 BH[z] —8888
pde[z] + pc[z]

- Qlz_] := Q5[2]

Q[z]
- QI[z ] iz ———
3 MP2 H[z]®
- pclz_] := 3 MP? HO? QcO (1 + 2)®
- pde[z_] := 3 MP? H[z]? Qde[z]
- H[z_] := HO e[z]

- Simplify [PowerExpand [Simplify [QI[z]]]]
3(1+2)%B0Qco Qde[z]

(1+2)®Qco + e[z]? Qde[z]

/

3(1+2)°B8QcoQde[z]

(1+2)Qco+e[z]* Qde[z]

- Qmo = 0.3224 ;
Qbo = 0.0521;
QcO = Qmo - Qbo;

c=0.7983;

B =0.0958;

h=0.6545;
= Qro

- 0.0000969259



2 | interacting_holographic_dark_energy-Q5.nb

1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - sol = NDSolve [{— e'[z] == - (— '\/ Qde[z] + — + ]
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

out - J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ k Domain : {{0., 1. x10°}} ]}}

Output : scalar

- LogLogPlot [e[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness [Medium]]}, FrameLabel - {"z", "E"}]

0.001 1 1000 10°®

- - LogLinearPlot [Qde[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness[Medium]]}, FrameLabel - {"z", "Qde"}]
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(* kkkkkkhkkhkhkkhkkkhkkkkhkkhkkkhkkkhkkhkhkhkkkhkkhkhkkkkkhkkkhkkkhkkkkkhkkkhkkkkkkk *****)

m - - Clear["Global’ *"]

Qro(1+z)*
- Qr[z_] 12—
e[z])?
Qmo
n- - Qre iz ———
(1+ zeq)
Tcmb -4
n- - zeq = 2.5« 10% QmO h? | ——
2.7 Kelvin

m- - Temb := 2.7255 Kelvin

- - Simplify[zeq]

ou - - 24 077.4 h? Qmo

- - zeq := 24077.4405856556" h? amo

pde[z] » pc[z]
n - = Q5[z_] ¢= 3 BH[z] ——
pde[z] + pc[z]

- QIz_] t= Q5[z]

Q[z]
- - QI[z_] t= ———
3 MP2 H[z]®
n- - pclz_] 1= 3 MP? HO” Qco (1 + z)°
n- - pde[z_] = 3 MP? H[z]* Qde[z]
n - 1= H[Z_] ¢= HO e[z]

n - = Simplify [PowerExpand [Simplify [QI[z]]]]
3(1+2)%B0Qco Qde[z]

outf + |

) (1+2)® Qco + e[z]? Qde[z]

3(1+2)3B8QcoQde[z]

- = QI[z_] t=
(1+2)°Qco+ e[z]? Qde[z]
- QmO = 0.3224
Qb0 = 0.0521
QcO = Qmo - Qbo;

c=0.7983;

B=0.0958;

h =0.6545;
n = Qro

our - - ©0.0000969259



2 | interacting_holographic_dark_energy-Q5.nb

1 Qde[z] (1 1 QI[z]-3-Qr[z]
n- - sol = NDSolve [{— e'[z] == - —— (— '\/Qde[z] +—+ ]
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

ouf - J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ k Domain : {{0., 1. x10°}} ]}}

Output : scalar

- LogLogPlot [e[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness [Medium]]}, FrameLabel - {"z", "E"}]

0.001 1 1000 10°®

- - LogLinearPlot [Qde[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness[Medium]]}, FrameLabel - {"z", "Qde"}]
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06
0.5 F E

0.4 F E

Qge

outf « J= 031 ]
0.2 1

0.1f

0.0 F E

0.001 1 1000 108
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In[

In[

In[

In[

Out[

In[

In[

In[

In[

In[

In[

In[

In[

In[

ol

nf e J= QI[Z_] o=

- Clear["Global’ "]

Qro(1+z)*
- Qr[z_] i1z ——
e[z])?
Qmo
- Qre jz ———
(1+ zeq)

Tcmb -4
- zeq 1= 2.5~ 10* Qmo h? (—]
2.7 Kelvin

- Temb := 2.7255 Kelvin

1= Simplify[zeq]

- 24077.4 h? Qmo

- zeq := 24077.4405856556" h? amo

pde[z] » pc[z]
- Q5[z_] := 3 BH[z] —8888
pde[z] + pc[z]

- Qlz_] := Q5[2]

Q[z]
- QI[z ] iz ———
3 MP2 H[z]®
- pclz_] := 3 MP? HO? QcO (1 + 2)®
- pde[z_] := 3 MP? H[z]? Qde[z]
- H[z_] := HO e[z]

- Simplify [PowerExpand [Simplify [QI[z]]]]
3(1+2)%B0Qco Qde[z]

(1+2)®Qco + e[z]? Qde[z]

/

3(1+2)°B8QcoQde[z]

(1+2)Qco+e[z]* Qde[z]

- QmO = 0.3224 ;
Qbo = 0.0521;
Qco=0mo-Qbo;
c=0.65;
h=0.6545;

interacting_holographic_dark_energy-Q5.nb | 3



4

interacting_holographic_dark_energy-Q5.nb

n-j-fB=0.02%
1 Qde[z] (1 1 QI[z]-3-0Qr[z]
- - soll = NDSolve [{— e'[z] == - (— '\/Qde[z + — + —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+ —],
1+z c 2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 10°}]

ou - - {{e - InterpolatingFunction [ / Domain : {{0., 1.x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1. x10°}} ]}}

Output : scalar

- - B =0.04;%

1 Qde[z]
Inf[ « J:= sol2 = NDSolve [{_ e l[Z] == =

1
(— '\/Qde[z + =+
e[z] 1+z \c 2 2 Qde[z]

2 (1-Qde[z]) Qde[z] 1 QI[z]-Qr[z] ]
- H

1
Qde '[z] == - (— '\/Qde[Z] + =+

l1+2z c 2 2(1-Qde[z)])

1 QI[z]—3—Qr[z])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

ou - J- {{e - InterpolatingFunction [ / bomain : {{0., 1.x10°}} ],

Output : scalar

Qde > InterpolatingFunction [ k Domain : {{0., 1.x10°}} ]}}

Output : scalar

=B =0.06}



interacting_holographic_dark_energy-Q5.nb | 5

1 Qde[z]
m- - sol3 = NDSolve [{— e'[z] == -
e[z] 1+z

2 (1 - Qde[z]) Qde[z] (

1 1
(— '\/Qde[z + =+
[ 2 2 Qde[z]

1 QI[z]—Qr[z]]
- |»

QI[z]—3—Qr[z])

1
- '\/Qde[Z] + =+

C 2 2(1-Qde[z)])

Qde '[z] == -
l+2z

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

out « - {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ K Domain : {{0., 1. x10°}} ]}}

Output : scalar

In[ « ]:= ﬁ = 0-08;

1 Qde[z]
n- - sol4 = NDSolve [{— e'[z] == -

1
(— '\/Qde[z +
e[z] l1+z C

2 (1-Qde[z]) Qde[z] 1 QI[z]-Qr[z] ]
- b

1
Qde '[z] == - (— '\/Qde[z] + =+
c

1+z 2 2(1-Qde[z])

1 QI[z]—3—Qr[z])

- +
2 2 Qde[z]

e[0] == 1, Qde[0] == 1-Qm0—Qr0}, {e, Qde}, {z, 0, 10°)]

out « J- {{e - InterpolatingFunction [ / bomain : {{0., 1.x10°}} ],

Qutput : scalar

Qde -» InterpolatingFunction [ k Domain : {{0., 1. x10°}} ]}}

Output : scalar



6 | interacting_holographic_dark_energy-Q5.nb

m- - LogLogPlot [{e[z] /.soll, e[z]/. sol2, e[z]/. so13, e[z]/. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},

{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z", "E"}, PlotLegends -» {"'c = 0.65, B = 0.02"

’

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, § = 0.08"}]

Outf » -

10°®

— — c=0.65,8=002
— — ¢=0658=0.04
- — — ¢=0.65,8=0.06

c=0.65, 3=0.08

- - LogLogPlot [{Qde[z] /. soll, Qde[z] /. sol2, Qde[z] /. sol3, Qde[z] /. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]i},
{Directive[Dashing[0.02], Blue, Thickness [Medium]]},

{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z", "Q4."}, PlotLegends - {"c = 0.65, B = 0.02"

H

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, B = 0.08"}]

0.100 £ \

2
(=] r A
outf « |= r A
0.001 £

— — ¢=0.65,8=002
— — ¢=0658=0.04
- — — ¢=0.65,3=0.06

c=0.65, =008

(* Kk dek ke hk kk ko kk kk kk kkkkkk kkkk kkokkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk *****)



(* kkkkkkhkkhkhkkhkkkhkkkkhkkhkkkhkkkhkkhkhkhkkkhkkhkhkkkkkhkkkhkkkhkkkkkhkkkhkkkkkkk *****)

m - - Clear["Global’ *"]

Qro(1+z)*
- Qr[z_] 12—
e[z])?
Qmo
n- - Qre iz ———
(1+ zeq)
Tcmb -4
n- - zeq = 2.5« 10% QmO h? | ——
2.7 Kelvin

m- - Temb := 2.7255 Kelvin
- - Simplify[zeq]

our - - 24077 .4 h*> Qmo

- - zeq := 24077.4405856556" h? Qme

n- - Q4lz_] i= 3 BH[z] 4 pde[z] « pc[z]

- - Q[z_] 1= Q4[z]
Q[z]

- - QI[z_] t= ——

3 MP2 H[z]®

n- - pclz_] 1= 3 MP? HO” Qco (1 + z)°

n- - pde[z_] := 3 MP? H[z]* Qde[z]

n - 1= H[Z_] ¢= HO e[z]

n - = Simplify [PowerExpand [Simplify [QI[z]]]]

3(1+2)*2 B AQco +/Qde[z]

e[z]

3(1+2)*28 4/aco '\/Qde[z]

e[z]

outf + J=

= QIf[z_] =

- - QmO = 0.3233 3
Qb0O = 0.0526
QcO=0mo-Qbo;

c=0.7868;

B =0.0346;

h=0.6512;
n - Qro

our - - ©.0000979105
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1 Qde[z] (1 1 QI[z]-3-Qr[z]
n- - sol = NDSolve [{— e'[z] == - —— (— '\/Qde[z] +—+ ]
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

ouf - J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ k Domain : {{0., 1. x10°}} ]}}

Output : scalar

- LogLogPlot [e[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness [Medium]]}, FrameLabel - {"z", "E"}]

0.001 1 1000 10°®

- - LogLinearPlot [Qde[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness[Medium]]}, FrameLabel - {"z", "Qde"}]

07 F ‘ ‘ ‘ ‘ ‘ ‘ ]
06 f ]
05

04 F E

Qge

outf + J= 03¢ ]
0.2 f 3

0.1F

0.0 F E

0.001 1 1000 108

(* dkkhkkkhkhkkkhkhkkkhkhkkkkkkkkkkkkkkkhkkkkkkkkkkkkkkkkhkhkkkhkhhkhhhhhkkkkkhkk *****)



=y

In[

In[

In[

In[

Out[

In[

Inf

In[

In[

In[

In[

In[

Inf

/

- Clear["Global’ "]

Qro(1+z)*
- Qr[z_] iz ———
e[z])?
Qmo
- Qro 1z ——
(1+ zeq)
Tcmb -4
- zeq := 2.5~ 10*Qmo h? | ——89
2.7 Kelvin

- Tcmb := 2.7255 Kelvin
1= Simplify[zeq]

- 24077.4 h?> Qmo

- zeq := 24077.4405856556" h? Qme

- Q4[z_] := 3 BH[z] 4/ pde[z] - pc[z]

= Qz_] := Q4[z]
Q[z]

- QI[z ] iz ———

3 MP2 H[z]®

- pc[z_] := 3 MP? HO? QcO (1 + 2)°

- pde[z_] := 3 MP? H[z]* Qde[z]

- H[z_] = HO e[z]

- Simplify [PowerExpand [Simplify [QI[z]]]]

3(1+2)*2 B A/Qco +/Qde[z]

e[z]

3(1+2)*28 4/aco '\/Qde[z]

e[z]

)

Ji= QI[Z_] o=

- Qmo = 0.3233;
Qb0 =0.0526
QcO=Qmo-Qbo;
c=0.65;
h=0.6512;

interacting_holographic_dark_energy-Q4.nb | 3



4
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n-j-fB=0.02%
1 Qde[z] (1 1 QI[z]-3-0Qr[z]
- - soll = NDSolve [{— e'[z] == - (— '\/Qde[z + — + —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+ —],
1+z c 2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 10°}]

ou - - {{e - InterpolatingFunction [ / Domain : {{0., 1.x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1. x10°}} ]}}

Output : scalar

o B=0.04;

- - sol2 = NDSolve [{— e'[z] == - - 1/Qde[z] + =+

e[z] 1+z \c 2 2 Ode[z]
2 (1 - Qde[z]) Qde[z] (

1 Qde[z] (1 1 QI[Z]—3—Qr[z])

1
- '\/Qde[z] + — +

c 2 2(1-Qde[z])

1 QI[z]-Qr[z]
Qde '[Z] == - —],

l+2z

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 10°)]

ouf + - {{e - InterpolatingFunction [ / Domain : {0., 1.x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ \ Domain : {{0., 1. x10°}} ]}}

Output : scalar

=B =0.06}
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1 Qde[z]
m- - sol3 = NDSolve [{— e'[z] == -
e[z] 1+z

2 (1 - Qde[z]) Qde[z] (

1 1
(— '\/Qde[z + =+
[ 2 2 Qde[z]

1 QI[z]—Qr[z]]
- |»

QI[z]—3—Qr[z])

1
- '\/Qde[Z] + =+

C 2 2(1-Qde[z)])

Qde '[z] == -
l+2z

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

out « - {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ \\ Domain : {{0., 1. x10°}} ]}}

Output : scalar

m- - B =0.08}
1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - sol4 = NDSolve [{— e'[z] == - (— '\/Qde[z] + =+ —)
e[z] 1+z \c 2 2 0de[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[@] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 10°)|

ou - J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde » InterpolatingFunction [ \\ Domain : {{0., 1.x10°}} ]}}

Output : scalar
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m- - LogLogPlot [{e[z] /.soll, e[z]/. sol2, e[z]/. so13, e[z]/. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},

{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z",

T
/ )
//
10° |- / ]
/
y
/
/
mo10° b / |
outf « ]= / /
e
100 S E
,,
e
~
_«/
L L L L
0.001 1 1000 10°®

"E"}, PlotLegends -» {"c = 0.65, B = 0.02",
"¢ = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, B =

0.08"}]

— — c=0.65,8=002
— — ¢=0658=0.04
- — — ¢=0.65,8=0.06

c=0.65, 3=0.08

- - LogLogPlot [{Qde[z] /. soll, Qde[z] /. sol2, Qde[z] /. sol3, Qde[z] /. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]i},
{Directive[Dashing[0.02], Blue, Thickness [Medium]]},

{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z", "Q4."}, PlotLegends - {"c = 0.65, B = 0.02"
"¢ = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, B =

0.100

0.001

~

1000

L
10°

H

0.08"}]

— — ¢=0.65,8=002
— — ¢=0658=0.04
- — — ¢=0.65,3=0.06

c=0.65, =008

(* Kk dek ke hk kk ko kk kk kk kkkkkk kkkk kkokkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk *****)



(**********************************************************************************)
- - Clear["Global™ %"]

Qro(1+z)*

Inf « J:= Qr‘[Z_] o=
e[z])?
Qmo
n- - Qre iz ———
(1+ zeq)

Tcmb -4
n- - zeq 1= 2.5« 10% Qmo h?

