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ABSTRACT
This paper presents an adaptive proportional-integral-derivative fractional-order nonsingular ter-
minal sliding mode (PID-FONTSM) control for the cable-driven manipulators using time-delay esti-
mation (TDE). The proposed control uses TDE technique to obtain the lumped system dynamics
and brings in an effective model-free structure. Then, a PID-FONTSM surface is designed to fur-
ther enhance the control performance. The proposed PID-FONTSM surface uses the FONTSM error
dynamic as its inner loop and utilises a PID-type surface with FONTSM variable as its outer loop. Ben-
efitting from this structure, the proposed PID-FONTSM surface enjoys the advantages from both PID
and FONTSM simultaneously. Afterwards, an adaptive algorithm is developed, to timely and pre-
cisely regulate the control gain for the robust term. The proposed control method is model-free,
highly accurate and essentially continuous thanks to the TDE technique and developed PID-FONTSM
surface and adaptive algorithm. The stability of the closed-loop control system under TDE and PID-
FONTSM dynamics is proved using Lyapunov stability theory. Finally, comparative simulations were
conducted to verify the effectiveness and superiorities of our proposed control method over the
existing methods.
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1. Introduction

Recently, cable-driven manipulators are becoming a
research hotspot due to their obvious superiorities,
such as large load-to-weight ratio and high flexibility
and good safety for interactions with human beings
(Shang et al., 2019; Townsend, 1988;Wang, Liu,Wang,
et al., 2020; Wang, Yan, Chen, et al., 2019). Thanks
to these advantages, cable-driven manipulators have
huge potentials in medical treatment and personal
nursing industry (Cui et al., 2017). Meanwhile, the
control of cable-drivenmanipulators is still a challeng-
ing task because of the inevitable joint flexibility and
complex system dynamics (Wang, Liu, Chen, et al.,
2020; Wang, Yan, et al., 2020).

For accurate control of the systems with flexi-
ble joints, scholars have proposed some useful con-
trol methods (Babaghasabha et al., 2016; Huang &
Chen, 2004; Korayem et al., 2017; Liu et al., 2018;
Xu et al., 2018). In Xu et al. (2018), a dynamic con-
trol strategy was designed for a cable-driven hyper-
redundant manipulator. The designed method utilises

CONTACT Yaoyao Wang yywang_cmee@nuaa.edu.cn National Key Laboratory of Science and Technology on Helicopter Transmission, Nanjing
University of Aeronautics and Astronautics, Yudao Road 29, Nanjing 210016, People’s Republic of China

the pre-established detailed kinematics and dynam-
ics and then ensures good control performance. For
the precise control of cable-driven parallel robots with
elastic cables, an adaptive robust control was designed
(Babaghasabha et al., 2016). The adaptive robust con-
trol was based on the singular theory and requires
the system dynamical model. An input–output feed-
back linearisation control method was proposed for
a wheeled mobile cable-driven parallel robot, which
has considered and utilised the dynamics from both
parts (Korayem et al., 2017). To control a flexible joint
robot without the detailed system dynamics, schol-
ars developed a neuro-adaptive observer-based con-
trol (Liu et al., 2018). The proposed control applied
Radial Basis Function (RBF) neural network to esti-
mate the system dynamics, and then a dynamic sur-
face control method was given. On the one hand,
the above-mentioned control methods have guaran-
teed good comprehensive control for the systems with
joint flexibilities. Small control errors and fast tran-
sient response have been obtained using these control
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methods.On the other hand, systemdynamics or com-
plicated estimation algorithms are still required with
the above-mentioned control methods. This require-
ment may bring about extra obstacles for practical
applications.

To guarantee a simple but effective control of com-
plex systems, scholars proposed the time-delay esti-
mation (TDE) technique in the 1990s (Hsia, 1989;
Hsia et al., 1991). By using the intentionally time-
delayed information of the system to estimate the
current lumped dynamics, the TDE can provide an
effectivemodel-free control structure. TDE can ensure
satisfactory estimation accuracy. Due to these obvious
superiorities, TDE has been utilised in lots of practi-
cal systems, such as robot manipulators (Baek et al.,
2016, 2018; Jin et al., 2009; Jin, Kang, et al., 2017; Kali
et al., 2018a, 2018b; Wang et al., 2016; Wang, Chen,
et al., 2019; Wang, Li, et al., 2019, 2020; Wang, Yan,
Zhu, et al., 2019; Wang, Zhu, et al., 2020), underwa-
ter vehicles (Kim et al., 2016), humanoid robots (Jin,
Lee, et al., 2017; Roy et al., 2017) and exoskeleton (Han
et al., 2018; Kim & Baek, 2017). In the meantime, the
TDE techniquewill bring about large estimation errors
when the systems have fast time-varying dynamics,
such as Coulomb friction. Therefore, the TDE is usu-
ally utilised as a basic control structure to enjoy its
model-free feature. Meanwhile, other robust control
methods are used to reduce the potential estimation
errors and guarantee high control performance under
lumped uncertainties.