2.7 Kelvin
m- - Temb := 2.7255 Kelvin

- - Simplify[zeq]

ou- - 24077.4 h> Qmo

- - zeq := 24077.4405856556" h? Qme
n - = Q3[z_] := 3 B H[z] (pde[z] + pc[z])

- 1= Q[z_] += Q3[z]

Q[z]
Inf « J:= QI[Z_] = —
3 MP2 H[z]®
n- - pclz_] 1= 3MP? HO” QcO (1 + z)°
n- - pde[z_] := 3 MP? H[z]* Qde[z]
n - 1= H[Z_] ¢= HO e[z]

o - Simplify [QI[z]]
3 B8((1+2)° Qco + e[z]* Qde(z])

Outf « J=
e[z]

3B((1+2)° Qco +e[z]* Qde[z])

n - = QI[z_] =
e[z)?
n- - QmO = 0.3235
Qbo = 0.0547 ;
Qco = Qmo - Qbo;
c=0.7675;
B =0.0088;
h=0.6394;

n = Qro
ou - - 0.000101557
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1 Qde[z] (1 1 QI[z]-3-Qr[z]
n- - sol = NDSolve [{— e'[z] == - —— (— '\/Qde[z] +—+ ],
e[z] 1+z \c 2 Qde[z]
2 (1-Qde[z]) Qde[z] {1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

(& _/

ouf - J- {{e - InterpolatingFunction Domain : {{0., 1. x10°}} ],

Output : scalar

Domain : {{0., 1. x 10°}}

Output : scalar

Qde - InterpolatingFunction [

_ It

- LogLogPlot [e[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness [Medium]]}, FrameLabel - {"z", "E"}]

1000 10°®

- - LogLinearPlot [Qde[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {Directive[Black, Thickness[Medium]]}, FrameLabel - {"z", "Qde"}]

0.7F ‘ ‘ w \ ‘ ‘ .
06
05

04 F E

Qge

outf « J=

03Ff E
0.2 f E

0.1F

0.0 F E

0.001 1 1000 108

(* dkkhkkkhkhkkkhkhkkkhkhkkkkkkkkkkkkkkkhkkkkkkkkkkkkkkkkhkhkkkhkhhkhhhhhkkkkkhkk *****)
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- - Clear["Global™ %"]

Qro(1+z)*
m- = Qr[z_] t= —mm
e[z])?
Qmo
n- - Qro iz ———
(1+ zeq)

Tcmb -4
n- - zeq 1= 2.5« 10% QmO h? | ——
2.7 Kelvin

m- - Temb = 2.7255 Kelvin

- - Simplify[zeq]

our- - 24077.4 h> Qmo

- - zeq := 24077.4405856556" h? Qme
n - - Q3[z_] := 3 B H[z] (pde[z] + pc[z])
- Q[z_] += Q3[z]

Q[z]
Inf « J:= QI[Z_] = —
3 MP2 H[z]®
n- - pclz_] 1= 3MP? HO” QcO (1 + z)°
n- - pde[z_] := 3 MP? H[z]* Qde[z]
- 1= H[z_] ¢= HO e[z]

o - Simplify [QI[z]]
3 B8((1+2)° Qco + e[z]* Qdelz])

Outf « J=
e[z]

3B((1+2)° Qco +e[z]* Qde[z])

- = QI[z_] =
e[z]?

- - QmO = 0.3235;
Qb0 = 0.0547;
QcO=Qmo-Qbo;
c=0.65;
h=0.6394;
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n-j-fB=0.02%
1 Qde[z] (1 1 QI[z]-3-0Qr[z]
- - soll = NDSolve [{— e'[z] == - (— '\/Qde[z + — + —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+ —],
1+z c 2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 10°}]

ou - - {{e - InterpolatingFunction [ / Domain : {{0., 1.x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ K Domain : {{0., 1.x10°}} ]}}

Output : scalar

- - B =0.04;%

1 Qde[z]
Inf[ « J:= sol2 = NDSolve [{_ e l[Z] == =

1
(— '\/Qde[z + =+
e[z] 1+z \c 2 2 Qde[z]

2 (1-Qde[z]) Qde[z] 1 QI[z]-Qr[z] ]
- H

1
Qde '[z] == - (— '\/Qde[Z] + =+

l1+2z c 2 2(1-Qde[z)])

1 QI[z]—3—Qr[z])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

ou - J- {{e - InterpolatingFunction [ / bomain : {{0., 1.x10°}} ],

Output : scalar

Qde > InterpolatingFunction [ K Domain : {{0., 1.x10°}} ]}}

Output : scalar
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=B =0.06}

1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - sol3 = NDSolve [{— e'[z] == - (— '\/Qde[z + =+ —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0O] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

out « - {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ P\ Domain : {{0., 1. x10°}} ]}}

Output : scalar

B=0.08;

1 Qde[z]
n- - sol4 = NDSolve [{— e'[z] == -
e[z] l1+z

(i '\/Qde[z +
[

2 (1-Qde[z]) Qde[z] 1 QI[z]-Qr[z] ]
- b

1
Qde '[z] == - (— '\/Qde[z + =+
c

1+z 2 2(1-Qde[z])

1 QI[z]—3—Qr[z])

- +
2 2 Qde[z]

e[0] == 1, Qde[0] == 1-Qm0—Qr0}, {e, Qde}, {z, 0, 10°)]

out « J- {{e - InterpolatingFunction [ / bomain : {{0., 1.x10°}} ],

Qutput : scalar

Qde -» InterpolatingFunction [ }\ Domain : {{0., 1. x10°}} ]}}

Output : scalar
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m- - LogLogPlot [{e[z] /.soll, e[z]/. sol2, e[z]/. so13, e[z]/. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},

{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z",

"E"}, PlotLegends -» {"'c = 0.65, B = 0.02"
"¢ = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, B =

T

/
ool /,/ ]
o w05l // ]

outf « |= ,/
// /4
100 - s~ 1
o~
i ///

L L L L

0.001 1 1000 10°®

’

0.08"}]

— ¢=0.65, 8=0.02

c=0.65, f=0.04
- — — ¢=0.65,8=0.06
c=0.65, 3=0.08

- - LogLogPlot [{Qde[z] /. soll, Qde[z] /. sol2, Qde[z] /. sol3, Qde[z] /. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]i},
{Directive[Dashing[0.02], Blue, Thickness [Medium]]},
{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z", "Q4."}, PlotLegends - {"c = 0.65, B = 0.02"
"¢ = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, B =

1k J
F ™~
0.100 \ E
i \\ ]
L \
0.010 [ \ E
< £ \
. N\
Outl « ]= F \
\
0.001 £ N E
N\
107 NN E
N E
S e
L L L L L
0.001 1 1000 10°

H

0.08"}]

— ¢=0.65, 8=0.02

c=0.65, f=0.04
- — — ¢=0.65,3=0.06
c=0.65, =008

(* Kk dek ke hk kk ko kk kk kk kkkkkk kkkk kkokkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk *****)



(**********************************************************************************)
- - Clear["Global™ %"]

Qro(1+z)*

m = Qr[z_] ¢=
e[z)?
Qmo
n- - Qre iz ———
(1+ zeq)

Tcmb -4
n- - zeq 1= 2.5« 10% Qmo h?

2.7 Kelvin
m- - Temb := 2.7255 Kelvin

- - Simplify[zeq]
our- - 24077.4 h? Qme

- - zeq := 24077.4405856556" h? Qmo
n- - Q2[z_] = 3 B H[z] « pc[2]
- - Q[z_] 1= Q2[z]

Q[z]

- QI[z ] 12—
3 MP2 H[z]®

n- - pclz_] 1= 3MP? HO” QcO (1 + z)°
n- - pde[z_] 1= 3 MP? H[z]* Qde[z]
m - - H[Z_] ¢= HO e[z]

o - Simplify [QI[z]]
3(1+2)°BQco

outf « J=
e[z]?

3(1+2)°3BQco
- QI[z ] $2 ————
e[z]?

- - QmO = 0.3225 3
Qbo = 0.0518
QcO = Qmo - Qbo;
c=0.7538;
B=0.0092;
h=0.6399;

n - = Qre

our- - 0.000101398
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1 Qde[z] (1 1 QI[z]-3-Qr[z]
n- - sol = NDSolve [{— e'[z] == - —— (— '\/Qde[z] +—+ ],
e[z] 1+z \c 2 Qde[z]
2 (1-Qde[z]) Qde[z] {1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

/

ouf - J- {{e - InterpolatingFunction [ Domain : {{0., 1. x10°}} ],

Output : scalar

Domain : {{0., 1. x10°}}
Output : scalar

Qde - InterpolatingFunction [

_ It

- LogLogPlot [e[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness [Medium]]}, FrameLabel - {"z", "E"}]

10°

1000 10°®

- - LogLinearPlot [Qde[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {Directive[Black, Thickness[Medium]]}, FrameLabel - {"z", "Qde"}]

07F ‘ ‘ ‘ ‘ ‘ ‘ ]
0.6 F E
0.5 F E

04 [

Qge

outf « J=

03F E
02 1

0.1f

0.0 F E

0.001 1 1000 108

(* kkkkkkhkhkkkhkhkhkhkhhkkkkkkhkkkkkkkkkhkkkkkkhkkkkkkkkkkhkkkkkhkhhkkhkhhhkkkkk *******)



interacting_holographic_dark_energy-Q2.nb | 3

- Clear["Global’ "]

=y

Qro(1+z)*
m- = Qr[z_] t= —mm
e[z)?
Qmo
n- - Qro iz ———
(1+ zeq)

Tcmb -4
n- - zeq 1= 2.5« 10% Qmo h?

2.7 Kelvin
m- - Temb = 2.7255 Kelvin

- - Simplify[zeq]
our- - 24077.4 h? Qme

n- - zeq = 24077.4405856556° h? Qmo
n - = Q2[z_] ¢= 3 B H[z] » pc[z]

n - - Qlz_] = Q2[z]

no- QI[z ] i= =
3 MP2 H[z]®

n- - pclz_] 1= 3 MP? HO? QcO (1 + 2)°
- - pde[z_] = 3 MP? H[z]* Qde[z]
n- - H[Z_] = HO e[z]

n - Simplify [QI[z]]
3(1+2)°BQco

outf « J=
e[z]?

3(1+2)°3BQco
- QI[z ] $2 ————
e[z]?

wo- Qme = 0.3225;
Qbo = 0.0518 ;
Qco = Qmo - QbO;
h=0.6399;
c=0.65;



4
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=B =0.02;%

1 Qde[z]
n-1- soll = NDSolve [{— e'[z] == -
e[z] l+z

(i '\/Qde[z +
c

2 (1-Qde[z]) Qde[z] 1 QI[z]-Qr[z] J
- b

1
Qde '[z] == - (— '\/Qde[z + =+
c

1+z 2 2(1-Qde[z)])

1 QI[z]—3—Qr[z])
I T —
2 2 Qde[z]

e[0] == 1, Qde[@] == 1-Qm0-Qr0}, {e, Qde}, {z, 0, 10°)]

ouf« - {{e - InterpolatingFunction | / Domain : {0., 1. x10°} ],

Output : scalar

Qde - InterpolatingFunction [ \ Domain : {{0., 1. x10°}} ]}}

Output : scalar

- - B =0.04;

m- - sol2 = NDSolve [{_ e '[Z] == - - '\,Qde[z] + — +

e[z] 1+z \c 2 2 Ode[z]
2 (1 - Qde[z]) Qde[z] 1 QI[z]-Qr[z] ]
- b

1
Qde '[z] == - (— '\/Qde[z] + =+
c

1+z 2 2(1-Qde[z])

1 Qde[z] (1 1 QI[Z]—3—Qr[z])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 10°)]

ou - - {{e - InterpolatingFunction [ / Domain : {0., 1.x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ \ Domain : {{0., 1. x10°}} ]}}

Output : scalar

=B =0.06}
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1 Qde[z]
m- - sol3 = NDSolve [{— e'[z] == -
e[z] 1+z

2 (1 - Qde[z]) Qde[z] (

1 1
(— '\/Qde[z + =+
[ 2 2 Qde[z]

1 QI[z]—Qr[z]]
- |»

QI[z]—3—Qr[z])

1
- '\/Qde[Z] + =+

C 2 2(1-Qde[z)])

Qde '[z] == -
l+2z

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

out « - {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ l\ Domain : {{0., 1.x10°}} ]}}

Output : scalar

In[ « ]:= ﬁ = 0-08;

1 Qde[z]
n- - sol4 = NDSolve [{— e'[z] == -

1
(— '\/Qde[z +
e[z] l1+z C

2 (1-Qde[z]) Qde[z] 1 QI[z]-Qr[z] ]
- b

1
Qde '[z] == - (— '\/Qde[z] + =+
c

1+z 2 2(1-Qde[z])

1 QI[z]—3—Qr[z])

- +
2 2 Qde[z]

e[0] == 1, Qde[0] == 1-Qm0—Qr0}, {e, Qde}, {z, 0, 10°)]

out « J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ V\ Domain : {0., 1. x10°}} ]}}

Output : scalar



6 | interacting_holographic_dark_energy-Q2.nb

m- - LogLogPlot [{e[z] /.soll, e[z]/. sol2, e[z]/. so13, e[z]/. sol4},
{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.01], Green, Thickness[Medium]]}},
FrameLabel - {"z", "E"}, PlotLegends -» {"c = 0.65, B = 0.02",

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, § = 0.08"}]

S
10° - y |
I J/ 7
[ / | — — c¢=0.65,6=0.02
m 10° F /,/ i — — ¢=0.658=004
Outf « = L |
7 ~ -~ c=065,5=0.06
[ Z 4
or / ] c=0.65, #=0.08
L // |
________________ o
0,(;01 ‘ i ‘ ‘ 10‘00 ‘ ‘ 1(;6

- - LogLogPlot [{Qde[z] /. soll, Qde[z] /. sol2, Qde[z] /. sol3, Qde[z] /. sol4},
{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},

{Directive[Dashing[0.03], Red, Thickness [Medium]i},

{Directive[Dashing[0.02], Blue, Thickness [Medium]]},

{Directive[Dashing[0.01], Green, Thickness[Medium]]}},
FrameLabel - {"z", "Q4."}, PlotLegends - {"c = 0.65, B = 0.02",

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, B = 0.08"}]

e 3

i ™~ ]

0.100 ¢ \\ E
0.010 — \ , — — ¢c=0.65,5=0.02

. E \ ]
& [ N 1] — — ¢=0.656=0.04

ouf = 0.001 E \\\ 3
i \\\ i ——-- ¢=065,=0.06

L \% 4
107 NS c=0.65, 8=0.08

£ N ]

S S e
107° 4
0.(;01 i 10‘00 1(;6

(* Kk dek kk hkkk ko kk kk ok kkkkkkkkkkkkkkkkhkkkkkkkkkhkkkkkkkkkkkkkkhkkkkkkkkkkkkkkk *******)



(**********************************************************************************)
- - Clear["Global™ %"]

Qro(1+z)*

Inf « J:= Qr‘[Z_] o=
e[z])?
Qmo
n- - Qre iz ———
(1+ zeq)

Tcmb -4
n- - zeq 1= 2.5« 10% Qmo h?