Several robust control structures can be effectively
combined with TDE to pursue high control perfor-
mance, such as sliding mode (SM) control (Jin et al.,
2008; Roy &Kar, 2017), adaptive control (Alagoz et al.,
2017; Baek et al., 2019; Han, 2020; Lochan et al., 2020;
Tepljakov et al., 2018) and fuzzy logic method (Kim
et al., 2017; Li & Yang, 2020; Li & Zhang, 2019). Mean-
while, the SM control has attracted much attention
benefitting from its strong robustness against lumped
uncertainties and simplicity for practical applications
(Chen et al., 2013; Gao et al., 2020; Ibeas & Manuel,
2007; Utkin, 1993; Yu et al., 2005). To ensure strong
robustness against unknown uncertainties, the SM
control usually contains a discontinuous term with
sufficiently large gain. This design will lead to a widely
known issue, i.e. the chattering issue, which is still
a main obstacle for practical implementation of SM
control. To suppress the chattering issue and utilise
SM control in practical applications, scholars have

proposed several methods such as adaptive control
(Ibeas & Manuel, 2006; Li & Chen, 2019; Yagmur &
Alagoz, 2019), reaching law (Ma et al., 2019), backstep-
ping technique (Tran et al., 2020) and intelligentmeth-
ods (Fei & Lu, 2018; Lakhekar & Waghmare, 2018).
In the meantime, the traditional SM control can only
guarantee asymptotic convergence using a linear error
dynamics. However, finite-time convergence has been
widely verified to be more effective for lots of systems
(Yu et al., 2005). Hence, some improved versions of
SM control have been proposed and investigated, such
as terminal SM (TSM) (Yu et al., 2005), nonsingular
fast TSM (NFTSM) (Wang, Li, et al., 2020;Wang, Zhu,
et al., 2020) and fractional-order NTSM (FONTSM)
(Wang et al., 2016; Wang, Liu, Wang, et al., 2020;
Wang, Yan, Chen, et al., 2019). By applying the afore-
said improved SM control structures, high control
performance has been obtained. Recently, an adaptive
fuzzy proportional-integral-derivative NFTSM (PID-
NFTSM) control was proposed for uncertain non-
linear systems (Van, 2018). This method applies a
hybrid PID-NFTSM surface to enhance the control
and utilises an adaptive fuzzy logic element to esti-
mate the system dynamics. Thanks to the two-loop
structure of PID-NFTSM surface, the advantages of
both NFTSM and PID methods can be enjoyed, such
as highly accurate and fast transient response and
singularity-free. On the other hand, the aforesaid
adaptive fuzzy PID-NFTSM control still has two main
problems: (1) the presented control is singular when
x2 = 0 or ė= 0 holds. This singularity issue comes
from the proposed PID-NFTSM surface and will seri-
ously damage the control performance; (2) the pre-
sented adaptive law is strictly non-decreasing, which
means it will not decrease all the time. This may lead
to overlarge control gain and obvious control perfor-
mance degradation. What we need is a simple, effective
and singularity-free control for cable-drivenmanipula-
tors.

To further enhance the control performance of
cable-driven manipulators under complex uncertain-
ties, we propose an adaptive PID-FONTSM control
using the TDE technique in this paper. The pro-
posed control applies TDE as its basic structure and,
therefore, ensures an effective model-free structure.
Then, a PID-FONTSM surface is designed to guaran-
tee high precision and fast transient response simulta-
neously. The proposed PID-FONTSM surface adopts a
FONTSM error dynamic as its inner loop and utilises
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a PID-type surface with FONTSM variable as its outer
loop. Thanks to this structure, the proposed PID-
FONTSM surface can enjoy the advantages from both
PID and FONTSM. Afterwards, an adaptive algorithm
is utilised to precisely regulate the control gain. The
adaptive algorithm can timely reflect the current con-
trol performance and, therefore, satisfactory control
performance can be ensured. The proposed control is
model-free and highly accurate and essentially continu-
ous thanks to the TDE technique and adaptive PID-
FONTSM structure. The stability of the closed-loop
control systemunderTDEandPID-FONTSMdynam-
ics is analysed using the Lyapunov stability theory.
Finally, comparative simulations were performed to
demonstrate the superiorities of our control over the
existing methods including the one from (Van, 2018).

The contributions of this work can be further
emphasised

(1) to propose a PID-FONTSM surface, which suc-
cessfully eliminates the singularity in the existing
one from (Van, 2018);

(2) to propose an adaptive PID-FONTSM control
using TDE, which is easy to use and can also
assure high control performance;

(3) to prove the stability of the closed-loop con-
trol system considering TDE and PID-FONTSM
dynamics;

(4) to verify the superiorities of our TDE-based adap-
tive PID-FONTSM control by comparative simu-
lations.

The rest of this paper is structured as follows.
Section 2 presents the problem description of this
paper; meanwhile, Section 3 gives the proposed con-
trol design and some discussions. Then, comparative
simulations are presented in Section 4. Finally, some
conclusions are given in Section 5.

2. Problem description

The following equations are utilised to describe the
cable-driven manipulators with n-DOF (degree of
freedom) as (Wang, Liu, Wang, et al., 2020)

Jθ̈ + Dmθ̇ + τ j = τ (1)

M(q)q̈ + C(q, q̇)q̇ + G(q) + F(q, q̇) + τ d = τ j (2)

kp(θ − q) + kd(θ̇ − q̇) = τ j (3)

Figure 1. The cable-driven manipulators being developed in our
laboratory.

where J ∈ Rn×n and Dm ∈ Rn×n represent the iner-
tia and damping matrices of drive motors, q ∈ Rn

and θ ∈ Rn are the position vectors of the joints
and motors, respectively. τ j ∈ Rn and τ ∈ Rn are the
torque vectors generated by the joint compliance and
drivemotors, respectively.M(q) ∈ Rn×n andC(q, q̇) ∈
Rn×n stand for the inertia and Coriolis/centrifugal
matrices, G(q) ∈ Rn and F(q, q̇) ∈ Rn represent the
gravitational and friction vectors, respectively. τ d ∈
Rn stands for the lumped uncertainties, including
time-varying disturbance and unknown dynamics.
Meanwhile, kp ∈ Rn×n and kd ∈ Rn×n are joint stiff-
ness and damping matrices, respectively.

Substituting (2) into (1) and bringing in a constant
M̄ yields

M̄q̈ + H = τ (4)

withHmathematically defined as

H = (M(q) − M̄)q̈ + C(q, q̇)q̇ + G(q)

+ F(q, q̇) + Jθ̈ + Dmθ̇ + τ d (5)

Note from (5) that H is used to describe all the
system dynamics expect for M̄q̈. H is quite compli-
cated since it contains the rigidmanipulator dynamics,
the motor dynamics, the flexible dynamics and the
unknown disturbance.

Then, the problem can be described as follows: to
design a suitable control τ for the cable-drivenmanip-
ulators as shown in Figure 1 for example which can
ensure accurate tracking of the reference trajectory qd
in a simple way.
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Assumption 2.1: The reference trajectory qd is smooth,
and thus its derivatives q̇d and q̈d exist and bounded.

Remark 2.1: The cable-driven manipulator consid-
ered in this work has a similar structure with the above
twos, which are being optimised in our laboratory. As
shown in Figure 1, the driven motors are installed in
the base and the force is transmitted by cables. Thanks
to this design, the moving inertial and energy con-
sumption can be effectively reduced. Afterwards, good
flexibility will also be guaranteed for cooperating with
human being.

3. Proposed control method and discussions

To realise high performance control of cable-driven
manipulators under lumped uncertainties, we pro-
pose an adaptive PID-FONTSMcontrol based on TDE
in this section. The proposed control uses TDE to
estimate the system dynamics and then brings in an
effective model-free structure. Then, a PID-FONTSM
surface and an adaptive algorithm are developed to
further enhance the control performance.

3.1. Proposed control method design

A PID-FONTSM surface is proposed in this section to
utilise the advantages of PID and FONTSM dynam-
ics. First, a FONTSM surface is selected as (Wang, Liu,
Wang, et al., 2020)

s1 = ė + a1Db1[sig(e)c1] + a2Db2−1[sig(e)c2] (6)

where e = qd – q stands for the error vector, a1 and a2
are constant diagonal matrices with positive elements;
b1,b2, c1 and c2 are constant vectors and their elements
are within (0,1). Meanwhile, the notations sig(x)y are
defined as

sig(x)y = [sig(x1)y1 , . . . , sig(xn)yn]T (7)

where sig(xi)yi = |xi|yi sign(xi), i = 1∼n and sign(xi)
stands for the sign function. It should be emphasised
that sig(xi)yi is a continuous function with respect to
xi, and the corresponding proof can be found in (Yu
et al., 2005).

Remark 3.1: By combining the fractional-order cal-
culus with NTSM, the FONTSM surface (6) can
assure faster convergence and higher accuracy than

the widely used NTSM surface which has been experi-
mentally verified (Wang et al., 2016; Wang, Liu, Wang,
et al., 2020). Thus, we adopt the FONTSMsurface as an
inner surface to enjoy its high dynamical performance.

Afterwards, the proposed PID-FONTSM surface is
given as

s2 = Kps1 + Ki

∫
s1 + Kdṡ1 (8)

where Kp, Ki and Kd are constant diagonal matrices
with positive elements.

Note from (6) that the designed surface is a combi-
nation of FONTSM and PID sliding variables. Thus,
the advantages of both FONTSM and PID can be
utilised. Meanwhile, the element ṡ1 can be given as

ṡ1 = ë + a1Db1+1[sig(e)c1] + a2Db2[sig(e)c2] (9)

Substituting (9) into (8) and considering (4), we have

s2 = Kps1 + Ki

∫
s1 + Kdṡ1

= Kps1 + Ki

∫
s1 + Kdë

+ Kd(a1Db1+1[sig(e)c1] + a2Db2[sig(e)c2])

= Kps1 + Ki

∫
s1 + Kd(q̈d − M̄−1(τ − H))

+ Kd(a1Db1+1[sig(e)c1] + a2Db2[sig(e)c2]) (10)

To ensure fast convergence of the PID-FONTSM vari-
able, we design the following adaptive reaching law
as

ṡ2 = −(k̂1 + k̄1)sign(s2) (11)

where k̄1 is a diagonal constant matrix with positive
elements, and k̂1 is a diagonal matrix with adaptive
positive elements as

˙̂k1i=

⎧⎪⎨
⎪⎩

−ηi|s2i|, if k̂1i=k1imax

β(s2i), if k1imin <k̂1i < k1imax

ηi|s2i|, if k̂1i = k1imin

(12)

where β(s2i) = ηi|s2i| under |s2i| ≥ �i and β(s2i) = -
(ηi|s2i| +�i)−1 under |s2i| < �i, �i > 0, 0 < k1imin
< k1imax are the maximum andminimum value of the
adaptive gain k̂1i. The �i > 0 is a small constant used
to avoid infinite adaptive rate when s2i = 0 holds.

Note from (11) that the adaptive reaching law con-
tains both constant and adaptive gains, i.e. k̄1 and k̂1.
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The former is used to guarantee basic performance,
while the latter is applied to obtain good robustness
against time-varying uncertainties. It can be observed
from (12) that the adaptive algorithm can timely and
precisely regulate the gain k̂1i. To be specific, k̂1i will
increase when the control performance is not satisfac-
tory, i.e. |s2i| > �i; otherwise, it will rapidly decrease
to ensure smooth control. Meanwhile, the adaptive
gain k̂1i is manually restricted within a pre-designed
field [k1imin, k1imax]. This design is mainly used to sup-
press the potential control performance degradation.

If no restrictions aremade, the adaptive gain k̂1imay
increase/decrease to an inappropriately large/small
one after long-time running, and the control perfor-
mance may degrade.