2.7 Kelvin
m- - Temb := 2.7255 Kelvin

- - Simplify[zeq]

ou- - 24077.4 h> Qmo

- - zeq := 24077.4405856556" h? Qme
n- = Q1l[z_] = 3 BH[z] « pde[z]

- Q[z_] += Q1[z]

Q[z]

Inf « J:= QI[Z_] = —
3 MP2 H[z]®
n- - pde[z_] := 3 MP? H[z]* Qde[z]

- Simplify [QI[2]]
our - - 3 B Qdelz]

m- - QI[z_] := 3 B Qde[z]

- - QmO = 0.3213 3
0.8294;
B=0.0782;
h=0.6558;

C

n - = Qre
ouf - - 0.000096542
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1 Qde[z] (1 1 QI[z]-3-Qr[z]
n- - sol = NDSolve [{— e'[z] == - —— (— '\/Qde[z] +—+ ]
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

out - J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar

- LogLogPlot [e[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness [Medium]]}, FrameLabel - {"z", "E"}]

0.001 1 1000 10°®

- - LogLinearPlot [Qde[z] /. sol, {z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Black, Thickness[Medium]]}, FrameLabel - {"z", "Qde"}]

07 F ‘ ‘ ‘ ‘ ‘ ‘ ]
0.6 F ]
05F ]

04 F ]

Qge

ouff « J- 03 g
02 F ]

0.1f ]

0.0 F ]

0.001 1 1000 108

(* dkkhkkkhkhkkkhkhkkkhkhkkkkkkkkkkkkkkkhkkkkkkkkkkkkkkkkhkhkkkhkhhkhhhhhkkkkkhkk *****)
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- Clear["Global’ "]

=y

Qro(1+z)*

m = Qr[z_] =
e[z)?
Qmo
n- - Qro iz ———
(1+ zeq)

Tcmb -4
n- - zeq 1= 2.5« 10% Qmo h?

2.7 Kelvin
m- - Temb = 2.7255 Kelvin

- - Simplify[zeq]

our- - 24077.4 h> Qmo

- - zeq := 24077.4405856556" h? Qme
n - = Q1l[z_] = 3 BH[z] « pde[z]

- Q[z_] += Q1[z]

Q[z]
In[ « J:= QI[Z_] = —
3 MP2 H[z]®
n- - pde[z_] := 3 MP? H[z]* Qde[z]
o - Simplify [QI[z]]
oui - - 3 B Qdel[z]
m-1- QI[z_] t= 3 B Qde[z]

Inf  Ji=

m- - QmO = 0.3213
h=0.6558;
c=0.65;

Inf « J:=

- =B 0.02;
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1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - SOLLl = NDSolve[ —e'[z] == - (— '\/Qde[z] +— + —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] {1 1 QI[z]-Qr[z]
Qde '[z] == - (— A/adelz] + =+ —]
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

ouf « - {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar

- - B =0.04;
1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - SO12 = NDSo'Lve[ —e'[z] == - (— '\/Qde[z] + =+ —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] {1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+ —],
1+2z c 2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1-nmo-mo}, {e, Qde}, {z, 0, 10°)]

out « J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ k Domain : {0., 1. x10°}} ]}}

Output : scalar

n- =B = 0.06;
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1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - SO1L3 = NDSolve[ —e'[z] == - (— '\/Qde[z] +— + —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] {1 1 QI[z]-Qr[z]
Qde '[z] == - (— A/adelz] + =+ —]
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

ouf « - {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar

- - B =0.08}
1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - SOl4 = NDSo'Lve[ —e'[z] == - (— '\/Qde[z] + =+ —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] {1 1 QI[z]-Qr[z]
Qde'[z] == - (— 4/ Qde[z] +—+—],
1+2z c 2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1-nmo-mo}, {e, Qde}, {z, 0, 10°)]

out « J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ k Domain : {0., 1. x10°}} ]}}

Output : scalar
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m- - LogLogPlot [{e[z] /.soll, e[z]/. sol2, e[z]/. so13, e[z]/. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},

{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z",

"E"}, PlotLegends - {"c = 0.65, g = 0.02",

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, § = 0.08"}]

Outf » -

0.001 1

10°®

— — c=0.65,8=002
— — ¢=0658=0.04
- — — ¢=0.65,8=0.06

c=0.65, 3=0.08

- - LogLogPlot [{Qde[z] /. soll, Qde[z] /. sol2, Qde[z] /. sol3, Qde[z] /. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]i},
{Directive[Dashing[0.02], Blue, Thickness [Medium]]},

{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z", "Q4."}, PlotLegends - {"c = 0.65, B = 0.02"

H

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, B = 0.08"}]

0.100

0.001

— — ¢=0.65,8=002
— — ¢=0658=0.04
- — — ¢=0.65,3=0.06

c=0.65, =008

(* Kk dek ke hk kk ko kk kk kk kkkkkk kkkk kkokkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk *****)



In[ = J:= (* Fede dok ek ded ko ek dok ked ded ke ke kek kdke dek kdk kk kdk hdk dok okdk kdk kk kdk kk okk dk kkkdk kkhkkk kkkkkkhkkkkkkk *****)

m - - Clear["Global’ *"]

In[ « ]:= (**********************************************************************************)
= (¢ Q1 %)
4
Qro(1+2z)
- Qr[z_] 1= ——————
e[z])?
Qmo
n- - Qro iz ———
(1+zeq)

Tcmb -4
n- - zeq 1= 2.5« 10% Qmo h?

2.7 Kelvin
m- - Temb := 2.7255 Kelvin

- - Simplify[zeq]

ou- - 24077.4 h> Qmo

- - zeq := 24077.4405856556" h? Qme
n- = Q1l[z_] := 3 BH[z] « pde[z]

- Q[z_] += Q1[z]

Qlz]
In[ « J:= QI[Z_] = —
3 MP2 H[z]®
n- - pde[z_] := 3 MP? H[z]* Qde[z]
- Simplify [QI[z]]
our - - 3 B Qde[z]
- QI[z_] 1= 3 B Qde[z]

Inf  Ji=

m- - QmO = 0.3213
h=0.6558;
c=0.65;

Inf « J:=

- B=0.02%
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1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - soll = NDSolve [{— e'[z] == - (— '\/Qde[z + =+ —)
e[z] 1+z \c 2 2 Qde[z]

1
- '\/Qde[Z] + =+

C 2 2(1-Qde[z)])

2 (1 -Qde[z]) Qde[z]
Qde '[z] == - (

1 QI[z]-Qr[z] ]
H
l+2z
e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]
ouf + J- {{e > InterpolatingFunction [ / Domain : {0., 1.x10%} 1,

’ Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar

Inf  Ji=

- - B =0.04;
1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - sol2 = NDSolve [{— e'[z] == - (— '\/Qde[z + =+ —)
e[z] 1+z \c 2 2 Qde[z]

2 (1-Qde[z]) Qde[z] 1 QI[z]-Qr[z] ]
- b

1
Qde '[z] == - (— '\/Qde[z] + =+
c

l+z 2 2(1-qQde[z])

e[0] == 1, Qde[0] == 1-Qm0—Qr0}, {e, Qde}, {z, 0, 10°)]

out « J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ k Domain : {0., 1. x10°}} ]}}

Output : scalar

In[ « ]:=

n-j-B=0.06}%



In[

Out[

In[

In[

outf

Inf

/- sol3 = NDSolve [{— e'[z] == -

1 Qde[z] (

e[z] 1+z

2 (1 - Qde[z]) Qde[z]

Qde '[z] == -
l+2z

(E

1 1
- '\/Qde[z + =+
c 2
'\/Qde[z] + =+

2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

- {{e - InterpolatingFunction [

Qde - InterpolatingFunction

- B=0.08;

j- sol4 = NDSolve [{— e'[z] == -

[

/

1 Qde[z] (

e[z] 1+z

2 (1-Qde[z]) Qde[z]

Qde '[z] == -
l+z

(%

Domain : {{0., 1. x 10°}} ]
)
Output : scalar

L Domain : {{0., 1. x10°}} ]

Output : scalar

i '\/ Qde[z] +
[

1 QI[z]-Qr[z]

'\/ Qde[z] + — +

2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1-Qm0—Qr0}, {e, Qde}, {z, 0, 10°)]

- {{e - InterpolatingFunction [

Qde - InterpolatingFunction

[

/

Domain : {{0., 1. x 106}} ]
’
Output : scalar

k Domain : {{0., 1. x 106}} ]

Output : scalar

i}

j}

QI[z]-3-Qr[z]
2 Qde[z]
1 QI[z]-Qr[z]

)

1 QI[z]-3-Qr[z]

- +
2 2 Qde[z]

)

)

)

comparison.nb | 3
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m- - LogLogPlot [{e[z] /.soll, e[z]/. sol2, e[z]/. so13, e[z]/. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},

{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z",

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, B =

"E"}, PlotLegends - {"c = 0.65, g = 0.02",

Outf » -

0.001

10°®

0.08"}]

— ¢=0.65, 8=0.02
— — ¢=0658=0.04
- — — ¢=0.65,8=0.06

c=0.65, 3=0.08

- - LogLogPlot [{Qde[z] /. soll, Qde[z] /. sol2, Qde[z] /. sol3, Qde[z] /. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]i},
{Directive[Dashing[0.02], Blue, Thickness [Medium]]},

{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z", "Q4."}, PlotLegends - {"c = 0.65, B = 0.02"
"¢ = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, B =

0.100

0.001

H

0.08"}]

— ¢=0.65, 8=0.02
— — ¢=0658=0.04
- — — ¢=0.65,3=0.06

c=0.65, =008



In[

/- p11 = LoglLogPlot [{e[z] /. sol1}, {z, 167°, 106°}, PlotTheme - "Scientific",

comparison.nb | 5

FrameStyle - Black, PlotStyle - {Directive[Dashing[0.04], Black, Thickness [Medium]]},

FrameLabel - {"z", "E"}]

108 .

100 -

/- p12 = LogLogPlot [{e[z] /. sol2}, {z, 107%, 10°}, PlotTheme - "Scientific",

108

FrameStyle - Black, PlotStyle - {Directive[Dashing[0.04], Black, Thickness [Medium]]},

FrameLabel - {"z", "E"}]

108

100 - v

10°
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w1~ p13 = LogLogPlot [{e[z] /. sol3}, {z, 1067°, 106°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.04], Black, Thickness [Medium]]},
FrameLabel - {"z", "E"}]

10° b

outf « J=

100 - v 1

0.001 1 1000 108

w1~ pl4 = LogLogPlot [{e[z] /. sol4}, {z, 167°, 106°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.04], Black, Thickness[Medium]]},

FrameLabel - {"z", "E"}]

10° - 1

Outf « =

100 - v 1

0.001 1 1000 108
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- p15 = LogLogPlot [{Qde[z] /. soll}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.04], Black, Thickness [Medium]]},
FrameLabel - {"z", "Qq."}]

1k E
0.100 £ N\ E
F \ i
0.010 [ AN 3
g f 5
ouff + J= t \ —
0.001 £ N\ 3
E N ]
107" g AN J
~
‘ ‘ ‘ I
0.001 1 1000 10°

- - p16 = LogLogPlot [{Qde[z] /. sol2}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.04], Black, Thickness [Medium]]},

FrameLabel - {"z", "Qq4."}]

1k 4
0.100 | \ ;

0.010 \ 3

Q4
7/

outf « J=

0.001 ¢ \ E




8 | comparison.nb

=y

- p17 = LoglLogPlot [{Qde[z] /. sol3}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.04], Black, Thickness [Medium]]},
FrameLabel - {"z", "Qq."}]

1k E
\ 3
0.100 g N E
i \
0.010 | \ |
< i \
ouf « J= +

0.001 AN E

i N\
107 N E

~
— - —_
. . . . .

0.001 1 1000 10°

- - p18 = LogLogPlot [{Qde[z] /. sol4}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.04], Black, Thickness [Medium]]},

FrameLabel - {"z", "Qq4."}]

1k E
E ~ E
0.100 £ N E
F \ ]
0.010 g N\ E
g F \ ]
outf « J= t ]
0.001 £ AN ;
E N E
107 N ]
~N
—~ — —_—
. . . . . . . .
0.001 1 1000 10°

In[ « ]= (* kkkkhkhkhhhkkkkkkkkhkhkhkkkkkhkhkkkkhhkkkkhkkhhhkhhhhdkdhdkhhhhhhdhhhdhhhdhdhhhrhds *****)

= (% Q2 %)
Qro(1+z)*
oo - Qr[z_] 12 —————
e[z]*
Qmo
- Qre t= =—————
(1+ zeq)

Tcmb -4
n - zeq 1= 2.5~ 10% Qmo h?

2.7 Kelvin

m- - Tecmb := 2.7255 Kelvin



In[

In[

In[

In[

In[

In[

In[

In[

In[

/

1= Simplify[zeq]
= 3327.08

- zeq i= 24077.4405856556° h* Qmo
1= Q2[z_] := 3 B H[z] « pc[z]
1= Qz_] := Q2[z]

Q[z]
- QI[z_] 1= —
3 MP2 H[z]®
- pcl[z_] := 3 MP? HO? QcO (1 + 2)°
- pde[z_] := 3 MP? H[z]? Qde[z]
= H[z_] := HO e[z]

= Simplify [QI[z]]
0.24 (1+2)°Qco

7

e[z)?

3(1L+2)*BQco
- QI[z ] itz —
e[z]?