Then, the adaptive PID-FONTSMcontrol is designed
as

τ = M̄u + Ĥ

u = q̈d + a1Db1+1[sig(e)c1] + a2Db2[sig(e)c2]

+Kd
−1

(
Kps1 + Ki

∫
s1 +

∫
(k̂1 + k̄1)sign(s2)

)
(13)

where Ĥ represents the estimation of H described in
(5).

Therefore, the control objective will be accom-
plished if we can obtain Ĥ precisely and timely. How-
ever,H is highly complex, as shown in (5), and can be
very difficult to obtain using traditional methods. To
effectively settle this issue, we apply TDE to estimate
H in a simple structure as

Ĥ(t) ∼= H(t − L) (14)

where L stands for the delayed time and is usually set
as one or several sampling periods. By using the inten-
tionally time-delayed information of the system,H can
be properly estimated in a straightforward way.

Substituting (4) into (14), we have

Ĥ(t) ∼= τ (t − L) − M̄q̈(t − L) (15)

As shown in (15), two variables τ (t – L) and q̈(t − L)
are required to perform TDE. The former can be easily
acquired using the control signal τ , while the latter can
be obtained using numerical differentiation (Wang,
Liu, Wang, et al., 2020). To suppress the enlarged
noise effect from the above numerical differentiation,
smaller control gain M̄ or low-pass filter can be used

(Baek et al., 2016; Jin et al., 2009; Wang et al., 2016).
Moreover, no system dynamics are required in (15)
to obtain H, thus the TDE can assure an effective
model-free structure.

Combining (13) and (15), the TDE-based adaptive
PID- FONTSM control is proposed as

τ = M̄u + τ (t − L) − M̄q̈(t − L) (16)

with u given in (13). Then, the block diagram of our
proposed PID-FONTSM control is given in Figure 2.

Note from (13) and (16) that no system dynamics
are utilised in the proposed control. Therefore, it is not
amodel-based control strategy and should be regarded
as amodel-free one instead.Meanwhile, the developed
control is also essentially continuous since the sign
function is behind the integral operator. Furthermore,
the proposed control can ensure high control perfor-
mance thanks to the proposed PID-FONTSM surface
and adaptive algorithm. To conclude, the proposed
control ismodel-free, accurate and continuous.

Remark 3.2: Analysing the system dynamics (4) and
TDE (14)–(15), we can observe that the system con-
tains no time-delayed dynamics and the time delay L
is intentionally introduced into the control system. It
should be emphasised that the TDE (14)–(15) is not
used to estimate the delayed time L, and it is applied
to estimate the lumped system dynamics by utilis-
ing time-delayed signals. Thanks to TDE, a practical
model-free control structure is established. Usually,
the delayed time L is selected sufficiently small and
then the stability of the closed-loop control systemwill
not be affected. The corresponding theoretical analy-
sis of the effect by TDE, i.e. TDE error, is given in the
appendix.

Remark 3.3: Comparing (5) with (14) and (15), we
can see that the variables θ̇ and θ̈ shown in (5) dis-
appear in the TDE structure (14)–(15). Note from (5)
that q̈ and θ̈ and H are coupled. Thus, the effect of
θ̇ and θ̈ is still considered in (14)–(15) through the
acceleration signal q̈.

3.2. Comparisons with the existing adaptive
PID-NFTSM control method

The proposed control (16) is inspired by the one given
in (Van, 2018), which will be briefly given in what
follows.
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Figure 2. Block diagram of our proposed PID-FONTSM control (13).

First, the NFTSM surface was selected as

s3 = e + ā1sig(e)c̄1 + ā2sig(ė)c̄2 (17)

where ā1 and ā2 are diagonalmatriceswith positive ele-
ments, c̄1 and c̄2 are constant vectors with elements
satisfying c̄1i > c̄2i, 1 < c̄2i < 2. Note that s3 (17) is
continuous with respect to e and ė considering the
definition of the function sig(x)y.

Then, the PID-NFTSM surface was designed as
(Van, 2018)

s4 = K̄ps3 + K̄i

∫
s3 + K̄dṡ3 (18)

where K̄p, K̄i and K̄d are constant diagonal matrices
with positive elements.

Combining (4), (17) and (18), we have

s4 = K̄ps3 + K̄i

∫
s3

+ K̄d(ė + ā1c̄1|e|c̄1−1ė + ā2c̄2|ė|c̄2−1(q̈d − q̈))

= K̄ps3 + K̄i

∫
s3

+ K̄d(ė + ā1c̄1|e|c̄1−1ė + ā2c̄2|ė|c̄2−1

× (q̈d − M̄−1(τ − H))) (19)

For reaching law, the following adaptive one was
applied

ṡ4 = −(k̂2 + k̄2)sign(s4) (20)

where k̄2 is a diagonal constant matrix with positive
elements, and k̂2 is a diagonal matrix with adaptive
positive elements as

˙̂k2i = η̄i|s4i| (21)

where η̄i is a positive constant.

Eventually, the adaptive PID-NFTSM control was
designed as (Van, 2018)

τ = M̄u + Ĥ

u = q̈d + ā−1
2 c̄−1

2 |ė|2−c̄2(1 + ā1c̄1|e|c̄1−1)

+ ā−1
2 c̄−1

2 K̄−1
d |ė|1−c̄2

×
(
K̄ps3 + K̄i

∫
s3 + (k̂2 + k̄2)

∫
sign(s4)

)
(22)

where Ĥ represents the estimation of H. To make the
comparisons fair and convincing, we also apply the
TDE technique here to obtainH.

Then, the comparisons between our proposed
method and the existing one will be conducted in the
following two aspects.