- Omo = 0.3225;
Qb0 = 0.0518 ;
QcO = Qmo - ObO;
h=0.6399;
c=0.65;

T
o)
n
(o]
(o]
N
we

comparison.nb | 9
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1 Qde[z]
Inf « J:= soll = NDSolve [{_ e '[Z] == -
e[z] 1+z

2 (1 - Qde[z]) Qde[z] (

1 1
(— '\/Qde[z + =+
[ 2 2 Qde[z]

1 QI[z]—Qr[z]]
- |»

QI[z]—3—Qr[z])

1
- '\/Qde[Z] + =+

C 2 2(1-Qde[z)])

Qde '[z] == -
l+2z

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

ouf « - {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ k Domain : {{0., 1.x10°}} ]}}

Output : scalar

Inf  Ji=

- - B =0.04;
1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - sol2 = NDSolve [{— e'[z] == - (— '\/Qde[z + =+ —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] {1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+ —],
1+2z c 2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1-nmo-mo}, {e, Qde}, {z, 0, 10°)]

out « J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ \ Domain : {0., 1. x10°}} ]}}

Output : scalar

n- =B = 0.06;



In[

Out[

In[

In[

outf

Inf

1 Qde[z] (1 1 QI[z]-3-Qr[z]
- sol3 = NDSolve[{— e'[z] == - (— '\/Qde[z +—+ —)
e[z] 1+z \c 2 2 Qde[z]

1
— 4/Qde[z] + — +

C 2 2(1-Qde[z)])

2 (1 -Qde[z]) Qde[z]
Qde '[z] == - (

1 QI[z]-Qr[z] ]

l1+z ’
e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]
- {{e - InterpolatingFunction [ / Domain : {0., 1. x10°}} ],

Output : scalar

Qde » InterpolatingFunction [ |\ Domain : {{0., 1. x10°}} ]}}

Output : scalar

-B=0.08;
1 Qde[z] (1 1 QI[z]-3-Qr[z]
- sol4 = NDSolve [{— e'[z] == - (— '\/Qde[z + =+ —)
e[z] 1+z \c 2 2 Qde[z]

2 (1-Qde[z]) Qde[z] 1 QI[z]-Qr[z] ]
- b

1
Qde '[z] == - (— '\/Qde[z] + =+
14z c 2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1-Qm0—Qr0}, {e, Qde}, {z, 0, 10°)]

F {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ y\ Domain : {0., 1. x10°}} ]}}

Output : scalar

comparison.nb | 11
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m- - LogLogPlot [{e[z] /.soll, e[z]/. sol2, e[z]/. so13, e[z]/. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z", "E"}, PlotLegends -» {"c = 0.65, B = 0.02",

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, f = 0.08"}]

S
10° - y |
I J/ 7
[ / | — — c¢=0.65,6=0.02
m 10° F /,/ i — — ¢=0.658=004
Outf « = L |
7 ~ -~ c=065,5=0.06
[ Z 4
or / ] c=0.65, #=0.08
L // |
________________ o
0,(;01 ‘ i ‘ ‘ 10‘00 ‘ ‘ 1(;6

- - LogLogPlot [{Qde[z] /. soll, Qde[z] /. sol2, Qde[z] /. sol3, Qde[z] /. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]i},
{Directive[Dashing[0.02], Blue, Thickness [Medium]]},
{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z", "Q4."}, PlotLegends - {"c = 0.65, B = 0.02",

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, f = 0.08"}]

e 3

i ™~ ]

0.100 \\ E
0.010 — \ , — — ¢c=0.65,5=0.02

. F \ E
& r N 1] — — ¢=0.656=0.04

ouf « J- 0.001 £ \\\ E
i \§ i ——-- ¢=065,=0.06

ol \% |
107 RN 3 ¢ =0.65, §=0.08

E N ]

107k 4
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- p21 = LogLogPlot [{e[z] /. sol1}, {z, 107°, 16°},
PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {Directive[Dashing[0.03], Red, Thickness [Medium]]}, FrameLabel - {"z", "E"}]

T
:
/
108 F / ]
/
/
/
@ 105 - 7/ ]
outf « ]= / 4
s
s
100 _ B
e
7~
______ -
L L L L L L L L L
0.001 1 1000 10°

- p22 = LogLogPlot [{e[z] /. sol2}, {z, 107°, 10°},
PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Dashing[0.03], Red, Thickness[Medium]]}, FrameLabel - {"z", "E"}]

10° - 4

outf « J= L 4

100 - b
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- p23 = LogLogPlot [{e[z] /. sol3}, {z, 107°, 10°},
PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Dashing[0.03], Red, Thickness[Medium]]}, FrameLabel - {"z", "E"}]

T
1
/
10° - 4 R
/
/
/

mo10° / i

outf « J= L /

/
e
s
100 _ B
e
~
______ —
. . . . . . . .

0.001 1 1000 108

- - p24 = LogLogPlot [{e[z] /. sol4}, {z, 107°, 10°},
PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {Directive[Dashing[0.03], Red, Thickness[Medium]]}, FrameLabel - {"z", "E"}]

10° |- / ]

outf + J= L /

100 - b
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- - p25 = LogLogPlot [{Qde[z] /. soll}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.03], Red, Thickness [Medium]]},
FrameLabel - {"z", "Qu."}]

1E E
\ 3
L \ 4
0.100 ¢ \ 3
L \ 4
0.010 \ 1
g E \ i
outf « J= [ \ )
0.001 ¢ \ E
\
1074 g N\ 4
N
~ —
. . . . . . . . .
0.001 1 1000 10°

- - p26 = LogLogPlot [{Qde[z] /. sol2}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.03], Red, Thickness [Medium]]},

FrameLabel - {"z", "Qq4."}]

1g 3
0.100 £ \ 3

0.010 \ 1

Qg
e

outf « J= [ \ )
0.001 [ E
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- - p27 = LogLogPlot [{Qde[z] /. sol3}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.03], Red, Thickness [Medium]]},
FrameLabel - {"z", "Qu."}]

1 E
F— — — — ~ E
L N ]
0.100 3 \ E
L \ 4
0.010 £ \ ]
= E \ ]
ouf « J= L \ ]
0.001 [ J
E \ ]
[ \ ]
10745 \ 3
E N E
—_— — = —
. . . . . . . . . .
0.001 1 1000 10°

- - p28 = LogLogPlot [{Qde[z] /. sol4}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.03], Red, Thickness [Medium]]},

FrameLabel - {"z", "Qq4."}]

1 E
E— — — - - E|
~
0.100 N E
E \ E
L \ 4
0.010 E
E \ ]
g r \ ]
Outf « = 0.001; \ E
i \

107 E \ 4

F \ - ==
107° \ 7 J

. . . .

0.001 1 1000 10°

Inf[« ]= (* kkkkkkhkhkkkhkkkkkkhkhkhhkkhkhhkhkkkhkhkhkkhkkhkkhkhkhhhhdhkhkhkdhhhhhhhhhhhhhhhhhhhhkk *******)

- = (% Q3 %)
Qro(1+z)*
oo - Qr[z_] 12 —————
e[z]*
Qmo
n- = Qro 1z ———
(1+ zeq)

Tcmb -4
n - zeq 1= 2.5~ 10% Qmo h?

2.7 Kelvin

m- - Tecmb := 2.7255 Kelvin



In[

In[

In[

In[

In[

In[

In[

In[

In[

Inf

[o ]

1= Simplify[zeq]

- 3179.54

- zeq = 24077.4405856556" h? Qme
- Q3[z_] := 3 B H[z] (pde[z] + pc[z])

- Qlz_] := Q3[z]

Q[z]
- QI[z_] 1= —
3 MP2 H[z]®
- pcl[z_] := 3 MP? HO? QcO (1 + 2)°
- pde[z_] := 3 MP? H[z]? Qde[z]
= H[z_] := HO e[z]

= Simplify [QI[z]]

0.064968 (1. +1. z)® +0.24 e[z]> Qde[z]

/

e[z)?

38 ((1+2)* Qco+ e[z]* Qde[z])

- QI[z_] = -
e[z]

- Qmo = 0.3235;
Qb0O = 0.0547;
QcO=0mo-Qbo;
c=0.65;
h=0.6394;

-B=0.023

comparison.nb | 17
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1 Qde[z]
Inf « J:= soll = NDSolve [{_ e '[Z] == -
e[z] 1+z

2 (1 - Qde[z]) Qde[z] (

1 1
(— '\/Qde[z + =+
[ 2 2 Qde[z]

1 QI[z]—Qr[z]]
- |»

QI[z]—3—Qr[z])

1
- '\/Qde[Z] + =+

C 2 2(1-Qde[z)])

Qde '[z] == -
l+2z

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

ouf « - {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ k Domain : {{0., 1.x10°}} ]}}

Output : scalar

Inf  Ji=

- - B =0.04;
1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - sol2 = NDSolve [{— e'[z] == - (— '\/Qde[z + =+ —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] {1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+ —],
1+2z c 2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1-nmo-mo}, {e, Qde}, {z, 0, 10°)]

out « J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ \ Domain : {0., 1. x10°}} ]}}

Output : scalar

n- =B = 0.06;



In[

Out[

In[

In[

outf

Inf

1 Qde[z] (1 1 QI[z]-3-Qr[z]
- sol3 = NDSolve[{— e'[z] == - (— '\/Qde[z +—+ —)
e[z] 1+z \c 2 2 Qde[z]

1
— 4/Qde[z] + — +

C 2 2(1-Qde[z)])

2 (1 -Qde[z]) Qde[z]
Qde '[z] == - (

1 QI[z]-Qr[z] ]

l1+z ’
e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]
- {{e - InterpolatingFunction [ / Domain : {0., 1. x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ }\ Domain : {{0., 1.x10°}} ]}}

Output : scalar

-B=0.08;
1 Qde[z] (1 1 QI[z]-3-Qr[z]
- sol4 = NDSolve [{— e'[z] == - (— '\/Qde[z + =+ —)
e[z] 1+z \c 2 2 Qde[z]

2 (1-Qde[z]) Qde[z] 1 QI[z]-Qr[z] ]
- b

1
Qde '[z] == - (— '\/Qde[z] + =+
14z c 2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1-Qm0—Qr0}, {e, Qde}, {z, 0, 10°)]

F {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ V\ Domain : {0., 1. x10°}} ]}}

Output : scalar
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m- - LogLogPlot [{e[z] /.soll, e[z]/. sol2, e[z]/. so13, e[z]/. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z", "E"}, PlotLegends -» {"c = 0.65, B = 0.02",

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, f = 0.08"}]

/
10° / ]
/ 4
// | — — =065 =002
mo10% b 1 — — ¢=0.65 =0.04
out[ « ]= // B ﬂ
£ - — - ¢=0.65,6=0.06
Z )
100 | /// , c=0.65, 5=0.08
L e )
_______________ /
0.(;01 ‘ i ‘ ‘ 10‘00 ‘ ‘ 1(‘)6

- - LogLogPlot [{Qde[z] /. soll, Qde[z] /. sol2, Qde[z] /. sol3, Qde[z] /. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]i},
{Directive[Dashing[0.02], Blue, Thickness [Medium]]},
{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z", "Q4."}, PlotLegends - {"c = 0.65, B = 0.02",

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, f = 0.08"}]

0.100 £ \ ]

L \ 1
0.010% \\ — — ¢=0.65,8=002
3 N\ 1 — — ¢=065,6=0.04
ouf « J- 0.001 £ N\ 3
SN { ———- c=065,8=006
. AN
07 AN c=0.65, =0.08




In[

/- p31 = LoglLogPlot [{e[z] /. sol1}, {z, 167°, 106°}, PlotTheme - "Scientific",
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FrameStyle - Black, PlotStyle - {Directive[Dashing[0.02], Blue, Thickness [Medium]]},

FrameLabel - {"z", "E"}]

108

100 -

/- p32 = LogLogPlot [{e[z] /. sol2}, {z, 107%, 10°}, PlotTheme - "Scientific",

108

FrameStyle - Black, PlotStyle - {Directive[Dashing[0.02], Blue, Thickness [Medium]]},

FrameLabel - {"z", "E"}]

108 .

100 -

10°
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- - p33 = LogLogPlot [{e[z] /. sol3}, {z, 107°, 106°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.02], Blue, Thickness [Medium]]},
FrameLabel - {"z", "E"}]

T
L
7/
’
/
10° - , |
Ve
7
7
/
7
51 4
=10 ,
outf « J= L 4
7
7
7
7
[ 7 4
100 P
7
7
-~
_ -
. . . . . . . .
0.001 1 1000 108

-1~ p34 = LogLogPlot [{e[z] /. sol4}, {z, 1067°, 106°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.02], Blue, Thickness [Medium]]},

FrameLabel - {"z", "E"}]

10° - R

Out[ » ]= L /

100 - 4 b

0.001 1 1000 108
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- - p35 = LogLogPlot [{Qde[z] /. soll}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.02], Blue, Thickness [Medium]]},
FrameLabel - {"z", "Qq."}]

1k E

~
L N 4
\

0.100 ¢ \ 3

£ \
L \ ]
0.010 £ N i
3 E \ E

= 5 \
Outf » = F \ 4
0.001 f \ i
E \ E
N\
N\
107 g N E
N
~
~o_ _ __
. . . .

0.001 1 1000 10°

- - p36 = LogLogPlot [{Qde[z] /. sol2}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.02], Blue, Thickness [Medium]]},

FrameLabel - {"z", "Qq4."}]

1E E

0.100 \ 3

0.010 £ E

Qqe
-

ouff « J- [ \ ]
0.001 g N E
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=y

- p37 = LoglLogPlot [{Qde[z] /. sol3}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.02], Blue, Thickness [Medium]]},
FrameLabel - {"z", "Qq."}]

1k E

~
AN
L N ]
0.100 £ \ 3
E \ ]
L \ 4
\
, 0.010 ¢ \ E
] E

= F \
ouf « J= L \ ]
0.001 [ \ J
E \ E

\
\
107 N ]
AN
~ — — — — ——— -
. . . .

0.001 1 1000 10°

- - p38 = LogLogPlot [{Qde[z] /. sol4}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.02], Blue, Thickness [Medium]]},

FrameLabel - {"z", "Qq4."}]

1 E
______ - E
~
[ N ]
0.100 £ N E
E \ 3
\
[ N ]
0.010 ¢ \ 3
5 E \ ]
5] ¥ N ]
outf « J= 0.001 g \ 3
E \ ]
\
10074 E \ 4
\ — ——— = o
\ Pl
107°F N J
. . . .
0.001 1 1000 10°

In[ ],(**********************************************************************************)

- = (* Q4 %)
Qro(1+z)*
oo - Qr[z_] 12 —————
e[z]?
Qmo
- Qre t= =—————
(1+ zeq)

Tcmb -4
n - zeq 1= 2.5~ 10% Qmo h?

2.7 Kelvin

m- - Tecmb := 2.7255 Kelvin



Inf

In[

In[

In[

In[

In[

Inf

ol

1= Simplify[zeq]
- 3184.42

[ - zeq := 24077.4405856556° h? Qmo

) Q4[z_] := 3 BH[z] 4/pdelz] - pciz]

= Qlz_] := Q4[z]
Q[z]

- QI[z_] 1= —
3 MP2 H[z]®

o1~ pclz_] 1= 3 MP?2 HO? QcO (1 + z)°

- pde[z_] := 3 MP? H[z]* Qde[z]

- 1= H[Z_] ¢= HO e[z]

o - 1= Simplify [PowerExpand [Simplify [QI[z]]]]

0.12443 (1 +2)3? 4/Qde][z]

e[z]

/

3(1+2)%28 4/aco '\/Qde[z]

- QI[z_] = ]
el|z

- Qme = 0.3233;
Qb0 = 0.0526
Qco = Qmo - Qbo;
c=0.65;
h=0.6512;

- B=0.02}

comparison.nb | 25



26 |

In[

Out[

In[

Inf

In[

In[

In[

comparison.nb

1 Qde[z]
;- soll = NDSolve [{— e'[z] == -
e[z] 1+z

2 (1 - Qde[z]) Qde[z] (

1 1
(— '\/Qde[z + =+
[ 2 2 Qde[z]

1 QI[z]—Qr[z]]
- |

QI[z]—3—Qr[z])

1
- '\/Qde[Z] + =+

C 2 2(1-Qde[z)])

Qde '[z] == -
l1+2z

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

- {{e - InterpolatingFunction [ / Domain : {0., 1. x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar

-B=0.04;
1 Qde[z] (1 1 QI[z]-3-Qr[z]
- sol2 = NDSolve [{— e'[z] == - (— '\/Qde[z] + =+ —)
e[z] 1+z \c 2 2 0de[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[@] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 10°)|

- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde » InterpolatingFunction [ k Domain : {{0., 1. x10°}} ]}}

Output : scalar

- B=0.06;



In[

Out[

In[

Inf

In[

In[

1 Qde[z]
- sol3 = NDSolve [{— e'[z] == -
e[z] 1+z

2 (1 - Qde[z]) Qde[z] (

1 1
(— '\/Qde[z + =+
[ 2 2 Qde[z]

1 QI[z]—Qr[z]]
- |

QI[z]—3—Qr[z])

1
- '\/Qde[Z] + =+

C 2 2(1-Qde[z)])

Qde '[z] == -
l1+2z

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

- {{e - InterpolatingFunction [ / Domain : {0., 1. x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar

- B=0.08;
1 Qde[z] (1 1 QI[z]-3-Qr[z]
- sol4 = NDSolve [{— e'[z] == - (— '\/Qde[z] + =+ —)
e[z] 1+z \c 2 2 0de[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[@] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 10°)|

- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde » InterpolatingFunction [ k Domain : {{0., 1. x10°}} ]}}

Output : scalar
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m- - LogLogPlot [{e[z] /.soll, e[z]/. sol2, e[z]/. so13, e[z]/. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},

{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z",

Outf » -

10°®

"E"}, PlotLegends -» {"c = 0.65, B = 0.02",
"¢ = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, B =

0.08"}]

— ¢=0.65, 8=0.02

c=0.65, f=0.04
- — — ¢=0.65,8=0.06
c=0.65, 3=0.08

- - LogLogPlot [{Qde[z] /. soll, Qde[z] /. sol2, Qde[z] /. sol3, Qde[z] /. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]i},
{Directive[Dashing[0.02], Blue, Thickness [Medium]]},

{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z", "Q4."}, PlotLegends - {"c = 0.65, B = 0.02"
"¢ = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, B =

0.100

0.001

~

1000

L
10°

H

0.08"}]

— ¢=0.65, 8=0.02

c=0.65, f=0.04
- — — ¢=0.65,3=0.06
c=0.65, =008



In[

)~ p41 = LoglLogPlot [{e[z] /. sol1}, {z, 167°, 106°}, PlotTheme - "Scientific",
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FrameStyle - Black, PlotStyle - {Directive[Dashing[0.015], Green, Thickness [Medium]]},

FrameLabel - {"z", "E"}]

108 .

100 -

0.001 1

/- p42 = LogLogPlot [{e[z] /. sol2}, {z, 107%, 10°}, PlotTheme - "Scientific",

1000

108

FrameStyle - Black, PlotStyle - {Directive[Dashing[0.015], Green, Thickness [Medium]]},

FrameLabel - {"z", "E"}]

108

100 -

0.001 1

1000

10°
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- - p43 = LogLogPlot [{e[z] /. sol3}, {z, 1067°, 106°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.015], Green, Thickness [Medium]]},
FrameLabel - {"z", "E"}]

10° b

outf « J=

100 - b

0.001 1 1000 108

- - p44 = LogLogPlot [{e[z] /. sol4}, {z, 167°, 106°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.015], Green, Thickness [Medium]]},

FrameLabel - {"z", "E"}]

108 - 1

Outf « =

100 - b

0.001 1 1000 108
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- - p45 = LogLogPlot [{Qde[z] /. soll}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.015], Green, Thickness [Medium]]},

FrameLabel - {"z", "Qq."}]

1g 3
0.100 £ 3

0.010 £ 3

Qge

Outf » = F 4
0.001 ¢ 3

0.001 1 1000 10°

- - p46 = LogLogPlot [{Qde[z] /. sol2}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.015], Green, Thickness [Medium]]},

FrameLabel - {"z", "Qq4."}]

1g 3
0.100 £ 3

0.010 £ 3

Qe

outf « J= t f
0.001 | 3

0.001 1 1000 10°
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)~ p47 = LoglLogPlot [{Qde[z] /. sol3}, {z, 107%, 10°}, PlotTheme - "Scientific",

=y

FrameStyle - Black, PlotStyle - {Directive[Dashing[0.015], Green, Thickness [Medium]]},

FrameLabel - {"z", "Qq."}]

1g 3
0.100 £ 3

0.010 £ 3

Qge

outf « J= t
0.001 £ 3

0.001 1 1000 10°

- - p48 = LogLogPlot [{Qde[z] /. sol4}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.015], Green, Thickness [Medium]]},

FrameLabel - {"z", "Qq4."}]

1g 3
0.100 £ 3

0.010 £ 3

Qe

outf « J= t j
0.001 £ 3

0.001 1 1000 10°

Inf[« ]:= (* kkkkhkhkhhhkkkkkkkkhkhkhkkkkkhkhkkkkhhkkkkhkkhhhkhhhhdkdhdkhhhhhhdhhhdhhhdhdhhhrhds *****)

- = (* Q5 %)
Qro(1+z)*
oo - Qr[z_] 12 —————
e[z)?
Qmo
n- = Qro 1z ———
(1+ zeq)

Tcmb -4
n - zeq 1= 2.5~ 10% Qmo h?

2.7 Kelvin

m- - Tecmb := 2.7255 Kelvin



In[

In[

In[

In[

In[

In[

1= Simplify[zeq]
- 3300.99

- zeq := 24077.4405856556" h? Qmo

pde[z] » pc[z]
- Q5[z_] := 3 BH[z] ————
pde[z] + pc[z]

- Qlz_] := Q5[2]

Q[z]

- QI[z_] 1= —
3 MP2 H[z]®

o - pclz_] 1= 3MP? HO? QcO (1 + 2)°
o - pde[z_] 1= 3 MP? H[z]* Qde][z]
o= H[Z_] ¢= HO e[z]

o 1= Simplify [PowerExpand [Simplify [QI[z]]]]

0.24 (1. +z)® Qde[z]

I
J=

1.(1. +1. 2)°%+3.69413 e[z]? Qde[z]

3(1+2)3B8QcoQde[z]

- QI[z_] =
(1+2)°QcO+ e[z]? Qde[z]

- QMmO = 0.3224;
Qbo = 0.0521;
Qco =Q0mo-Qbo;
c=0.65;
h=0.6545;

- B=0.02}
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1 Qde[z]
Inf « J:= soll = NDSolve [{_ e '[Z] == -
e[z] 1+z

2 (1 - Qde[z]) Qde[z] (

1 1
(— '\/Qde[z + =+
[ 2 2 Qde[z]

1 QI[z]—Qr[z]]
- |»

QI[z]—3—Qr[z])

1
- '\/Qde[Z] + =+

C 2 2(1-Qde[z)])

Qde '[z] == -
l+2z

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

ouf « - {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar

Inf  Ji=

- - B =0.04;
1 Qde[z] (1 1 QI[z]-3-Qr[z]
- - sol2 = NDSolve [{— e'[z] == - (— '\/Qde[z + =+ —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] {1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+ —],
1+2z c 2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1-nmo-mo}, {e, Qde}, {z, 0, 10°)]

out « J- {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ k Domain : {0., 1. x10°}} ]}}

Output : scalar

- - B =0.06}



In[

Out[

In[

outf

1 Qde[z]
- sol3 = NDSolve [{— e'[z] == -
e[z] 1+z

2 (1 - Qde[z]) Qde[z] (

1 1
(— '\/Qde[z + =+
[ 2 2 Qde[z]

1 QI[z]—Qr[z]]
- |»

QI[z]—3—Qr[z])

1
— 4/Qde[z] + — +

C 2 2(1-Qde[z)])

Qde '[z] == -
l+2z

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

- {{e - InterpolatingFunction [ / Domain : {{0., 1. x 10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar

o - B=0.08;
1 Qde[z] (1 1 QI[z]-3-Qr[z]
- sol4 = NDSolve [{— e'[z] == - (— '\/Qde[z + =+ —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] {1 1 QI[z]-Qr[z]
Qde '[2] == - (— 4/ Qde[z] +—+—],
1+2z c 2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1-nmo-mo}, {e, Qde}, {z, 0, 10°)]

F {{e - InterpolatingFunction [ / Domain : {{0., 1. x10°}} ],

Output : scalar

Qde - InterpolatingFunction [ k Domain : {0., 1. x10°}} ]}}

Output : scalar
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m- - LogLogPlot [{e[z] /.soll, e[z]/. sol2, e[z]/. so13, e[z]/. sol4},

{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.01], Green, Thickness[Medium]]}},

FrameLabel - {"z", "E"}, PlotLegends -» {"c = 0.65, B = 0.02",

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, f = 0.08"}]

/ ]
/]
10° - // b
/
/ | — —c=0658=002
// | =0.65, 6 =0.
mo105 /,,/ b — — C= 065, ﬂ =0.04
outf « ]= L / 1
7 - — - ¢=0.65,=0.06
L /,/ 4
ol % | c=0.65, §=0.08
,,/"/
0.(;01 ‘ i ‘ 10‘00 ‘ ‘ 1(‘)6

- - LogLogPlot [{Qde[z] /. soll, Qde[z] /. sol2, Qde[z] /. sol3, Qde[z] /. sol4},
{z, 107%, 10°}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},

{Directive[Dashing[0.03], Red, Thickness [Medium]i},

{Directive[Dashing[0.02], Blue, Thickness [Medium]]},

{Directive[Dashing[0.01], Green, Thickness[Medium]]}},
FrameLabel - {"z", "Q4."}, PlotLegends - {"c = 0.65, B = 0.02"

H

"c = 0.65, B = 0.04", "c = 0.65, B = 0.06", "c = 0.65, B = 0.08"}]

0.100 % \ é
i | — — =065 =002
g \ | — — =065 =004
T o] \ ] - - c=0658=006

AN ] c=0.65, 8=0.08




In[

/- p51 = LogLogPlot [{e[z] /. sol1}, {z, 167°, 106°}, PlotTheme - "Scientific",
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FrameStyle - Black, PlotStyle - {Directive[Dashing[0.01], Purple, Thickness [Medium]]},

FrameLabel - {"z", "E"}]

108 .

100 -

/- p52 = LogLogPlot [{e[z] /. sol2}, {z, 107%, 10°}, PlotTheme - "Scientific",

108

FrameStyle - Black, PlotStyle - {Directive[Dashing[0.01], Purple, Thickness [Medium]]},

FrameLabel - {"z", "E"}]

108

100 -

10°
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- p53 = LogLogPlot [{e[z] /. sol3}, {z, 107°, 106°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.01], Purple, Thickness [Medium]]},
FrameLabel - {"z", "E"}]

T
K
K
.
.
.
10° L’ 1
.
.
.
.
.
.
/"
mo10° - o 1
.
outf « J- L .
-
-
-
100 e |
-
-
L L L L L L L L L
0.001 1 1000 108

- - p54 = LogLogPlot [{e[z] /. sol4}, {z, 167°, 106°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.01], Purple, Thickness [Medium]l},

FrameLabel - {"z", "E"}]

108 F L, |

outf « J= L e

100 - P 4

0.001 1 1000 108
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- - p55 = LogLogPlot [{Qde[z] /. soll}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.01], Purple, Thickness [Medium]]},
FrameLabel - {"z", "Qq."}]

1k E
S E
L \‘ 4
N

0.100 A i
E A 3

E .

.

.
[ R )
N
0.010 £ AN 3
2 £ N E
outf « = F N ]
0.001 [ A J
E N E
N
.
N
1074 E AN ]
. . . .

0.001 1 1000 10°

- - p56 = LogLogPlot [{Qde[z] /. sol2}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.01], Purple, Thickness [Medium]]},

FrameLabel - {"z", "Qq4."}]

1 E
\\\‘
L . ]
0.100 £ A E
E . E
E R
.
L N 4
\\
0.010 N J
@ E hd 3
£ N
outf « J= + N ]
0.001 i E
E S 3
E .
N
N
-4
1071k . E
. . . .
0.001 1 1000 10°
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=y

- p57 = LoglLogPlot [{Qde[z] /. sol3}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.01], Purple, Thickness [Medium]]},
FrameLabel - {"z", "Qq."}]

1k E
s E
N
N
N
0.100 ¢ S E
E . E
E N
.
N
L . ]
.
0.010 . E
o E N 3
£ N
ouf « J= + ~ ]
0.001 g N 4
E S 3
E N
N
N
‘\
1074 ¢ N ]
. . . .
0.001 1 1000 10°

- - p58 = LogLogPlot [{Qde[z] /. sol4}, {z, 107%, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.01], Purple, Thickness [Medium]]},

FrameLabel - {"z", "Qq4."}]

1 E
ER E
N
N
L ~ 4
N
N
0.100 . 4
E Al E|
E .
.
.
L . ]
\
0.010 . J
35 E \ 1
= £ N

outf « J= + AR ]
0.001 [ i 4
E A 3

E N

.