(1) Sliding surface: Our proposed method uses a
FONTSM surface as its inner sliding variable,
while the existing method utilises a traditional
NFTSMsurface. It has beenwidely proved that the
FONTSM surface can guarantee a better compre-
hensive performance than the traditional NFTSM
surface (Wang et al., 2016; Wang, Liu, Wang,
et al., 2020). On the other hand, singularity issue
has been generated with the NFTSM surface. As
shown in (22), the control effort u contains an
element |ė|1−c̄2 which will bring in a serious sin-
gularity problem at ė = 0 considering 1 < c̄2i <

2. This singularity issue can seriously damage the
control performance and even the system hard-
ware. For comparisons, our proposed control is
totally singularity-free thanks to the FONTSM
surface.

(2) Adaptive algorithm: Our proposed control and the
existing one both utilise adaptive algorithms to
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regulate the control gain. However, the adaptive
algorithm (21) from Van (2018) is strictly non-
decreasing and may lead to overlarge adaptive
gain k̂2i. This may seriously degrade the control
performance after long-time running. For com-
parison, our adaptive algorithm (12) can timely
and precisely regulate the adaptive gain k̂1i based
on current control performance.

Thus, our proposed TDE-based adaptive PID-
FONTSM control can ensure better comprehensive
control performance than the existing adaptive PID-
NFTSM control thanks to the PID-FONTSM surface
and adaptive algorithm. The above claims will be veri-
fied by comparative simulations in the next section.

Remark 3.4: Taking the element |ė|1−c̄2 to analyse,
we can see that |ė|1−c̄2 = +∞ will hold under ė = 0
and 1 < c̄2i < 2. For example, when c̄2i = 1.5, we have
|ė|1−c̄2 ≈ 104 under |ė| = 10−8 and |ė|1−c̄2 ≈ 103

under |ė| = 10−6. Therefore, when the system trajec-
tory fluctuates around |ė| = 0, the element |ė|1−c̄2 and
corresponding control effort u will fluctuate sharply
which will result in the singularity issue for the system.

3.3. Stability analysis

In this subsection, the stability of the closed-loop con-
trol system under TDE and PID-FONTSM dynamics
is analysed using Lyapunov stability theory. Substitut-
ing the proposed control (13) into the PID-FONTSM
surface (8), we have

s2 = Kps1 + Ki

∫
s1 + Kd(q̈d − M̄−1(τ − H))

+ Kd(a1Db1+1[sig(e)c1] + a2Db2[sig(e)c2])

= −KdM̄−1(Ĥ − H) −
∫

(k̂1 + k̄1)sign(s2)

= Kdε −
∫

(k̂1 + k̄1)sign(s2) (23)

where ε = −M̄−1(Ĥ − H) stands for the bounded
estimation error caused by TDE, and its first-order
derivative ε̇ is also bounded as |ε̇i| ≤ �i. The bound-
edness proof of ε and ε̇ can be found in (Jin et al., 2009;
Kali et al., 2018b). For the integrity of this paper, we
give brief bounded proof of ε and ε̇ in the appendix.
For simplicity, we will take the ith-DOF (degree of
freedom) to analyse.

Select the following Lyapunov function as

Vi = 1
2
s22i +

1
2
k̃21i (24)

where k̃1i = k1imax − k̂1i ≥ 0. Note that k̃1i stands for
estimation error between the pre-design maximum
value k1imax and our proposed adaptive gain k̂1i.

Differentiating (24) along time and considering (23)
yields

V̇i = s2iṡ2i − k̃1i
˙̂k1i

= s2i(Kdiε̇i − (k̂1i + k̄1i)sign(s2i)) − k̃1i
˙̂k1i

= −(k̂1i + k̄1i)|s2i| + Kdiε̇is2i − k̃1i
˙̂k1i (25)

Since |ε̇i| ≤ �i, properly select k̄1i such that k̄1i ≥
Kdi�i. Then, (25) becomes

V̇i ≤ −k̂1i|s2i| − k̃1i
˙̂k1i (26)

Considering k̃1i ≥ 0, therefore, the stability condi-
tion (26) will be further enhanced when ˙̂k1i ≥ 0 holds.
Therefore, wewill take the condition ˙̂k1i < 0 to analyse
which has two cases.

Case one: ˙̂k1i = −ηi|s2i|, i.e. k̂1i=k1imax, holds.
Under this case, we have k̃1i = 0. Then, (26) becomes
V̇i ≤ −k̂1i|s2i|. Therefore, the system trajectory will
continue converging to the equilibrium point until
s2i = 0.

Case two: ˙̂k1i = −(ηi|s2i| + �i)
−1 holds, i.e. k1imin

<k̂1i < k1imax and |s2i| < �i. Then, (26) can be re-
written as

V̇i≤− k̂1i|s2i|(ηi|s2i| + �i) − k̃1i
(ηi|s2i| + �i)

≤− k̂1i�i|s2i| − k̃1i
(ηi|s2i| + �i)

(27)
We can observe from (27) that V̇i < 0 will always hold
under |s2i| > k̃1ik̂−1

1i �i
−1. Therefore, the system tra-

jectory s2i will persistently converge to the following
field until the condition V̇i < 0 is unsatisfied under
case two as

|s2i| ≤ min(k̃1ik̂−1
1i �i

−1,�i) (28)

Combining the results from the above two cases,
we can see that the PID-FONTSM variable s2i will
be bounded using our proposed control (13). Then,
the FONTSM surface s1i will also be bounded with
the proper selection of Kpi, Kii and Kdi. Afterwards,
according to the theoretical results from (Wang et al.,
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2018) concerning the FONTSM surface, the track-
ing error ei and ėi will also be bounded. Finally, the
stability under TDE and PID-FONTSM dynamics is
proved.