.
.
N
» N
107 E . ]
\x
Sa
. . . .
0.001 1 1000 10°
Z
In[ « ]:= (**********************************************************************************)

n- - (x Comparison of models %)
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u - - Show[LogLogPlot [{null, null, null, null, null}, {z, 1073, 10°},
PlotRange - {{1067, 10°}, {167*, 10*°}}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.015], Green, Thickness [Medium]]},
{Directive[Dashing[0.01], Purple, Thickness [Medium]l}},
FrameLabel - {"z", "E"}, PlotLabel -» "c = 0.65, B = 0.02",
PlotLegends - {"Q1", "Q2", "Q3", "Q4", "Q5"}], p1l, p21, p31, p4l, p51]

c=0.65, §=0.02

10° - | | | /,
, e
107 - / i — —01

Outf

\

|

|

|
o]
w

1000 f / ’ Q4

L Il L L L
0.001 0.100 10 1000 10°
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u - - Show[LogLogPlot [{null, null, null, null, null}, {z, 1073, 10°},

PlotRange - {{107*, 10°}, {167, 1}}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.015], Green, Thickness [Medium]]},
{Directive[Dashing[0.01], Purple, Thickness [Medium]l}},

FrameLabel - {"z", "Q4."}, PlotLabel » "c = 0.65, B = 0.02",

PlotLegends - {"Q1", "Q2", "Q3", "Q4", "Q5"}], p15, p25, p35, p45, p55]

c=0.65, §=0.02

0.100% \
0.010% \ , — — Q2

outf « J= C:% L N\ _ - = Q3
0.001 E \\ E

£ \ ] Q4

1074 £ \\\~ 4 TTTTT Q5

10

-5 . I . . .
0.001 0.100 10 1000 10°
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u - - Show[LogLogPlot [{null, null, null, null, null}, {z, 1073, 10°},
PlotRange - {{1067, 10°}, {167*, 10*°}}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.015], Green, Thickness [Medium]]},
{Directive[Dashing[0.01], Purple, Thickness [Medium]l}},
FrameLabel - {"z", "E"}, PlotLabel -» "c = 0.65, B = 0.04",
PlotLegends - {"Q1", "Q2", "Q3", "Q4", "Q5"}], p12, p22, p32, p42, p52]

c=0.65, 5=0.04

: : ‘ :
10° - /,

, an
107 - / i — —01

outf « J= , _ - = Q3
1000 - /// 1 Q4
10 // 1 Q5

L Il L L L
0.001 0.100 10 1000 10°
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u - - Show[LogLogPlot [{null, null, null, null, null}, {z, 1073, 10°},

PlotRange - {{107*, 10°}, {167, 1}}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.015], Green, Thickness [Medium]]},
{Directive[Dashing[0.01], Purple, Thickness [Medium]l}},

FrameLabel - {"z", "Q4."}, PlotLabel » "c = 0.65, B = 0.04",

PlotLegends - {"Q1", "Q2", "Q3", "Q4", "Q5"}], p16, p26, p36, p46, p56]

c=0.65, 5 =0.04

0.100 \ E

0.010 f \\\ f — — Q2

outf « ]= C:% E \\ E - - = Q?)
0.001 £ \ E

§ \ ] Q4

\\\
aL NN e 5
107 \E\\ Q

\\h\_‘_‘_ _

10

-5 . I . . .
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u - - Show[LogLogPlot [{null, null, null, null, null}, {z, 1073, 10°},
PlotRange - {{1067, 10°}, {167*, 10*°}}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.015], Green, Thickness [Medium]]},
{Directive[Dashing[0.01], Purple, Thickness [Medium]l}},
FrameLabel - {"z", "E"}, PlotLabel -» "c = 0.65, B = 0.06",
PlotLegends - {"Q1", "Q2", "Q3", "Q4", "Q5"}], p13, p23, p33, p43, p53]

c=0.65, g =0.06

ol //
107 - ,// 1 — —Q1
| // | 2
o S -0
outf « J= = /7/ _ - = Q3
1000 |- /;4// . Q4

s
10} S i Q5
_____________’/
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L Il L L L
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u - - Show[LogLogPlot [{null, null, null, null, null}, {z, 1073, 10°},

PlotRange - {{107*, 10°}, {167, 1}}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.015], Green, Thickness [Medium]]},
{Directive[Dashing[0.01], Purple, Thickness [Medium]l}},

FrameLabel - {"z", "Q4."}, PlotLabel » "c = 0.65, B = 0.06",

PlotLegends - {"Q1", "Q2", "Q3", "Q4", "Q5"}], p17, p27, p37, p47, p57]

c=0.65, §=0.06

0.100 \ E

0.010 £ \ 3 — — Q2
outf « J= C:% E \» - - = Q3
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b \\‘ ]
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u - - Show[LogLogPlot [{null, null, null, null, null}, {z, 1073, 10°},
PlotRange - {{1067, 10°}, {167*, 10*°}}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.015], Green, Thickness [Medium]]},
{Directive[Dashing[0.01], Purple, Thickness [Medium]l}},
FrameLabel - {"z", "E"}, PlotLabel -» "c = 0.65, B = 0.08",
PlotLegends - {"Q1", "Q2", "Q3", "Q4", "Q5"}], pl4, p24, p34, p44, p54]

c=0.65, 5=0.08

10°F /,
107 - / 1 — — Q1

— — Q2
il ) // | Q
outf « J= = /;,/ _— = Q3
L e i
1000 / ~ Q4
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_—
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u - - Show[LogLogPlot [{null, null, null, null, null}, {z, 1073, 10°},

PlotRange - {{107*, 10°}, {107°, 1}}, PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {{Directive[Dashing[0.04], Black, Thickness [Medium]]},
{Directive[Dashing[0.03], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]l},
{Directive[Dashing[0.015], Green, Thickness [Medium]]},
{Directive[Dashing[0.01], Purple, Thickness [Medium]l}},

FrameLabel - {"z", "Q4."}, PlotLabel » "c = 0.65, B = 0.08",

PlotLegends - {"Q1", "Q2", "Q3", "Q4", "Q5"}], p18, p28, p38, p48, p58]

c=0.65, 5=0.08

i . ]
0.100 £ \
i \ ] — —Q1
0.010 £ i
‘ N\ L
— AN ]
out & o001 \\\\ i - 3
N Q4
107k \ N ]
~
\\\ P Q5
105 L \\// ]
10*57 L L L L L L L L
0.001 0.100 10 1000 10°

In[ « ]:= (* kkkkkkkkkkkkkkkhkkkkkhkkkhkhkkkkhkkkhkkkhkhkhkkhkkkhkhkkkkhkkkhkhkkhkhkkkkhkkkkkkk *****)



In[

In[

In[

In[

In[

In[

In[

In[

Oout[

In[

In[

In[

In[

In[

In[

Jim (e ook ok ok ok sk ek ok ook ok ok ok sk e ek ok ok ok ok ok ok ok ok ok ok ok ok ek ek ok ok ok ok ok ek ek ok e kek )
= (» ACDM %)

= Clear["Global" ']

Qro(1+z)*
= Qr[z_] 1= —
e[z]?
Qmo
- Qr@ ;= ——
(1+ zeq)
Tcmb -4
- zeq := 2.5+ 10% QmO h? | ——88
2.7 Kelvin

= Temb := 2.7255 Kelvin

= Simplify[zeq]
= 24077.4 h? Qmo

= zeq := 24077.4405856556" h? Qme

'\/a[z]" QAO + a[z] (QmO) + Qr0O

1= e[z_] :=
a[z]?

1= af[z_] :=
z+1

/- QmO = 0.2995 3
h=0.6997;
QAO = 1-(QmO +Qro);



2 | comparison-2.nb

- - pELCDM = LogLogPlot [{e[z]}, {z, 107>, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Black, Thickness[Medium]}, FrameLabel - {"z", "E"}]

10° - 1

0.001 1 1000 108

In[« ]:=

«/a[z]4 QAOLCDM + a[z] (QmOLCDM) + Q rOLCDM

n- 1= eLCDM[z_] :=
a[z]?

QmOLCDM = 0.2995 ;
hLCDM = 0.6997 ;

QmOLCDM
QroLCDM ;= —m8
(1 + zeqLCDM)
OAOLCDM := 1 - (QmOLCDM + QrOLCDM);
Tcmb -4
zeqLCDM := 2.5 ~ 10* QmOLCDM hLCDM? | ———9898
2.7 Kelvin

e[z]
n- - AE[z_] 1= 100 | ———— -1
eLCDM[z]



- .- pAELCDM = Plot[{AE[z]}, {z, ©, 3.5}, PlotRange - {{0, 3.5}, {-1, 6}},
PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Black, Thickness[Medium]}, FrameLabel - {"z", "AE (%)"}]

6

AE (%)

Oout[« ]=

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

In[« ]:=

- - pHLCDM = Plot[{100 h e[z]}, {z, 0, 2.5}, PlotRange - {{0, 2.5}, {20, 270}},
PlotTheme - "Scientific", FrameStyle - Black,

PlotStyle - {Black, Thickness[Medium]}, FrameLabel - {"z", "H(z)"}]

H(z)

Oout[« J=

0.0 0.5 1.0 1.5 2.0 2.5

In[« ]:=

1
n- 1= qfz_] 1= —— e'[z](1+2)-1
e[z]

comparison-2.nb | 3
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n- 1~ pqLCDM = Plot[{alz], 1}, {z, 1067%, 3}, PlotRange - {{0, 3}, {-0.6, 0.5}},
PlotTheme - "Scientific", FrameStyle - Black, PlotStyle -
{{Directive[Black, Thickness[Medium]l}, {Black, Thin}}, FrameLabel - {"z", "q(z)"}]

q(z)

Out[+ ]=

In[« ]:=

977.8 1
NIntegrate[—, {z, 0, Inf'in'ity}]
100 h (1+2) e[z]

m- 1= tUmodel =

outf- 1= 13.4739

mf- 1= tULCDM = 13.4738805274518" ;

tUmodel
n- = AT =100 | —— -1
tULCDM

outf- 1= 0.

In[ - Ji= (Fekdedokdok ek ded dede deoe deok deok ok ek ok ok ok deok deok deok ek ok ek ek ek ok ok ok deok dek dek ek ek ek ek ook ok ok ek ke ekekeok)
1= (* Q1 %)

n- 1= Clear["Global’ %"]

Qro(1+z)*
n- 1= Qr[z_] i= ———————
e[z]?
Qmo
o= Qre sz ——
(1+ zeq)
Tcmb -4
n- - zeq t= 2.5+ 10% QmO h? | ——8 8
2.7 Kelvin

m- 1= Temb 1= 2.7255 Kelvin



In[

Out|[

In[

In[

In[

In[

In[

out[

In[

In[

In[

In[

In[

out[

= Simplify[zeq]

)= 24077.4 h” Qmo

- zeq := 24077.4405856556° h? Qme
= Q1[z_] := 3 B H[z] » pde[z]

k= Q[z_] := Q1[z]

Q[z]

= QIfz_] 12—
3 MP2 H[z]®

- pde[z_] := 3 MP? H[z]* Qde[z]

1= Simplify [QI[z]]
1= 3 BQde[z]

- QI[z_] := 3 B Qde[z]

- Qme = 0.3213;

h=0.6558;
c=0.8294;
B=0.0782;
Ji=
1 Qde[z] (1 1 QI[z]-3-Qr[z]
;= soll = NDSolve [{— e'[z] == - (— '\/nde[z + =+ —)
e[z] 1+z \c 2 2 Qde[z]

2 (1 -Qde[z]) Qde[z] 1 QI[z]-Qr[z] ]
- b

1
Qde '[z] == - (— '\/Qde[z +—+
14z c 2 2(1-Qde[z])

e[0] == 1, Qde[0] == 1-Qm0-Qr0}, {e, Qde}, {z, 0, 10°)]

= {{e - InterpolatingFunction [ / Domain : {{0., 1. 10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {f0., 1. x 10°}} ]}}

Output : scalar

comparison-2.nb | 5
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In[+ ]:=

n- - pEM1 = LogLogPlot [{e[z] /. sol1}, {z, 107°, 10°},

PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {Directive[Dashing[0.02], Red, Thickness[Medium]]}, FrameLabel - {"z", "E"}]

10° , 1

Out[+ ]= L ’

100 - b

0.001 1 1000 108

In[+« ]:=

'\/a[z]“ QAOLCDM + a[z] (QmOLCDM) + Q rOLCDM

- 1= eLCDM[z_] :=

a[z]?
1
af[z_] :=
z+1
QmOLCDM = 0.2995 ;
hLCDM = 0.6997 ;
QmOLCDM
QroLCDM (= ——
(1 +zeqLCDM)
OAOLCDM := 1 - (QmOLCDM + QrOLCDM);
Tcmb -4
zeqLCDM := 2.5 » 10* QmOLCDM hLCDM? | ————898
2.7 Kelvin

e[z]
m- 1= AE[z_] ¢= 100 (— - 1)
eLCDM[z]
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ni- - pAEM1 = Plot[{AE[z] /. sol1}, {z, 0, 3.5}, PlotRange - {{6, 3.5}, {-1, 6}},
PlotTheme - "Scientific", FrameStyle - Black, PlotStyle -
{Directive[Dashing[0.02], Red, Thickness [Medium]]}, FrameLabel - {"z", "AE (%)"}]

6

AE (%)

Oout[« ]=

T S S S S S S Y IS S E S S
0.0 0.5 1.0 15 2.0 2.5 3.0 35

In[« ]:=

- 1= pHM1 = Plot[{100 h e[z] /. sol1}, {z, 0@, 2.5}, PlotRange -» {{0, 2.5}, {20, 270}},
PlotTheme - "Scientific", FrameStyle - Black, PlotStyle -
{Directive[Dashing[0.02], Red, Thickness [Medium]]}, FrameLabel - {"z", "H(z)"}]

250 ~

150 [~ 7 B

H(z)

Out[+ J= : -

100 - -~ i

50 - b

0.0 0.5 1.0 1.5 2.0 2.5

In[« ]:=

1
n- 1= qfz_] 1= —— e'[z](1+2)-1
e[z]
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n- 1= pqM1 = Plot[{q[z] /. sol1, 1}, {z, 1073, 3},
PlotRange - {{0, 3}, {-0.6, 0.5}}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {{Directive[Dashing[0.02], Red, Thickness[Medium]]}, {Black, Thin}},

FrameLabel - {"z", "q(z)"}]

04l - ---—-—"7
0.2 ; _ - - -
[ 7
7
I , |
< 0of , J
=l [ / ]
outf[+ ]= L / ]
-02 F / B
Ly |
F / 4
—0al / _
L/ |
[/ |
0.6 P TS S RS S S RS S S S S S SR
0.0 0.5 1.0 1.5 2.0 25 3.0
z
In[« ]:=
977.8 1
n- = tUmodel = NIntegrate[ , {z, 0, Inf'in'ity}][[l]]
100 h (1+2z)(e[z]/. soll)

outf- 1= 13.9958

mf- 1= tULCDM = 13.4738805274518" ;

tUmodel
n- = AT =100 | —— -1
tULCDM

outf- 1= 3.87372

In[ - Ji= (Fekdedokdok ek ded dede deoe deok ok ok ek ok ok ok deok deok deok ek ok ok ek ek ok ok ok deok dek dek ek ek ek ek ek ook ok ek ke ekeeok)
1= (* Q2 %)

n- 1= Clear["Global’ %"]

Qro(1+z)*
n- 1= Qr[z_] i= ———————
e[z]?
Qmo
o= Qre sz ——
(1+ zeq)
Tcmb -4
n- - zeq t= 2.5+ 10% QmO h? | ——8 8
2.7 Kelvin



In[+ ]:=

In[+ ]:=

Out[« ]=

In[+ ]:=

In[+ ]:=

In[+ ]:=

In[+« ]:=

In[+« ]:=

In[+« ]:=

In[+« ]:=

Out[« ]=

In[+« ]:=

In[+ ]:=

In[+« ]:=

Tcmb := 2.7255 Kelvin
Simplify[zeq]

24077.4 h’> Qmo

zeq := 24077.4405856556" h? Qme
Q2[z_] := 3 BH[z] » p[Z]

Qlz_] := Q2[z]

Q[z]
QI[z_] := —
3 MP2 H[z]®
pclz_] := 3MP2HO? QcO (1 + 2)®
pde[z_] := 3 MP? H[z]® Qde][z]
H[z_] := HO e[z]
Simplify[QI[z]]
3(1+2)°BQco

e[z)?

3(1+2)*BQco
QI[z ] ;= —m
e[z]?