4. Simulation verifications

4.1. Verification set-up

To test the effectiveness and advantages of our pro-
posed control method, comparative simulations have
been performed.

For the dynamics of cable-driven manipulators, the
rigid part described by (2) is directly taken from (Jin
et al., 2009) as

M(q)11 = l22m2 + 2l1l2m2c2 + l21(m1 + m2),

× M(q)22 = l22m2

M(q)12 = M(q)21 = l22m2 + l1l2m2c2 (29)

C(q, q̇)q̇ =
[
−l1l2m2s2q̇22 − 2l1l2m2s2q̇1q̇2

l1l2m2s2q̇22

]
(30)

G(q) =
[
l2m2gc12 + l1(m1 + m2)gc1

l2m2gc12

]
(31)

F(q, q̇) =
[
Fv1q̇1 + Fc1sign(q̇1)
Fv2q̇2 + Fc2sign(q̇2)

]
(32)

where li,mi, Fvi and Fci represent the link length, mass,
viscous and Coulomb friction coefficients for the ith-
DOF, respectively; g stands for the local acceleration,
and si = sin(qi), ci = cos(qi), and cij = cos(qi+ qj).
Specifically, m1 = m2 = 1 kg, l1 = 1m, l2 = 0.8m,
Fv1 = Fv2 = 5N·m·s/rad, Fc1 = Fc2 = 5N·m, g =
9.8m/s2 are used in the following simulations. The
flexible parts by (1) and (3) are given as J = [0.5, 0; 0,
0.2] kg·m2,Dm = [0.1, 0; 0, 0.02] N·m·s/rad, kp = [2,
0; 0, 1] 104N·m/rad, kd = [50, 0; 0, 40] N·m·s/rad.
Moreover, a disturbance signal τ d = sin (π t/2) N·m
is added to both joints to verify the robustness of the
control methods.

For comparisons, five controllers have been simu-
lated which are our proposed control (16), Van’s con-
trol (22), two PID controllers with different gains and
a TDE-based SM control. For fairness, TDE is also
utilised for Van’s control. Moreover, the traditional
TDE-based SM control is given as

τ =M̄[q̈d + λ1ė+Ksign(s)]+τ (t − L) − M̄q̈(t − L)
(33)

with SM surface defined as s = ė + λ1e. To suppress
chatters caused by the sign function, we utilised the
saturation function with a boundary ϕ. Two simula-
tions were conducted. In simulation one, a combined
sinusoidal signal is given as reference trajectory. In
simulation two, the manipulator is commanded to
track a triangular wave signal. It should be noted that
the disturbance τ d is considered in both simulations.

The parameters for the above controllers are given
in Table 1. Note a1 = a2 = ā1 = ā2, c̄1 = c̄2 = c1−1 =
c2−1, λ1 = a1+ a2 are satisfied to assure the compari-
son fairness. Define

ū = ā−1
2 c̄−1

2 K̄−1
d |ė|1−c̄2

×
(
K̄ps3 + K̄i

∫
s3 + (k̂2 + k̄2)

∫
sign(s4)

)
(34)

for simplicity and it will be used in the following
figures.

4.2. Results and discussions

(1) Simulation one: the desired trajectory qd is given
as qd = sin(π t/6)+ sin(π t/8) for both joints. Then,
we can observe that the qd(t = 0) = 0, q̇d(t = 0) =
diag(7π , 7π)/24 rad/s. Since Van’s control (22) has
singularity issue, the initial value of ėmust be non-zero
to ensure the successful execution of the simulations.
Finally, the control results are given in Figures 3–9.

As shown in Figures 3 and 5, a good control per-
formance has been obtained with all five controllers.

Table 1. Parameters of comparative five controllers.

Controller Parameters

Our Control (16) a1 = a2 = diag(1,1), b1 = 0.01×diag(1,1), b2 = diag (0.99,0.99), c1 = c2 = diag(0.8,0.8), Kp = diag(60, 60),
Ki = diag(0.4,0.5), Kd = diag (4,2),k̄1 = diag (2,2), η = diag(1,1), � = 0.1× diag(1, 1), � = 0.01×diag(4, 4),
k1min = diag (1, 1), k1max = diag (10,10), M̄ = diag(0.15, 0.15), k̂1(t = 0) = k1min , θ (t = 0) = θ̇(t = 0) = 0,
q(t = 0) = [−5,−5] deg, q̇(t = 0) = [60, 60]degree/s, L = 1ms.

Van’s Control (22) ā1 = ā2 = diag(1,1), c̄1 = c̄2 = diag (1.25,1.25), η̄ = diag(0.6,0.6) and others remain the same as the ones of our control.
PID 1 Kp = Ki = 103×diag(1.5, 1.5), Kd = diag(50, 50)
PID 2 Kp = Ki = 103×diag (2, 2), Kd = diag(20, 20)
TDE-based SM Control λ1 = diag(2,2), K = diag(1,1), ϕ = diag(0.1, 0.05) and others remain the same as ours
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Figure 3. Trajectory tracking performance under sinusoidal sig-
nal: reference trajectory (black dashdot), our proposed control
(black solid), Van’s control (red solid), PID 1 (blue dashdot), PID 2
(green dashed) and TDE-based SMC scheme (cyan solid).

Figure 4. Tracking error under sinusoidal signal: our proposed
control (black solid), Van’s control (red solid), PID 1 (blue dashdot),
PID 2 (green dashed) and TDE-based SMC scheme (cyan solid).

High precision and fast convergence have been clearly
observed. This strongly demonstrates the effective-
ness of TDE, SM, PID, existing PID-NFTSM and our
proposed PID-FONTSM surfaces. In the meantime,
our PID-FONTSM surface and its corresponding con-
trol can assure the best comprehensive control perfor-
mance among all five controllers, as shown in Figures 4
and 5. To clearly show the performance, we will anal-
yse Figures 4 and 5 afterwards. In the initial phase, two
PID controllers with large gains can provide the fastest
convergence, as shown in Figure 4. However, obvious
large fluctuations in the initial phase have also been
observed due to the large control gains, as shown in

Figure 5. Control efforts under sinusoidal signal: our proposed
control (black solid), Van’s control (red solid), PID 1 (blue dashdot),
PID 2 (green dashed) and TDE-based SMC scheme (cyan solid).

Figure 6. Adaptive gain k̂ under sinusoidal signal: our proposed
control (black solid) and Van’s control (red solid).

Figures 4 and 5. For comparison, our proposed con-
trol can ensure smooth fast convergence in the initial
phase. In the steady phase, our control assures the
highest tracking precision, while the PID controllers
provide relative the worst, as shown in Figure 4. Thus,
our proposed control assures the best comprehensive
control performance among all five controllers.

Taking Figures 6 and 7 to analyse, we can see that
large TDE error will occur when the desired trajectory
tends to turn around. This is mainly caused by the fric-
tions and will lead to large control errors, as shown
in Figure 4. Therefore, adaptive algorithms are used
to suppress the TDE errors, as indicated in Figure 6.
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Figure 7. TDE error element (H − Ĥ)under sinusoidal signal: our
proposed control (black solid), Van’s control (red solid) and TDE-
based SMC scheme (cyan solid).

Figure 8. Speed tracking error ė(left y-axis, black solid), control
element ū (red dashdot, left y-axis) and |ė|1−c̄2 (blue dashdot,
right y-axis) under sinusoidal signal from Van’s control method.

We can observe from Figure 6 that our proposed adap-
tive algorithmwill increase the gain k̂when the control
performance is not satisfactory and decreases it rapidly
when the control performance is good. Thus, k̂ can
be regulated timely and precisely based on the current
control performance and then lead to good compre-
hensive performance. For comparisons, the adaptive
algorithm (21) used in Van (2018) will always increase
the gain k̂ in all situations. When control performance
is good, the gain k̂ increases slowly or maintains its
value; when the control performance degrades, the
gain k̂ will increase rapidly. This will lead to over-
large gain k̂ after long-time running andmay seriously
degrade the control performance.

Figure 9. Partial enlarged results of speed tracking error ė(left y-
axis, black solid), control element ū (red dashdot, left y-axis) and
|ė|1−c̄2 (blue dashdot, right y-axis) under sinusoidal signal from
Van’s control method.

Figure 10. Trajectory tracking performance under triangular
wave signal: reference trajectory (black dashdot), our proposed
control (black solid), Van’s control (red solid), PID 1 (blue dashdot),
PID 2 (green dashed) and TDE-based SMC scheme (cyan solid).

Taking Figures 7 and 9 to analyse, we can observe
that singularity issue has occurred using Van’s method
during the simulations. In the steady phase, ė fluctu-
ates around ė = 0 and the element |ė|1−c̄2 has serious
fluctuations considering 1< c̄i2 < 2. This will degrade
the control performance or even damage the system
hardware under some situations. Moreover, it can be
obviously observed from Figure 9 that the control sig-
nal ū has obvious fluctuation when ė cross ė = 0. This
may also degrade the control performance. For com-
parisons, our proposed control is totally singularity-
free and, therefore, it can ensure better comprehensive
performance.
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Figure 11. Tracking error under triangular wave signal: our pro-
posed control (black solid), Van’s control (red solid), PID 1 (blue
dashdot), PID 2 (green dashed) and TDE-based SMC scheme (cyan
solid).

Figure 12. Control efforts under triangular wave signal: our pro-
posed control (black solid), Van’s control (red solid), PID 1 (blue
dashdot), PID 2 (green dashed) and TDE-based SMC scheme (cyan
solid).

(2) Simulation two: a triangular wave signal is given
as the desired trajectory. Then, the control results are
given in Figures 10–16.

As shown in Figures 10 and 12, all five controllers
can ensure good tracking of the desired trajectory. This
verifies the effectiveness of TDE, SM, PID, existing
PID-NFTSM and our PID-FONTSM surfaces. Still,
our proposed PID-FONTSM surface and correspond-
ing TDE-based control can ensure the best control
performance among all five controllers, as indicated
in Figure 11. This result effectively demonstrates the

Figure 13. Adaptive gain k̂ under triangularwave signal: our pro-
posed control (black solid), Van’s control (red solid), PID 1 (blue
dashdot), PID 2 (green dashed) and TDE-based SMC scheme (cyan
solid).

Figure 14. TDE error element (H − Ĥ)under triangularwave sig-
nal: ourproposed control (black solid), Van’s control (red solid) and
TDE-based SMC scheme (cyan solid).

advantages of our PID-FONTSM surface and deduced
control.

Taking Figures 13 and 14 to analyse, we can see that
the over-estimation issue of adaptive gain k̂ also occurs
in this case. So is the singularity issue, as shown in
Figures 15 and 16.

Generally speaking, our proposed control and other
four methods can all provide satisfactory tracking of
the desired trajectory thanks to the TDE, SM, PID,
existing PID-NFTSMandour PID-FONTSMsurfaces.
Still, our proposed control shows the best comprehen-
sive performance than the others, which verifies the
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Figure 15. Speed tracking error ė(left y-axis, black solid), con-
trol element ū (red dashdot, left y-axis) and |ė|1−c̄2 (blue dash-
dot, right y-axis) under triangular wave signal from Van’s control
method.