Qmo = 0.3225;
Qb0 = 0.0518 ;
Qco = Qmo - QbO;

h=0.6399;
c=0.7538;
B =0.0092;

comparison-2.nb | 9
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1 Qde[z] (1 1 QI[z]-3-Qr[z]
m- 1= soll = NDSolve [{— e'[z] == - (— '\/Qde[z] + =+ —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

outf - J= {{e - InterpolatingFunction [ / Domain : {{0., 1. x 10°}} ],

Output : scalar

Qde - InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar

In[« ]:=

n- - pEM2 = LogLogPlot [{e[z] /. sol1}, {z, 167>, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.02], Blue, Thickness [Medium]]},

FrameLabel - {"z", "E"}]

Out[+ ]= L ~

100 - P

0.001 1 1000 10°

In[« ]:=
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'\/a[z]“ QAOLCDM + a[z] (QmOLCDM) + Q rOLCDM

- .= eLCDM[z_] :=
a[z]?

1

af[z_] :=
z+1

QmOLCDM = 0.2995 ;
hLCDM = 0.6997 ;

QmOLCDM
QroLCDM := —
(1 +zeqLCDM)

QAOLCDM := 1 - (QmOLCDM + QrOLCDM);

Tcmb -4
zeqLCDM := 2.5 » 10* QmOLCDM hLCDM? | ——8
2.7 Kelvin

e[z]
ni- = AE[z_] 1= 100 (— - 1)
eLCDM[z]
ni- - pAEM2 = Plot[{AE[z]/. sol1}, {z, O, 3.5}, PlotRange - {{@, 3.5}, {-1, 6}},
PlotTheme - "Scientific", FrameStyle - Black, PlotStyle -
{Directive[Dashing[0.02], Blue, Thickness [Medium]]}, FrameLabel - {"z", "AE (%)"}]

6

AE (%)

Out[« ]=

T S S S S S B S IS S E SRS
0.0 0.5 1.0 1.5 2.0 2.5 3.0 35

In[« ]:=
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- - pHM2 = Plot[{100 h e[z] /. soll}, {z, 0, 2.5}, PlotRange - {{0, 2.5}, {20, 270}},
PlotTheme - "Scientific", FrameStyle - Black, PlotStyle -
{Directive[Dashing[0.02], Blue, Thickness[Medium]]}, FrameLabel - {"z", "H(z)"}]

—— ‘
250 - 7
[ _
PR
7
F ' 4
200 P B
[ _ j
-~
-~
-~
—~ [ - 4
N 150 _- B
T r P j
out[« ]= [ _
b — - 4
100 [ P ]
[ -~ )
F - -
50 - B
L 1 L L L L 1 L L L L 1 L L L L 1 L L L L
0.0 0.5 1.0 15 2.0 2.5
z
In[« ]:=
1
n- 1= qfz_] 1= —— e'[z](1+2)-1
e[z]

n- 1= pgM2 = Plot[{q[z] /. sol1, 1}, {z, 107, 3},
PlotRange - {{0, 3}, {-0.6, 0.5}}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {{Directive[Dashing[0.02], Blue, Thickness [Medium]]}, {Black, Thin}},

FrameLabel - {"z", "q(2)"}]

o4 ==~~~ 3
02 F - B

0.0 - 7 B

q(z)
N

Out[+ ]= b 4
-0.2 B

0 3 S S S S S S Y S S S
0.0 0.5 1.0 1.5 2.0 2.5 3.0




In[

Out[

In[

In[

Out[

In[

In[

In[

In[

In[

In[

In[

In[

In[

In[

977.8

tUmodel = NIntegrate[

100 h
14.3376

tULCDM = 13.4738805274518" ;
tUmodel

AT =100 | —— -1
tULCDM

6.41058

(**********************************************************************************)

(* Q3 %)
Clear["Global" %"]

Qro(1+z)*
Qr[z_] 1= —m—
e[z)?
Qmo
Qro 1= ——
(1+ zeq)
Tcmb -4
zeq := 2.5+ 10° Qmo h? | —— 8
2.7 Kelvin

Tcmb := 2.7255 Kelvin
Simplify[zeq]

24077.4 h?> Qmo

zeq := 24077.4405856556° h> Qmo
Q3[z_] := 3 B H[z] (pde[z] + pc[z])
Qlz_] := Q3[z]

Q[z]

QI[z ] i1z ——
3 MP? H[z]®

pclz_] := 3 MP? HB? QcO (1 + z)®
pde[z_] := 3 MP? H[z]? Qde][z]

H[z_] := HO e[z]

, {2, 0, Infinity}]i]
(1+z)(e[z]/. soll)

comparison-2.nb | 13
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n- 1= Simplify [QI[z]]
3 B8((1+2z)°Qco + e[z]* Qde[z])

Out[« ]=

e[z)?
3B((1+2)° Qco+e[z]* Qde[z])
n- 1= QI[z_] :=
e[z])?
In[+ ]:=
1= QmMO = 0.3235
0bo = 0.0547 ;
Qco=0mo-0bo;
h=0.6394;
c=0.7538;
B=0.0092;
In[« ]:=
1 Qde[z] (1 1 QI[z]-3-Qr[z]
m- 1= soll = NDSolve [{— e'[z] == - (— '\/Qde[z] + =+ —)
elz] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—QmO—Qr0}, {e, Qde}, {z, 0, 10°)|

outf + = {{e - InterpolatingFunction [ / Domain : {0., 1. x 10°}} ],

Output : scalar

Qde - InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar
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n- - pEM3 = LogLogPlot [{e[z] /. sol1}, {z, 167>, 10°}, PlotTheme - "Scientific",

FrameStyle - Black, PlotStyle - {Directive[Dashing[0.02], Green, Thickness [Medium]]},
FrameLabel - {"z", "E"}]

Out[+ ]=

0.001 1 1000 108

In[+« ]:=

'\/a[z]“ QAOLCDM + a[z] (QmOLCDM) + Q rOLCDM

- .= eLCDM[z_] :=
a[z]*

1

af[z_] :=
z+1

QmOLCDM = 0.2995 ;
hLCDM = 0.6997 ;
QmOLCDM
QroLcpM 1= —m8m8
(1 +zeqLCDM)
QAOLCDM := 1-(QmOLCDM + QrOLCDM);
Tcmb -4
zeqLCDM := 2.5 » 10* QmOLCDM hLCDM? | ———898
2.7 Kelvin

e[z]
mi- 1= AE[z_] 2= 100 (— - 1)
eLCDM[z]
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- - pAEM3 = Plot[{AE[z] /. sol1}, {z, 0, 3.5}, PlotRange - {{6, 3.5}, {-1, 6}},
PlotTheme - "Scientific", FrameStyle - Black, PlotStyle -
{Directive[Dashing[0.02], Green, Thickness [Medium]]}, FrameLabel - {"z", "AE (%)"}]

6

AE (%)

Oout[« ]=

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

In[« ]:=

- 1= pHM3 = Plot[{100 h e[z] /. sol1}, {z, 0@, 2.5}, PlotRange -» {{0, 2.5}, {20, 270}},
PlotTheme - "Scientific", FrameStyle - Black, PlotStyle -
{Directive[Dashing[0.02], Green, Thickness[Medium]]}, FrameLabel - {"z", "H(z)"}]

200 B

H(z)

Oout[« J=

100 - b

50 - b

0.0 0.5 1.0 1.5 2.0 2.5

In[« ]:=

1
n- 1= qfz_] 1= —— e'[z](1+2)-1
e[z]
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n- 1= pgM3 = Plot[{q[z] /. sol1, 1}, {z, 1073, 3},
PlotRange - {{0, 3}, {-0.6, 0.5}}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {{Directive[Dashing[0.02], Green, Thickness [Medium]l}, {Black, Thin}},

FrameLabel - {"z", "q(z)"}]

0.4 - B

0.0 - b

q(z)

Oout[« ]= F 4
-0.2 B

-04 B

—0.6"‘“‘““““““““““““7
0.0 0.5 1.0 1.5 2.0 25 3.0

In[« ]:=

977.8 1
NIntegrate[

n- = tUmodel = , {z, 0, Inf'in'ity}][[l]]

100 h (1+2z)(e[z]/. soll)

outf- 1= 14.3542

mf- 1= tULCDM = 13.4738805274518" ;

tUmodel
n- = AT =100 | —— -1
tULCDM

out/- 1= 6.53388

In[ - Ji= (Fekdedokdok ek ded dede deoe deok ok ok ek ok ok ok deok deok deok ek ok ok ek ek ok ok ok deok dek dek ek ek ek ek ek ook ok ek ke ekeeok)
1= (* Q4 #%)

n- 1= Clear["Global’ %"]

Qro(1+z)*
n- 1= Qr[z_] i= ———————
e[z]?
Qmo
o= Qre sz ——
(1+ zeq)
Tcmb -4
n- - zeq t= 2.5+ 10% QmO h? | ——8 8
2.7 Kelvin
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In[

In[

Out|[

In[

In[

In[

In[

In[

In[

In[

In[

out|

In[

In[

In[

In[

comparison-2.nb

= Temb := 2.7255 Kelvin
= Simplify[zeq]

- 24077.4 h?> Qmo

- zeq := 24077.4405856556" h* Qme

= Q4[z_] := 3 BH[z] 4 pde[z] « pc[z]

= Q[z_] := Q4[z]
Q[z]

= QI[z_] i1z —m

3 MP2 H[z]®

= pclz_] := 3MP?HO? QcO (1 +2)°

- pde[z_] := 3 MP? H[z]? Qde[z]

1= H[z_] ¢= HO e[z]

1= Simplify[PowerExpand [Simplify [QI[z]]]]

3(1+2)*2 B A/Qco +/Qde[z]

e[z]

3(1+2)%28 4/aco '\/Qde[z]

e[z]

= QIf[z_] =

- Omo = 0.3233;
Qbo = 0.0526;
QcO = Qmo - Obo;
h=0.6512;
c=0.7868;
B=0.0346;

I=
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1 Qde[z] (1 1 QI[z]-3-Qr[z]
m- 1= soll = NDSolve [{— e'[z] == - (— '\/Qde[z] + =+ —)
e[z] 1+z \c 2 2 Qde[z]
2 (1-Qde[z]) Qde[z] (1 1 QI[z]-Qr[z]
Qde '[z] == - (— '\/Qde[z] +—+—],
l1+2z C 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

outf - J= {{e - InterpolatingFunction [ / Domain : {{0., 1. x 10°}} ],

Output : scalar

Qde - InterpolatingFunction [ L Domain : {{0., 1.x10°}} ]}}

Output : scalar

In[« ]:=

n- - pEM4 = LogLogPlot [{e[z] /. sol1}, {z, 107>, 10°}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {Directive[Dashing[0.02], Orange, Thickness [Medium]]},
FrameLabel - {"z", "E"}]

10° g

Out[+ ]=

100 - q

0.001 1 1000 10°

In[« ]:=
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'\/a[z]“ QAOLCDM + a[z] (QmOLCDM) + Q rOLCDM

- .= eLCDM[z_] :=
a[z]?

1

af[z_] :=
z+1

QmOLCDM = 0.2995 ;
hLCDM = 0.6997 ;

QmOLCDM
QroLCDM := —
(1 +zeqLCDM)

QAOLCDM := 1 - (QmOLCDM + QrOLCDM);

Tcmb -4
zeqLCDM := 2.5 » 10* QmOLCDM hLCDM? | ——8
2.7 Kelvin

e[z]
ni- = AE[z_] 1= 100 (— - 1)
eLCDM[z]
ni- - pAEM4 = Plot[{AE[z]/. sol1}, {z, O, 3.5}, PlotRange - {{@, 3.5}, {-1, 6}},
PlotTheme - "Scientific", FrameStyle - Black, PlotStyle -
{Directive[Dashing[0.02], Orange, Thickness [Medium]]}, FrameLabel - {"z", "AE (%)"}]

6 ———

AE (%)

Out[« ]=

T S S S S S B S IS S E SRS
0.0 0.5 1.0 1.5 2.0 2.5 3.0 35

In[« ]:=
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- - pHM4 = Plot[{100 h e[z] /. sol1}, {z, ©, 2.5}, PlotRange - {{0, 2.5}, {20, 270}},
PlotTheme - "Scientific", FrameStyle - Black, PlotStyle -
{Directive[Dashing[0.02], Orange, Thickness [Medium]]}, FrameLabel - {"z", "H(z)"}]

250 g
200 [ B

150 - b

H(z)

Oout[« ]=

50 - B

0.0 0.5 1.0 1.5 2.0 2.5

In[« ]:=

1
n- 1= qfz_] 1= —— e'[z](1+2)-1
e[z]
n- - pgM4 = Plot[{q[z]/. sol1, 1}, {z, 107, 3},
PlotRange - {{0, 3}, {-0.6, 0.5}}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {{Directive[Dashing[0.02], Orange, Thickness [Medium]]}, {Black, Thin}},

FrameLabel - {"z", "q(2)"}]

04 - b
0.2 - b

0.0 - B

q(z)

Out[+ ]= b 4
-0.2 B

T - S S S S S Y S S
0.0 0.5 1.0 1.5 2.0 2.5 3.0
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In[+ ]:=

977.8 1
NIntegrate[

- tUmodel = , {z, 0, Inf‘in‘ity}][[l]]

100 h (1+z)(e[z]/. soll)

out- 1= 14,0777

mf- 1= tULCDM = 13.4738805274518"

tUmodel
mi- 1= AT =100 | ———— -1

tULCDM
out/ 1= 4.48138

10+ Jr= (ke deo sk ok ook sk ok ook ok ek sk ok deok sk ok ook sk ok ook sk ok ok ok ok ook ok deok ook ok ook sk ok ook sk ok ok ek ok deokokkk )
1= (* Q5 %)

m- 1= Clear["Global" %"]

Qro(1+z)*
n- 1= Qr[z_] t= —
e[z]?
Qmo
= Qre 1z ———————
(1+ zeq)
Tcmb -4
n- zeq i= 2.5« 10% Qmo h? | ———
2.7 Kelvin

m- 1= Temb := 2,.7255 Kelvin

n- 1= Simplify[zeq]

our- 1= 24077.4 h? Qmo

- zeq := 24077.4405856556° h? Qme

pde[z] » pc[z]
m- = Q5[z_] := 3 B H[z] —m——
pde[z] + pc[z]

In[« ]:= Q[Z_] o= QS[Z]
Qlz]

ni-= QI[z_] 1t ———
3 MP? H[z]®

- pcfz_] 2= 3 MP? HO? QO (1 + 2)°
nr- - pde[z_] := 3 MP? H[z]* Qde[z]

mr- 1= H[z_] ¢= HO e[z]



In[

Out[

In[

In[

In[

In[

out|

In[

= Simplify [PowerExpand [Simplify [QI[z]]]]
3(1+2)%BQco Qde[z]

]=
(1+2)°Qco + e[z]? Qde[z]

3(1+2)°B8QcoQde[z]

= QI[z_] =
(1+2)%Qco+e[z]? Qde[z]