Figure 16. Partial enlarged results of speed tracking error ė(left
y-axis, black solid), control element ū (red dashdot, left y-axis) and
|ė|1−c̄2 (blue dashdot, right y-axis) under triangular wave signal
from Van’s control method.

advantages of PID-FONTSM surface over the PID-
NFTSM surface, PID and SM. The over-estimation of
adaptive gain k̂ and singularity issues of Van’s control
have also been observed in both simulations. For com-
parisons, our proposed method is free of both issues.
In the meanwhile, the two PID controllers present
fast convergence and obvious fluctuation in the ini-
tial phase due to large gains, and they still provide
the largest steady tracking errors than the other three
controllers because of relative poor robustness. To
conclude, our proposed control method is model-free,
accurate and singularity-free.

5. Conclusions

For the high performance control of cable-driven
manipulators, a TDE-based adaptive PID-FONTSM
control is proposed in this paper. The proposed con-
trol utilises TDE to obtain the lumped unknown sys-
tem dynamics and brings in an effective model-free
structure. Then, a PID-FONTSM surface is designed
to further enhance the performance. The proposed
PID-FONTSM surface utilises a FONTSM surface as
its inner loop and a PID-type surface as its outer
loop. Thanks to this structure, it can enjoy advantages
from both FONTSM and PID dynamics. Afterwards,
an adaptive algorithm is designed to timely and pre-
cisely regulate the control gain. The proposed control
is model-free and easy to use due to TDE; mean-
while, it can ensure high control performance bene-
fitting from the proposed PID-FONTSM surface and
adaptive algorithm. The stability of the closed-loop
control systemunderTDEandPID-FONTSMdynam-
ics is analysed based on the Lyapunov stability the-
ory. Finally, comparative simulations demonstrate the
effectiveness and advantages of our proposed control
method over the existing methods.

Currently,most TDE-based controlmethods includ-
ing ours are designed considering only matched dis-
turbance. In the future, the control problem of cable-
driven manipulator under mismatched disturbances
will be further investigated.
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Appendix

The same analysis procedures from Jin et al. (2009) and Kali
et al. (2018b) are used to prove the boundedness of ε and ε̇.
Before giving the proof, the following property is necessary.

Property A.1 ((Kali et al., 2018b).): The inertia matrix M(q)
given in (2) is positive definite symmetrical and bounded, and
it fulfils the following inequality:

0 < M1 ≤ ||M(q)|| ≤ M2 < ∞ (A1)

whereM1 andM2 are two known positive constants.

Substituting the control (14)–(16) into dynamics (4) yields

ε = u − q̈ (A2)

Combining (A2) and (14)–(16), we have

Mε = M(u − q̈)

= Mu + C(q, q̇)q̇ + G(q) + F(q, q̇) + τ d
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+ Jθ̈ + Dmθ̇ − M̄u − H(t − L) (A3)

Considering (5), we have the following equation as

H(t − L) = (M − M̄)(t − L)q̈(t − L)

+ [Cq̇](t − L) + G(t − L)

+ F(t − L) + [Jθ̈](t − L)

+ [Dmθ̇](t − L) + τ d(t − L) (A4)

Substituting (A4) into (A3), we have

Mε = (M − M̄)u − [M(t − L) − M̄]q̈(t − L) + � (A5)

where � = 
 − 
(t − L),
 = Cq̇ + G + F + Jθ̈ + Dmθ̇

+ τ d. For sufficiently small L, the � is obvious bounded (Jin
et al., 2009). According to (A2), we have q̈(t − L) = u(t − L) −
ε(t − L). Then, (A5) can be further written as

Mε = (M − M̄)u − (M − M̄)q̈(t − L)

+ [M − M(t − L)]q̈(t − L) + �

= (M − M̄)u − (M − M̄)[u(t − L) − ε(t − L)]

+ [M − M(t − L)]q̈(t − L) + �

= (M − M̄)ε(t − L) + (M − M̄)[u − u(t − L)]

+ [M − M(t − L)]q̈(t − L) + � (A6)

Afterwards, (A6) can be re-organised as

ε = Eε(t − L) + Eξ1 + ξ2 (A7)

where ξ1 = u − u(t − L), ξ2 = M−1([M − M(t − L)]
q̈(t − L) + �) and E = I − M−1M̄. When the time delay L is
sufficiently small, the element ξ 1 and ξ 2 are bounded. Mean-
while, the condition ||E||< 1 can be easily fulfilled with proper
selection of M̄.

The (A7) can be re-written in the discrete form as

ε(k) = E(k)ε(k − 1) + E(k)ξ1(k) + ξ2(k) (A8)

Considering ||E||< 1, (A8) will be asymptotically bounded
under bounded forcing input ξ 1 and ξ 2. Therefore, the TDE
error ε will be bounded. Furthermore, the ε̇ can be given as

ε̇(t) = 1
L
[ε(t) − ε(t − L)]

= 1
L
(E − I)ε(t − L) + 1

L
[Eξ1 + ξ2]

= 1
L
(−M−1M̄)ε(t − L) + 1

L
[Eξ1 + ξ2] (A9)

Then, we have

||ε̇(t)|| = 1
L
||(−M−1M̄)ε(t − L) + Eξ1 + ξ2|| (A10)

Using the Property A1 (A1), i.e. ||M−1|| ≤ 1
M1

, we have

||ε̇(t)|| ≤ 1
L

(
Sup(m̄ii)i=1:n

M1
||ε(t − L)|| + ||Eξ1 + ξ2||

)
≤ �

(A11)
Thus, the derivative of TDE error ε, i.e.ε̇, is bounded.
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