- QMmO = 0.3224;
QbO =0.0521;
QcO=Qmo-Qbo;

c=0.7983;
B=0.0958;
h=0.6545;
Ii=
1 Qde[z] (1 1 QI[z]-3-Qr[z]
;- soll = NDSolve [{— e'[z] == - (— '\/Qde[z] +—+ —)
e[z] 1+z \c 2 2 Qde[z]

2 (1-Qde[z]) Qde[z] 1 QI[z]-Qr[z]

1
Qde '[z] == - (— yadelz] + =+ —]
[

l1+2z 2 2(1-Qde[z)])

e[0] == 1, Qde[0] == 1—Qm0—Qr0}, {e, Qde}, {z, 0, 106}]

= {{e - InterpolatingFunction [ / Domain : {{0., 1.x 10°}} ],

Output : scalar

Qde -» InterpolatingFunction [ L Domain : {{0., 1.x 10°}} ]}}

Output : scalar
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n- - pEM5 = LogLogPlot [{e[z] /. sol1}, {z, 167>, 10°}, PlotTheme - "Scientific",

FrameStyle - Black, PlotStyle - {Directive[Dashing[0.02], Purple, Thickness [Medium]]},
FrameLabel - {"z", "E"}]

10° , 1

Out[+ ]=

0.001 1 1000 108

In[+« ]:=

'\/a[z]“ QAOLCDM + a[z] (QmOLCDM) + Q rOLCDM

- .= eLCDM[z_] :=
a[z]*

1

af[z_] :=
z+1

QmOLCDM = 0.2995 ;
hLCDM = 0.6997 ;
QmOLCDM
QroLcpM 1= —m8m8
(1 +zeqLCDM)
QAOLCDM := 1-(QmOLCDM + QrOLCDM);
Tcmb -4
zeqLCDM := 2.5 » 10* QmOLCDM hLCDM? | ———898
2.7 Kelvin

e[z]
mi- 1= AE[z_] 2= 100 (— - 1)
eLCDM[z]
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- - pAEM5 = Plot[{AE[z] /. sol1}, {z, 0, 3.5}, PlotRange - {{6, 3.5}, {-1, 6}},
PlotTheme - "Scientific", FrameStyle - Black, PlotStyle -
{Directive[Dashing[0.02], Purple, Thickness[Medium]]}, FrameLabel - {"z", "AE (%)"}]

6

AE (%)
~

Oout[« ]=

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

In[« ]:=

- 1= pHM5 = Plot[{100 h e[z] /. sol1}, {z, 0@, 2.5}, PlotRange -» {{0, 2.5}, {20, 270}},
PlotTheme - "Scientific", FrameStyle - Black, PlotStyle -
{Directive[Dashing[0.02], Purple, Thickness [Medium]]}, FrameLabel - {"z", "H(z)"}]

250 ~

150 [ Phd B

H(z)

out[« ]= [ -

100 - -~ i

50 - b

0.0 0.5 1.0 1.5 2.0 2.5

In[« ]:=

1
n- 1= qfz_] 1= —— e'[z](1+2)-1
e[z]
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n- 1= pgM5 = Plot[{q[z] /. sol1, 1}, {z, 1073, 3},
PlotRange - {{0, 3}, {-0.6, 0.5}}, PlotTheme - "Scientific", FrameStyle - Black,
PlotStyle - {{Directive[Dashing[0.02], Purple, Thickness[Medium]]}, {Black, Thin}},

FrameLabel - {"z", "q(z)"}]

04l P ]
02| Phe g N
r 7
7
b Ve 4
~ 00 ’ ]
Out[+ ]= F // 4
-0.2 j , 7
/
L, |
04, e
L/ |
v
0.6 P TS S RS S S RS S S S S S SR
0.0 0.5 1.0 1.5 2.0 25 3.0
z
In[« ]:=
977.8 1
n- = tUmodel = NIntegrate[ , {z, 0, Inf'in'ity}][[l]]
100 h (1+2z)(e[z]/. soll)

outf- 1= 14.0178

mf- 1= tULCDM = 13.4738805274518" ;

tUmodel
n- = AT =100 | —— -1

tULCDM
outf- 1= 4.03704

In[+ ]:= (**********************************************************************************)
n- 1= (* Comparison of models %)
m- 1= Clear["Global x"]

In[+« ]:=

10‘3—/
m o 10°
- = pELCDM = 100 ;

]
0.001 1 100010°

z



In[

In[

In[

In[

In[

In[

In[

In[

In[

1= pAELCDM
;= pHLCDM =
;= pgqLCDM =
I=

m
= pEM1 =
= pAEM1 =
- pHML = ©

C
= pgM1 =
Ji=

m
= pEM2 =

AE (%)

0.0.3.0.2.2.3.6.5

H(z)

zZ

L |
.00.51.01.582.02.5

q(z)

e

z

108
10°
100

eegept”]

0.03.0.3.0.

50°

b
0.001 1 100010°

AE (%)

.
H

0.0.3.0.2.2.3.6

.00.51.01.52.02.5

¥4

70.0.3.0.2.2.5.0

Z

10°
10°
100

S

.5

.
b

b
0.001 1 100010°

z

.
b
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s
=2}
- = PAEM2 = < 5
0.0.3.0.2.2.3.8.5
Z
250 FrTT
< 200
£ 10
nl- 1= pHM2 = 50 Elbtitind §
0.00.51.0L.52.02.5
¥4
S
M2 = -
In[« ]:= = -0: M
Pq 0.03.0.2230°
z
In[« J:=
108
mo10°
.= pEM3 = 100 5
0.001 1 100010°
z
5
=3}
- = PAEM3 = < _ 5
0.0.3.0.2.2.3.8.5
z
250 T T T T
< 200
£ 10
In[« J:= pHM3 = 50 Bttt 5
0.00.51.0L.52.02.5
VA
S
M3 = -
In[« ]:= = -0 .
Pq 0.03.0.2.25.0°
z
In[« ]:=
10°
m10°
- 1= pEM4 = 100 H

0.001 1 100010°

z



In[

In[

In[

In[

In[

In[

0.0.3.0.2.2.3.6.5

;= pAEM4 = <
250
s 180
- pHM4 = = '8
0

5 -

1= pqM4 = =

I=

10°
mo10°

- pEM5 = 100

- pAEM5 = 3 _
s f
)~ pHM5 = °f
S
1= pgM5 = =

z

Ll
.00.51.01.52

z

S

z

b
2.5

0.0.5.0.2.03.0°

b
0.001 1 100010°

0.0.3.0.2.2.3.8.5

z

0.0.5.0.3.2.3.

zZ

z

-e

0.0.5.0.2.2.3.0°

H

.
H
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- 1= Show[LogLogPlot [{null, null, null, null, null, null}, {z, 1073, 10°},
PlotRange - {{107, 10°}, {107%, 10*°}}, PlotTheme - "Scientific",
FrameStyle - Black, PlotStyle - {{Directive[Black, Thickness[Medium]]},

{Directive[Dashing[0.02], Red, Thickness [Medium]]},

{Directive[Dashing[0.02], Blue, Thickness [Medium]l},

{Directive[Dashing[0.02], Green, Thickness [Medium]]},

{Directive[Dashing[0.02], Orange, Thickness [Medium]]},

{Directive[Dashing[0.02], Purple, Thickness [Medium]l}},
FrameLabel - {"z", "E(z)"}, PlotLegends -

Placed[LineLegend [{"ACDM", "Q1", "Q2", "Q3", "Q4", "Q5"}], {{0.0, 0}, {-0.6, -1.2}1,

ImageSize - 500, AspectRatio - 0.6], pELCDM, pEM1, pEM2, pEM3, pEM4, pEM5]

T T T @

E(z)
|
|
|

el
&

Out[+ ]=

1000 -

0.1 1 1 1 1
0.001 0.100 10 1000 10°
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- 1= Show[Plot[{null, null, null, null, null, null},

{z, ©, 3.5}, PlotRange - {{0, 3.5}, {-1, 6}}, PlotTheme - "Scientific",

FrameStyle - Black, PlotStyle - {{Directive[Black, Thickness[Medium]]},
{Directive[Dashing[0.02], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]il},
{Directive[Dashing[0.02], Green, Thickness [Medium]]},
{Directive[Dashing[0.02], Orange, Thickness [Medium]]},
{Directive[Dashing[0.02], Purple, Thickness [Medium]l}},

FrameLabel - {"z", "AE (%)"}, PlotLegends -

Placed[LineLegend [{"ACDM", "Q1", "Q2", "Q3", "Q4", "Q5"}], {{0.0, 0}, {-4, -0.6}}],
ImageSize - 500, AspectRatio - 0.6], pAELCDM,
pAEM1, pAEM2, pAEM3, pAEM4, pAEM5]
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- 1= Show[Plot[{null, null, null, null, null, null}, {z, 0, 2.5},

PlotRange - {{0, 2.5}, {20, 270}}, PlotTheme - "Scientific",

FrameStyle - Black, PlotStyle - {{Directive[Black, Thickness[Medium]]},
{Directive[Dashing[0.02], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]il},
{Directive[Dashing[0.02], Green, Thickness [Medium]]},
{Directive[Dashing[0.02], Orange, Thickness [Medium]]},
{Directive[Dashing[0.02], Purple, Thickness [Medium]l}},

FrameLabel - {"z", "H(z)"}, PlotLegends -

Placed[LineLegend [{"ACDM", "Q1", "Q2", "Q3", "Q4", "Q5"}], {{0.0, 0}, {-0.6, -1.2}1,

ImageSize - 500, AspectRatio - 0.6], pHLCDM, pHM1, pHM2, pHM3, pHM4, pHM5]

H(z)

Out[+ ]=

50 -

Lol b AN

(=
=]
=]
3]
—
=]
—
3]
N
=]
N
3]

n - dataH = {{0.200, 72.9, 29.6}, {0.070, 69, 19.6}, {0.090, 69, 12}, {0.120, 68.6, 26.2},
{0.170, 83, 8}, {0.179, 75, 4}, {0.199, 75, 5}, {0.200, 72.9, 29.6},
{0.270, 77, 14}{0.280, 88.8, 36.6}, {0.352, 83, 14}, {0.380, 81.5, 1.9},
{0.3802, 83, 13.5}, {0.400, 95, 17}, {0.4004, 77, 10.2}{0.4247, 87.1, 11.2},
{0.440, 82.6, 7.8}, {0.4497, 92.8, 12.9}, {0.4783, 80.9, 9},
{0.480, 97, 62}, {0.510, 90.4, 1.9}, {0.593, 104, 13}, {0.600, 87.9, 6.1},
{0.610, 97.3, 2.1}, {0.680, 92, 8}, {0.730, 97.3, 7}, {0.781, 105, 12},
{0.875, 125, 17}, {0.880, 90, 40}, {0.900, 117, 23}, {1.037, 154, 20},
{1.300, 168, 17}, {1.363, 160, 33.6}, {1.430, 177, 18}, {1.530, 140, 14},
{1.750, 202, 40}, {1.965, 186.5, 50.4}, {2.340, 222, 7}, {2.360, 226, 8}};
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- 1= Show[Plot[{null, null, null, null, null, null}, {z, 0, 2.5},

PlotRange - {{0, 2.5}, {20, 270}}, PlotTheme - "Scientific",

FrameStyle - Black, PlotStyle - {{Directive[Black, Thickness[Medium]]},
{Directive[Dashing[0.02], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]il},
{Directive[Dashing[0.02], Green, Thickness [Medium]]},
{Directive[Dashing[0.02], Orange, Thickness [Medium]]},
{Directive[Dashing[0.02], Purple, Thickness [Medium]l}}, FrameLabel - {"z", "H(z)"},

PlotLegends - Placed[LineLegend [{"ACDM", "Q1", "Q2", "Q3", "Q4", "Q5"},
{{6.0, 0}, {-0.6, -1.2}}], ImageSize -» 500, AspectRatio - 0.6],

ErrorListPlot [dataH, ImageSize - Large, Frame -» True,

FrameLabel - {{HoldForm["H(z)"], None}, {HoldForm[z], None}}],

pHLCDM, pHM1, pHM2, pHM3, pHM4, pHM5]

H(z)

Out[+ ]=

| 33
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- 1= Show[Plot[{null, null, null, null, null, null}, {z, 0, 3},

PlotRange - {{0, 3}, {-0.6, 0.5}}, PlotTheme - "Scientific",

FrameStyle - Black, PlotStyle - {{Directive[Black, Thickness[Medium]]},
{Directive[Dashing[0.02], Red, Thickness [Medium]]},
{Directive[Dashing[0.02], Blue, Thickness [Medium]il},
{Directive[Dashing[0.02], Green, Thickness [Medium]]},
{Directive[Dashing[0.02], Orange, Thickness [Medium]]},
{Directive[Dashing[0.02], Purple, Thickness [Medium]l}},

FrameLabel - {"z", "q(z)"}, PlotLegends -

Placed[LineLegend [{"ACDM", "Q1", "Q2", "Q3", "Q4", "Q5"}], {{0.0, 0}, {-4.2, -0.3}1,

ImageSize - 500, AspectRatio - 0.6], pqLCDM, pqM1, pqM2, pqM3, pqM4, pgM5]

I T T T T T T T T T T T T T T ; : : ‘
04 | PR i
; — 1
I - 1
—

L // 7
02 // |
L P 7
L - 7
L // 7
. 0.0 - // |
S T Y |
- k ‘/ —— ACDM 4
-0.2 // - |
L /// - |
L / - 7
—04 bk |
0 I / o |
/ - — - Q5 |

h / ‘ ‘ ‘ L 1 1 L
0.0 0.5 1.0 1.5 2.0 2.5 3.0

n- 1= (» Age of the Universe: %)

n- - dataT = {{"Model", "ty", "AT (%)"}, {"ACDM", 13.4738805274518" , 0.0},
{"Q1", 13.995820961787116" , 3.8737202194416787" },
{"Q2", 14.337634864484775" , 6.410583315423901" },
{"Q3", 14.354247738950846" , 6.533880196617292" }, {"Q4", 14.077696558940106" ,
4.481381813190977" }, {"Q5", 14.017827112609494" , 4.03704474037343" }};
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n- 1= Grid[dataT]
Model ty AT (%)
ACDM 13.4739 0.
Q1 13.9958 3.87372
outf- 1= Q2 14.3376 6.41058
Q3 14.3542 6.53388
Q4 14.0777 4.48138
Q5 14.0178 4.03704

n- 1= Insert[%, {Background - {None, {GrayLevel[0.7], {White}}},
Dividers - {Black, {2 -» Black}}, Frame -» True, Spacings - {2, {2, {0.7}, 2}}}, 2]

Mode'l ty AT (%)
ACDM 13.4739 0.
Q1 13.9958 3.87372
out[« ]= Q2 14.3376 6.41058
Q3 14.3542 6.53388
Q4 14.0777 4.48138
Q5 14.0178 4.03704

In[« ]J:= (***** Fede dede dede dode dedke dedke dek dedke ok dedke ek dedke ek dek dedke ek dedke ek ek ek ek etk ek ek ek ek ek ek ek ek ek ek *************)



